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VARIANCE AND COVARIANCE CALCULATIONS
FOR NUCLEAR MATERIALS ACCOUNTING USING 'MAVARIC'*

K. K. Nasseri#*w»

Los Alamos National Laboratory, Safeguards Systems Group

Los Alamos, NM 87545

ABSTRACT

Determination of the detection sensitivity
of a materials accounting system to the loss of
special nuclear material (SNM) requires (1) ub-
taining a relation for the variance of the mate-
rials balance by propagation of the instrument
errors for the measured quantities that appear in
the materials balance equation and (2) substitut-
ing measured values and their error standard
deviations into this relation and calculating the
variance of the materials balance. MAVARIC (Mate-~
riale Accounting VARIance Calculations) is a cus-
tom gpresdsheet, designed using the second release
of Lotus 1-2-3,' *hat significantly reduces the
effort required to make the necessary variance
(and covariance) calculations needed to dstermine
the detection sensitivity of a materials account~
irg system. Predefined macros within the spread-
shesi zllow the user to carry out long, tedious
procedures with only a few keystrokes. MAVARIC
requires that the user enter the following data
into one of four data tables, depending on the
typc of the tezn in the materials balance equa-
tion; the SNM concentration, the bulk mass (or
solution volume), the measurement error standard
deviations, and the number of measurements made
during an accounting period. The naser can also
specify if there are correlations betweaen transfer
terms. Based on thegse data entries, MAVARIC can
calculate the variance of the materials balance
and the sqguare root of this variance, from which
the detection sensitivity of the accounting aystem
caa be determined.,

#This work was supported by the U.S. Department
of Energy, Oftice ~f Safeguards and Security.

**4 junior at the University of Kansas, Lawrence,
Kansas, particlipating in the Undergraduste Stucent
program at the lLos Alamos Nat{onal Laboratory,

MPrademark of lotus Developnent Corpocation, 5%
Cambridge Parkway, Cambridge, MA 02142,

I. INTRODUCTION

An important element in safeguarding nuclear
facilities againat the loss of special nuclear
material (SNM) is accounting for this material
through the periodic measurement of all inven-
tories and input and output transfers. However,
due to errors in the measurement instruments, a
materials accounting system offers only limited
detection sensitivity to the loss of SNM. Deter-
mination of the detection sensitivity of a mate-
rial accounting system requires (1) writing the
materials balance (MB) equation for a materials
balance area, (2) obtaining a relation for the
variance of the MB by propugating the instrurent
errors for those measured cuantities that appear
in the M3 equation, and (3) substituting measured
values and their erroy standard deviations int»
this relation and calculating the variance and
the standard deviation (sigma) of the materials
balance. The application of these steps (with
minor differences in each step depending on the
faci)'*» process description) is necessary for
sensitivity studies of all facilities. Impiemen-
tation of step (3) is particularly tedious for M8
equations that contain a large number of transfer
and inventory terms. MAVARIC (Materials Account-
ing VARIance Calculations), a custom spreadsheet
designed using the second release of the Lotus
1-2-4, significantly reduces the effort required
to make the variance and covariance calculations
needed to determine the detection isensitivity of
a materials accounting sy..em.

Two recent [NMM papers have also reported
a!milar interactive computer programs (EPIC and
PROFF) for performing materials balance variance
calculations.ls2 MAVARIC differs from the
first program, EPIC, in that MAVARIC is able to
perform calcusiations of the covariance betwuoen
two transfer terma and in that {t can treat more
complicated forms of both tranafer and {nvantory
terms. Although PROFF, the second such program,
is actually the basis for the MAVARIC spreadshest
and is therefore similar to MAVARIC in terms of



the complexity of the variance and covariance cal-
culations that can be pertormed, the tasi> differ-
ence between MAVARIC and PROFF is that MAVARIC
uses the very popular and convenient-to-use
spreadsheet, Lotus 1-2-), whereas PROFF is a menu-
driven computer program written in TUKR30O-PASCAL.
In addition, MAVARIC does not provide tor the
calculation of the sigma of the MUF-D staristic
contained in the PROFF program (MUF-D is a test
statistle used by the International Atomic Energy
Agency for verification purposes).

The varlance and covariance equations con-
tained in MAVARIC were developed specifically for
those nuclear tacilities in which the terms in
the MB equation can be expressed as a sum over a
product of twvn measured quantities, such as SNM
concentration and bulk mass (or solution volume),
The stored equationa alsc assume steady-state
facility operation. For example, in a series of
batch transfers, the SNM concentrations and the
batch masses are assumed to have the game nominal
measured value, respectively. Although occasions
have arisen when the assumption of ateady-state
facility operation was not valid, these occasicns
have been rare. Thus, MAVARIC can be widely used
for the design of materials accounting systems.

II. TERMS OF THE MATERIALS BALANCE EQUATION

MAVARIC contains variance (and covariance)
equations for handling two types of tranafer terms
and two frrma of the inventory difference in the
MB equation. One type of trangfer term that often
occurs in the MB equations of processing or fuel
fabrication facilltles is of the form

N
TLw § C(BX - LX) (1)
ial

whare C Is the SNM concentration of a solution
(kg Pu/L) or of a bulk powder (in mass percent or
fraction, such as kg Pu/kg oxide powder); BX and
LX are the gross and tare volumes of the anlution
(or masses of the bulk powder), respactivaly; and
N is the number of transfers measurec during tha
acecounting perlod (that is, | runs from L to N).
The form of Eq. (1) assumea that for each C meas-
urement, thare aAre corresponding measurements of
BX and LX. In an MB equation, there may be sev-
aral Input or output transfers that have the form
of Eq. (1), although the values of the measured
quantities (¢, BX, and LX) may bo different for
the differaut MB tarma

A second type of tranafer term that occa-
slonally occurs in MB equationa i{s given by

NG NX
T2 §J ¢, 7 (BX - LX) . (2)
fal ! jal 4

This torm of the MB term shows axplicitly that
there are NX measuremants of BX and LX par C meas-
urement and NC measuraomants ot € durlng the ac-
counting perlod. A term llke Eq. (2) ia necensary
for dealing with material from a blender, for
fnatance, where a single roncentration measurement

is made of a blended sample, but the tlended mate-
rial is subsequently apportioned among several
containers, whose individual masses are measured.
The form T2 reduces to Tl if NX = 1.

A type of irventory difference term that
appears in MB equations is of the form

Beginning inventary - Ending inventory =
i Wi 1 [uce sxE
I3 ¢ I (- Ly - , Ioe I -1y - (n
_i=l j=l 3 il lal

where the B and E subscripts refer to beginning
and ending measurements of C and X. Although the
beginning and ending values are nominally the :ame
for the C, BX, and LX measurements, the two sets
of measurements correspond to different material.
Such a form of inventory difference might be nec-
easary for hnats of materinl loaded into a cal-
cirer, for example, or cans of material in interim
storage. A similar form is also used for a number
of colums holding SNM solution. Equation (1)
allows for different initial and final values for
the NC and MNX pairs.

The other type of inventory difference that
occurs in MB equations is given by

Beginning inventory - Ending inventory =

Ni ] NE
[151 g B [jEl xj]s ) @)

This form of inventory difference is often used
for terma asscciated with nondestructive assay
(NDA) measirements. The values Ni and Nf repre-
sent the initial and final number of items In the
inventory term, respectively. As with the first
type of luventory difference term, the beginning
and ending valuas of the X measurement ave nomi-
nally the same but correspond to different mate-
rial.

IIT. MAVARIC - THR CUSTOM SPREADSHEET

MAVARIC is structured in a spreadsheet lormat
where stored entries are used to perform varlance
and covariance calculations for the tranafer and
{nventory terma appearing in the MB oequatlon.
Within the MAVARIC spreadsheet, tha user beglns by
entering data Into one of four data tables depend-
ing on the type of tranafer or invantory term. The
four data tables ~orcesjond to Input transfers,
output transfers, and two types of inventory meas-
urements, NDA and chemi-al analysis data. At the
present time, MAVARIC can accept as many as 20
{nput trsnsafersc, 20 output transfers, and a total
of A% inveantory items, 43 for NDA measurements and
4) for measurements made by chemlcal analysis.
MAVARIC s alno able to esvaluate as many as A4l)
covariances batween the MB transfor terms. Fou
each entry to a data table, MAVARIC roqulires an
ldentiflcation nunber and a short description as
well as values for the SNM concentration, the bulk
mass (or solution volume), the measurement nerror
standard deviations, and the number of measure-
mantae durlog an aceounting partod,



All variance and covariance calculations are
performed by equations stored within the custom
spreadsheet. MAVARIC contains four equations for
calculating the variance of MB transfer terms,
three equations for calculating the covariance
between MB transfer terms, and five equations for
calculating the variance of inventory difference
terms. Variance and covariance equations for the
mass (nr volume) measurements are included for
both the additive and the multiplicative error
models. Only the multiplicative error model is
used for variance calculations of the concentra-
tion measurements.

Once the data have been entered, the user may
invoke a designated macro (a predefined sequence
of instructions) to perform the necessary calcu-
lations. These spreadsheet macros allow the user
to carry out long, tedious procedures with only a
few keystrokes. To activate a macro, the user
must simultaneously press the [Alt] key and the
letter key corresponding to the particular macro.
In performing a variance (or covariance) calcula-
tion, a spreadsheet macro must extract the neces-
sary information from the appropriate data
table(s), determine which of the stored equations
is to be used (based on the error model and the
form of the MB term), and carry out the required
calculations to obtain the variance result. Other
macros within MAVARIC are ''programmed' to perform
functions such as reading data from a second
spreadsheet, providing hard copies of the data
and results tables (with the aid of the program
Sideways),* and saving (or deleting) the data and
results in the current spreadsheet.

IV. THE MAVARIC DATA TABLES

The first step in using MAVARIC involves
making data entries to the four data tables. This
may be done by either of two methods. One method
beging with the entry of all data to a preliminary
"data' spreadsheet, DATA.WKl, before using the
actual MAVARIC spreadsheet. By invoking a single
macro, the MAVARIC spreadsheet |s then prompted
to read the data from the DATA,WKLl file and to
perform the necessary variance calculations. The
second method {s data entry directly into the
MAVARIC spreadsheet, i{n which case the variance
calculations must be initiated individually for
each transfer or Inventory term. The general
procedure is the same for both methods of data
entry with only minor dJdifferences in the steps

*Trademark of Funk Software, Inc., P. 0. Box 1290,
Cambridge, MA 02238,

requirea to perfo m the variance calculati ns.
We present a set of examples to illustrats the
procedure for making entries to the MAVARIT data
tables.

Before starting entries to the data tables,
the user must complete the START-MENU (Fig. 1),
which contains the number of input transters,
output transfers, inventory terms, and the number
of days in the accounting period.

START-MENU:

Number of Input Transfer§~-———--—-ooeca--o

1

Number of Qutput Transfer§--------. mm—————— 2

Number of Inventory Terms=-----eeooeo—oeee-- 2

Number of Days in the Accounting Periocd--- 30
Fig. 1.

The number of each type of term in the MB
equation and the number of days in che
accounting period are specified in the
START-MENU.

An entry to the table of input transfers wil:
cerve as a generic example of the data entry
procedure for a transfer term. Because the four
data tables are similar, only the differences in
the data entry procedure between each of the other
three tables and the table of {nput transfers
will be discussed.

The sample Input Transfer, ITL (Fig. 2),
assumes that mixed-oxide powder (MOX) from a
blender is transferred to a single tray, which is
to be stored in a materials balance area after
the tare and gross masses have been measured.
Furthermore, we assume that, to determine the S\M
concentration of material in the tray, a single
concentratior. measurement is made of a sampln
taken from the blender just before the blended
material 1is transferred to the storage tray.
Also, the throughput of this facility is such
that this procedure s carried out eight times
per day. Thus, NC (the number of concentration
measurements per day) {s B8, and NX (the number of
mass measurements per concentration measurement)
is 1. The value of the concentration measure-
ment (C) {s assumed to be 0,441 kg Pu/kg MOX. The
gross mass of each tray (BX) is measured to be
2.75 kg, and the tare mags of each tray (IX) is
0.25 kg. Each of the concentration measurements
has an associated multiplicative error model with
a random standard deviation, SigEpsC, of 0.36% and
a correlated error standard deviation, SigEtaC, of

¢ INPYT TRANSFER TERMS *

SesrssnaNenseansRRRRANON

HUMRER  OFSCRIPTION NC  NX C nx IX StgEpeC (X} StqEtaC (%)

[A1t)x TO CALCULATE THE T AND X VARIAMCES
(A1t]4 TO ADD INPUT TRANSFERS
(Alt)o TO ENTER QUTPUT TRANSFERS
(Alt)m TO VIEW THE MA{N MENU
SigEpaX Units of SigtpsX SigFtax

variance (C) Variance (Y,

m {nput MOX L] ton. 441 2% 0,79 0.16 0.2 0.0002 Ko 0.0004 1025 18746E-01 3, s on

Fig. 2.
The tabla of input transfers cortaining a sample entry of MOX powder (MOX).



). 2A. e mass measurement sc-aile nas associated
with it an additive errnr model with a random
standard deviation, SigEpsX, of 0.0002 kg and a
correlated error standard deviation, SigEtaX, of
0.0004 kg.

The final two columms in Fig. 2 represent
the variance results for thz concentrati a and
mass measurements. Clearly, not 3ll eight digits
presented in the varlance results are considered
significant.

The nutes in the upper right corner of Fig. 2
are the options available to the user upon com-
pleting an entire line of entry. For example,
the variance results for the concentration and
mass measurements are obtained by invoking the
macro corresponding to [Alt]x.

The error model for the masa measurement 1is
specified by the entry to the columm titled "Units
of SigEpsX." An entry of KG (cr L for Liter in
the case of a solution) signifiea an additive
error model, whereas a percent sign () specifies
a multiplicative error model. The correlated
error standard deviation of the X measurements
always assumeg the game units asg the random error
standard deviation,

The procedure for making entries to the table
of output transfers is exactly the same as ti..
for the input trangfer entries outiined in Fig. 2.
Hence, there is no sample entry to the table of
ou*put transfers.

An inventnry term measured by NDA contains
FBR fuel pins (Fig. 3) with an initial {inventory

count, Ni, of 3600 pins and an -ndirng ianvenzsry,
Nf, of 3000 pins. CUnlike the transfers, the in-
ventory items subject to NDA measurement do not
undeirgo specific concentration and mass measure-
ments., Instead, the plutonium content, X, [Ej.
(4)] 1is measured directly. The value of ¥ is
given by C(BX - LX), where C, BX, and LX are
assigned during calibratien of the NDA instrument,
In this case the values of C, BX, and LX are
0.176 kg Pu/kg MOX, 0.9 kg, and 0.42 kg, respec-
tively. Random and correlated error standard
Jeviations must be entered for each X measurement.
I[n MAVARIC, these errors are always described by
the multiplicative error model and, ir this case,
are assumed to be 1% for both the random and cor-
related error standard deviatiouns. The final
column in the data table contains the calculated
variance of X for the NDA measurement.

A data table corresponding to inventory items
that have been analyzed using chemical! analysis
techniques 1s shown In Fig. 4. This inventory
table contains the number of initial and final
measurements for both the concen:.ration and the
mass of each ltem. For the example of liquid
waste, the initial and final number of concentra-
tlon measurements per day, NCi and NCf, are both
1. Similarly, the 1initial and final number of
mass measurements per concentration measurement,
NXi and NXf, are both l. The value of C is meas-
ured as 0.0001 kg Pu/liter, with associated error
standard deviations of 10% random and 10% corre-
lated. The gross volume measurement, BX, has a
value of 20,000 liters, and the tare volume is
asgigned the value of 0. The volume measurement
errors are multiolicative in nature, with random
an] correlated error standard deviations of 0.05%.

* X VARLANCES OF [nWVENTORY [TEMS ©

(Alt)p TO CALCULATE THE X VARIANCE
(Alt)v "0 ADD NDA DATA

. (NDNA ML THONS) . [Alt)g 1O ENTIR CHEMICAL ANALYSIS DATA
ssEeT anSsestadnaRpreptenaeRaResnN [Mtlm 0 VIEW THE MAIN MENY
sMAFR NESCRIPTION Ni Nf C LX  SigEpsX (%) SigttaX (%) Varlance (X)
1 fBR TLUFL PINS 1000 3000 0.176 0.9 0.42 ! 1 4,20212224E-01

Fig.

A sample entry of FBR FUEL PINS to the fnventory table
corresponding to measur-nents made by NDA instruments.

" C AND X VARTANCES 111 INVFNTORY [11MS * [ATt}f TO CALCULATE THF C AND X VARLANCE
. I MICAL ANALYSTS METHODS) . [ATt]q 1O ADD CHTMICAL ANALYSIS DATA
EaaspesmEnsadVResnarnaagadanaaRRaRRROann [“'l'l D] v“‘u THE MAIN m-_“u
MUMAIR  DFSCRIPTION NCY NYY  NCT NKY C BX IX SigEpsC (%) SiqgftaC (%) SigFpsX Units of SiglpsX SigEtaX Variance (C) Varidnee (1Y)
{ve LIQUID wASTE 1 . 1 I 0.000) lo0n0 O 10 0 0.05 £ 0.09 £.00000000C-02 2.00000000E -6

Flg.

An invantory table contalning terms with concentration measurements

made by chemical analysls.



v. CALCULATION OF COVARIANCES AND SIGMA

Covariance calculations are performed when
there are correlations between the error standard
deviations of two or more of the transfer terms.
To obtain the covariance result, the user must
complete two covariance menus. The first menu
(Fig. 5) requires <the identification numbers
(e.g., ITl and IT2) of the two transfer terms.
The second menu (Fig. 6) determines the type of
correlation (C, X, or both) that exists between
the two terms. MAVARIC then presents the covari-
ance result, along with all previousa covariance
calculations, in a table of covariances (Fig. 7).

CALCULATING A COVARIANCE:
Enter the first covariance term: (e.q., ITI) ITI
Enter the second covariance term: (e.g., 0T2) IT2
ENTER 'QUIT' TO EXIT
Fig. 5.
This menu identifies ITl and IT2 as the two

trangfer terms involved in the covariance
calculation.

THE COVARIANCE EXISTS:

1 -—- ONLY FOR C MEASUREMENTS
2 -—- ONLY FOR X MEASUREMENTS
J --- FOR BOTH C AND X MEASUREMENTS

Enter the number of your option: 1
Fig. 6.

The concentration measucement {3 specified
as the source of the observed covariance.

ShbraRdtd bbb andndoddbid

* TABLE OF COVARIANCES *

[(Alt]m TO VIEW THE MAIN MENU

Terms Covarlance (C) Covartance (X)
ITM ITm2 4 8245E-02
Fig. 7.

All covariance results are contalned
in the table of covariances.

The final results presented by the MAVARIC
spreadsheet (Fig. 8) include the total variance,
which is the sum of all variance and covariance
results contained in the spreadsheet, and sigma,
the square root of thig variance. MAVARIC also
provides the variance contribution from each of
the four data tables and the table of covariances.
The detection sensgitivity of the materials ac-
counting system is determined f.om the vaiue of
sigma calculated by MAVARIC.

* FINAL RESULTS *

VARIANCE CONTRIBUTIONS:
Transfers:
Input Terms
Output Terms
Inventories:
NDA Measurements
Chemical Analysis Measurements 8.00000000E-02
Covarfances 1.87872345E-0]

3.12542480€E-01
3.07689115E-02

4.28212224E-03

SIGMA 6.53907879E-01

Fig. 8.
The final results obtained by the MAVARIC
spreadsheet. The value of sigma is used to
deterrine the detection sensitivity of the
materialas accounting asyatem,

VI. SUMMARY

MAVARIC is a custom spreadsheet, designed
using the second releasse of Llotus 1-2-3, that
significantly reduces the effort required to make
the necessary variance and covariance calculations
needed to determine the detection sensitivity of
a materials accounting aystem. The data tables
and spreadsheet macros make MAVARIC convenient to
use for the deasign of such accounting systems.
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