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Uding Wallaee™s analysis for steady weak shocks, |
establish for Cn, Ur, and 606 TGAL approximare re-
[ations between the shoek streneth and the maxinnun
deviatorie stress, 7,0 and plastie strain at e, Inonddi-
tion, I show that the plastie steain vate is very nearly
proportioual to the toral normal steain te at r,. Luse
these resulis and the wversal shoek strengeh/stenin
rate relntion of Swegle and Grady 1o denw conelusions
#hont the weneral plasticity constitnrive relation,
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I. Introduction

Recently, Swegle and Grady! have noted the follow-
ing power law relation berween ¢, . the maxinnun roral
normal strain rate. and a4, the normal srress ar the
shock end:

‘.. \-ﬂ"r. {1

This relation seems ro hold for a wide variety of nia-
terials, for which the stress exponent. s is abont 4,
The quantity ¢, whose time derivative appears above,
is the compression or 1 — V/V,0 where T aud 15, are
the current and initial specitic volmes, respeerively.
It would b interesting to discover what meaning this
power law has in rerms of materinl properties. which
must involve, for the metals ot least. strain-rate plastie-
ity. Inorder to do this however. connections ave neeeled
between the quantities of Relation 1), which are =vol-
uwetric” in natare, and their corresponding devintorie
quantites, which direetly involve plasticity,

The purpose of this paper is to establish sueh con-
neetions for Copper, Uranin, and GOG1TG Ahwuninum,
aned to explore the conseqnences tor n genernl power-
law rype of plastie straineeare relavion. [ase Wallnee's
annlysis for weak shoeks to dothis? T Hud that o+, the
plastie strain ar the point of maxinnun effeetive devi
torie stress, =, o =, itself npproximntely depend on
a, in the form of power bows, 1 fuether tind that oo,
the plastic stenin eate at £, L is very nenrly proportionnl
tor,,. whichis 7 ar 7, Using these results, T show that
the exponents of my power lnws, those of the general
plasticity relntion, and the exponent .+ of Swegle and
Grady obey a certnin relntion,  This relntion shonld
prove ssefud in highe stenin rote modeline,



II. Theoretical Treatment

The theorerieal foundarion of rhis work rests npon
the weak shiock theory of D, Co Wallaee.! This theory
allows one ro ealenlate, for a wave wirli a steady plastie
porrion. the stresses and strains throngh rhe shock rise
as a hetion of & without knowing abont rthe time
dependence of the plasrtie steady wave ar all. Besices
rhermomeehanical parameters. ouly the shock veloeiry.
D. and somerhing of the precursor hehavior need be
known.

For the preenrsor behnvior. T use the same model
as Wallace* who took the particle veloeity for the ~fol-
lower™, the wave portion between the preenrsor rise aned
the bottom of the steady plastic wave, to be a linear
funetion of time. This assumption is fairly well obeyed
experitnentally for G061TGAL and Ur.' Its validity is
not known for Cu sinee only one precursor was mea-
snreed. ! This assmumption allows the equations of motion
to be integeated to obrain Equs.(14) and (13) of Wal-
lnee which Tased here to obtain ¢ as n funetion of o .
The results do not depewd on the slope of the follower,
only on the particle veloeities at the preeursor rise and
at the hotrow of the plastic wave.

For the stendy plastie wave, onee the shock strength
i~ specitied, the junp conditions i the shoek veloeity
ean be nsedd to relate ¢ to o,

Onee o and o ave known for the whole shock, the
offective deviatonie stress, F,oand the plllstil' strain, .
can be determined from Egqusa 180 and ¢19) of Walloee®
whiclh aive @ and £ i teris of the streains o and oy
secotd id third order polyerystaline elastie constants,
aned the Gruneinsen parametes, See Wallnee? for the
detinitions of the effective devintorie stress nnd straiu.

At this point, one knows the stresses and streains



thronghont the shock patli. hur nothing abonr the rime
dependence. One ean. however, ealeulare rthe ratio
¢ /-, sinee the rime diferentials caneel to vield de fdde-.
This ¢uantity can be obrajned from Eq.(13) of Wal-
lace* by lifferentiating both sides and veplacing de
with pyD* de.

There remains only rhe rask of Guding the poinr
of maximum r. [ found 7. mumerieally. sinee the ap-
proximations nevessary in analyrical methods were nor
precise enough,

In order ro compare my resnlts wirle the experimen-
tal relation (1. which involves .. Tmtst assume thit
the max-= point coineides with ¢ .. This need not be so
but seems plansible, In the ease of G0OG1TGAL rhe work
of Wallace®* shows for both 21kbar shocks and the oue
“clean™ 3Tkbar shoek that the two points exaetly coin-
cide, The other two 37kbar shocks have irregnlaricies
whose resolution suggests thar the rwo points should
coincide, At any rate. it seems that the two points
should be close together.

It is of interest to compare onr poinr of maxinnum
» with Swegle and Grady's point of “masinmun viseous
stress™. U In their approximation, this point ocenes o
fraction of f = .3 along the steady wave, where f s
the ratio between ¢ = ¢ at this point and ¢, -=¢ . Here,
o ds it the shoek end aud ¢ s ot the bhase of the
plastie steidy wave, Inomy ealenlations, wy point of
raooovenred art £z 5108 nnd 63 for GOG1TGAL Cu,
nud Ur, respeetively, These values ave averages for all
brat the fivst shock ealeudated, Heuee, for the materinls
and shoek strengthis [ ealeulnted, iy point of = and
the noiut of “nmximmm viscons steess™ of Swegle and
Gridy closely coineide,

A practieal word abone thivd order adialmtie poly
erystaline elastie constants is in order. A good set s



available for GOG1TGAL Lint not for the othier two mate-
nals [ ealeulated, Those available for Cu. for example
Kanemochi.,” do not give the correct pressuze deriva-
tives of the shear and bulk modulii.  The pressure
derivatives™ ¥ can be more relinbly measured.  Fortn-
natly. if one writes the third order constants # and € in
terms of these pressure derivatives and rhe thivd third
order constaut J; one finds rhat rhie weak shock analy-
sis is sensitive mostly to the pressure derivitives.! [ id
this for Cu and Ur and then varied ¢ over a wide range
to insure that irs actual valne mattered little.  This
proved to be the case. as will be deseribed in more de-
tail in the next section. The equations used'! were the
following:

v =13-30'D -06¢)
£ =(-3BG' =3B -y + .51)/3.

where B and G are the bulk and shear modulii. respee-
tively, and the prithed guantities ave the corresponding,
adiabatic pressure derivatives.

The experimental pressure derivatives™ * are at con-
staut temperatire, To convert them to adiabatie deciva-
tives, the following formula was used:

3) _om) o8y T
oarj). " or o 9T ) G

where S is the curvopy, T is the remperature, 4 s the
volume coctficient of thermal expansion at constan: P,
po is the initial density, aned Cpois the heat capneiry
at coustant pressare. The anadogons tormmla wis nsed
for the shear modelus, Values of the above paraimeters
were obatined. in part. from Simmons and Wang' ol
a thermophiysieal handbook. '



III. Results

In Figures 1 and 2. [ show results for Cu and Cr.
respectively.  Those for GOG1TGAl are similar.  No-
tice from the upper panels.that ¢ /o rapidly drops to
a coustant for each shock. When. for a given fam-
iy of shocks. one fits the 7, poiut to a power law in
a. . one finds rhat the expouent is abour 025 for Cu
aned GOG1TGAI and less than .03 for Ur. Henee. for all
practical purposes. ¢, is proportional to tn, for these
materials and shock strengths.

The shock of lowest strengrh was not used in these
or any of my fits, since it often visibly departed trom
the behavior of the rest of the shocks. This was due to
the “follower™ strengrh being too elose to that of the
plastic steady wave itself. The behavior reported here
is dlue ro the steady plastic portion of the shock. which
dominates if the shock is not roo weak.

The second panels of the fgnres show log-log plots
of ¢+, versis a4, together with o least squares fit to the
power law. a?, It is seen rhiat the power law fits fairly
well, the “error of Bt of the exponent p being roughly
1'/ for all three materials. The values found for p were
O8.97. and 78 for Cu. GUGLTGAL and Ur respectively.

The third panels of the Honves show log-log plots
of r.oversis a0 with the correspouding least squares
tits to the pover law, # Avain. the lits are good
with the ftting error being abhout 3'4. The vnbies ob-
tained for the 7-exponent # are 123,58, and 78 for Cu,
GOGITGAL and Ur. respectively,

It shondd he emphasized that these fits are wean-
ingful ouly for the wenk shoek regicme of stress and
strain, The ranges of shock streueth used here cor
respoted elosely with those of the datic used by Swe-
gle and Grady in deviving Equ D Consequently, my



fits can be meauningfully compared with their relation,
but care should he exercised in using them ourside the
regieme of rhe dara.

To asses the uncertainty in rhe Cr and Ur ealeula-
tions due to not knowing ¢. I varied ¢ from -33500kbar.
rhe value used for the results above, to +3500kbar. The
value of p for both materials change:d by 2% or less and
the value for # changed by less than 3% . Henee, the
results are. indeed. sensitive ouly ro B and G' and not
to ¢. For the rwo marerials. I also reduced the value of
r.. the particle veloeity at the beginning of the sheady
shock. by 20% ro see how sensitive rhe results are to
the follower and the assumptions made about it, The
changes in p and ¢ were about 3%. except for the Cu
t-value which changed by about 11%. Significantly. the
Cu shocks ealenlated were the weakest compared to the
follower. These r. uncertainties are not significant.

[ used the r-values L0108 and .03 kin/sec for Cu and
Ur. respectively. For Cu aned Ur. [ used 0.. the value
observed experimentally.*! for the veloeity at rhe pre-
cursor rise. For the shock veloeity, T used the relation
D = ¢ + ~r. where # is the particle velocity, For Cu'!
and Ur!? respeerively, T used the values 3.917 and 2.51
for ¢ and the values 1,52 and 1.31 for «, For Cu and
Ur. respeetively, T onsed 894 and 18,9 for the initial
densttios anud 1,99 and 1.36 for the Grunecisen paraine-
ters.! For GOGLTGAL [ nsed the same parameter valies
as Wallnee.#

[ will now ontline the consequences of my power
lnw firs and the Swegle-Grady Eq.(1) for o general
power-law strain-rate constitutive relation. These con-
sequences constitute y interpretation of the Swegle-
Grady velation in revms of plastieiry. [ assume novela-
tion for the plastie steain mte of the forn: o~
which is asstumned to hold at the 7, point of the shock.,



and. presumably. for orher srates if they are not too
far “away”. I can use this form and my results above
to obrain a relation ro compare wirh Eq.i 1) of Swegle
ad Grady in the following way. First, apply the form

. . }
above to the 7, shock points. to obtain o, ~ o) 7

B S
Then. replace o+, with ¢,,. ¢, with #/. and replace 7,
with a!. as justified above. The result is ¢, ~ a0,
This result is analogous to Eq.(1). Comparing rhe two
vields

IO= e+ th. (2)

with .+ being roughly 4. This relation is rhe condition
imposed on the general strain-rate power law consti-
rutive relation by the Swegle-Grady relation and my
results in this paper.

[t is of interest to check out relation (2) above for
the case of 6061TGAL for which a shock-wave power
law strain rate relation is available.!® For this relation.
a0 =3 and h = 4 so that pu + th = 3.2, By my own
caleulation. the exponent . of the Swegle-Grady rela-
Hon lies in the range 4.5 to 3.2 for this material. I used
the 21kbar shocks and the one clean 37kbar shoek to
obtain these wunbers. These values of » agree fairly
well witlt the 5.2 obtained via Eq.(2) and are not in-
consistent with the rough value of 4 quoted by Swegle
ane Grady.

IV. Conclusions

For the realm of plasticity enconntered in weak shocks.
the vesults of this paper. together with the Swegle-
Grady strain-rate relation. appear to support a power
law relation for the plastie strain rate as a fanetion of
plastie strain amd effeetive deviatorie stress in which
the exponents obey the relation (2) of this paper.

v/
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FIG. 1. Copper results. The upper panel shows the ratio of ¢, the normal total strain rate, to P
the plastic strain rate. as a function of normal stroin for five shocks. The middle panel shows, for
the same five shocks. ¢,,. the plastie strain at the point of maximum deviatorie stress, versis o, , the
normal stress at the shoek end. The squares are the caleulation: the line is a least squares fit, The
lower panel shows the same exeepr that 7,0 the maximum deviatorie stress, is plotred instead of ¢,.
FIG. 2. UCranium resvlts displaved iu the same way as FI1G. 1.
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