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Abstract

The far-field bctghtnass !OSS duo to r llinear refraction of a laser bQaI!Iof finite
transfereeextent is a limitation for phase conjugation. we present exact calculations,
supportedby measurements, for these effects in Gaussian beams.

Introduction

Nonlinear refraction is a fami iar consld~ration in the optical de8ign of most high-
power, short-puJse lasar systems.1 Practical Jaaer beams must be apodized in some
fashion,and the anodization leads to intensity-dependent~en8ing ~n material media which
can s.riou8Jy degrade the far-field pattern which the system would otherwise produce.
Fvmn ~n !ligh-powergas lasers, whore the nonlinear susceptibilityof the laser medfum is
ordinarily quite ma]?, br+ghtnens loss can be significant in a sjngle window.

Such ●ffects have been !argely ignored in the initial tr~atments of phase conjugation
via deqenarate four-wave mixing (DPWM)●lthough one of the major present applications
to phase and pointing correction in high-power !asers. 4sIn one class of such proposals ,
a large third-orderopt{cal nonlinearity !dentical to that which causes self-focusing is
relied upon ko produca the conjuq&te wave efficiently, while the schemes which avoid
re!ying solely upon ?arge rea] nonx~near gusceptib~itys are ●pt to be limited by the
same ●ffects in their practical ●pplication.

WIis limitationarises from the fact that the product of pump-beam intens~ty and
optf,calpath length required for ●ff!cient phase conjugation is similar to that which
can, in c~rtain instances?cause sufficient pump wav~front distortion to degrade
‘econatructedwave quality.

rn order to illustrate this point, consider the relationship between the couplfng
cotffjcientK, which figures in phase-conjugate reflectivity,

●nd tho phase change @ which occurs due to the prope~ation of one of the pumps ●t tha
Intensity required to produce ● given ref?octivfty. For the sake of simplicity, assume
an isotropic Jo8s~ams mat.rial of langth L with nonlinear fndex n2. The refractive
~ndex chanqe is

n(z)-no ● An(z) ● n2 < E2(z~t)>& (2)

and the correspondfnq phase retardationLiagjven by

g.
I

#z ke An(z) (3)

{
(wher@ k. ● UI/c)for a given ●J*ctriu f ●ld distribution. For a s)nglo wave w~th
amplitude cl, Eq. 2 gives dn = 1/2 n2E~ . Rowevor, in the :ase corresponding to
DFWMt tw counterpropagnting,monc~hromatic, infinite p?ane waves o
toq~thor

f,
! :::!jka:p:;:ude ‘1ruduce ● standinq refractive index gratinq~ An(z) = 2n2E

From Eq. the phase c4anqe seen by ●ach wave in thla casa is twike as gre8t”on the
averaqe ●s that for one wavo ●Jone,

snd is .qual to the productSXL.

From Eq, 1, the condit~ons necoasary to q!vt ● SOt conjugate refloctlvity will also
aJt*r the phare of ●ach pump wave by 0.62 m ‘?/5radians on passing through the aamp]~,

mOrk preformed under the ●uspices OC tha U. S. Department of Enerqy,



a.??ouqh :h~ case f-r ●pr.dized pumps !s ;omewhat mor= complicated ~rr +etail :-an that
‘?gc:!bed in ?he preceding s~mple analysig, .?nce sigrii?!cant wavefront 319t9rtion ::a9
?ccurr@cl, we may estimate a ,li9tortionof EFIQconjugate wavefront eqLal :0 26 = 3.47
-arl!ana‘J3,’5:n free space) ari9ing from non!inear refraction of tha pumps when K is
?Otally real and R ■ 509.

Oma reason for ignoring this effect ham be,n the lack of elmp!a analytical and
experimental models for determining the dependence of wavafront dtotortion on lnteneity
for Epaciflc a odizatjons.

7
It io tha purpoec of thio paper to r,port ●n ●xtension of

●arlier workl~ givtng & complete d~scription of tha far-flald lnt~neity distribution
which resuJts From nonllnaar refractionoccurrinq in the near-fiald of a gonoral
hypergauaaianprofile Foam. The form of this renult io euftlcientJy simpla to permit
eacy numerical integrationovar time, rrdiue or both in tho far fiald, ●nd thmreby giva
diract comparinone with meamuremonta of ●nc{rcJcd pmar or ●nergy. Thee. relatlonahipu
arm ●epesially ●aoy to ueo when tha Intensity profilo ia that of ● normal Gauaalan, a%en
when a Gaueelan time variation ie preaont in th~ laser pulao.

w. will first dov~?op tho general hypergaueaian eolution, then apocjalize to the
Gauoajan casa and give ●perimontal ●%amplee which ar~ wall demcribod by theme results.
We will show that, In many camern,the far-field brigbtnoar Ioea is ●n extremely senaitiv~
way of meaauring the nonljnear lndox.

Far-PieM Patt@rn of a RYpargausaian Beam in a Thin, ()&tjcally— Nonllnear window

We ●esuma ●n axiey~tric ●Jactria-field amplitude distribution of the forml

!ncident on a this ●nti-reflectioncoated, transparentwindow of ieetropic nonlinear
natetr~aJwith thicknasa L. 11 the window 1s eufflciently thin, it will impart onl} ●

phae~ rllstribut!onto th~ ●xit beam, ●o that

E(r,L+)/Eo ● ●xp[-erp+iB ●xp(-2arp)] . (6)

3!nce tha intenoityl I ■ cnR2/@w 10 consorvcd ●crose ●n anti-ref?oction coated
‘nt~rface, the internal (E1) ●nd ●xternal

?
( ) fiolda ●ra related by El ■ Eo/~,

and from Eqn. 2 anc 3, tho paramtt,r B is r. atcd to th~ othor varlablao byi

B ● k#2E12 L/2 ■ k#2E02 L/2n . (7)

B ie the pham shift produced In the center of tho beam by nonl!neer rofractlm, ●nd is

1
aum@t mat called tho ‘beam breakup parameter.” To convert from ●eu to praqtlcsl units
Iv/cm ), w write

B ■ keR2roL/no , (7al

~seunlnq An~~no, with 132(cn12fl)= (4wz107/c)n2(eeu).

The window la suff~clently thin Cor ch- appromimatione involved in Eq. 6 to be valid
when the typical cnanqe in ray direction within the aample~ L ● (B/27)(A5/n)/w in much
‘e-e than w/’L,or the Freon.: number

For 4 l-cm-diameter32 beam :n ~, Cor ●xamplo, with O ● 10, we requlra only that
L~”Y90 cm.

The llmitrntl=n#et by the growth OF mmall-oeale lnotabilltiem in the beam profilo la a
rore awrloua one oven for C02 wavele~qth-. Tba quantltion of ~nterost h~r~ t?. thu
tranaverio apaaial frequencyKm for the rlpplem wjth larqent growth rat.,
and the #xla.1 q~in qm ●xper~enc~d ij::<:ig rippla,. Tho prodictlons of tho linearized
alane-wav~ theory for thla problom can be ●Kpreteed in the Corml
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FigUC@ 1. Conceptual Arranqcmont for 9tudyirg tho Far-Fio!d Pattern

Tho ftc?d at tho ?OnS focal plan. la the ●xiVmnotr:e dPac!al Fou:!*r ‘WaRmform -
(Hankel Tranaform) of tho C!old producod by ?!IO window. In corms of tho field of Eq. 6,
~(r) ● E(r,L+)/E , and the normal.iz~dfocal pltn~ r dial cmrdinate
r=kor#f, th@?ocal planafiald q(p) =Ef~)/Efi~s:

a
q(F) ● 27

/
dr r f(r) Jo(rF) =h {f(r)}. (lo)

o
To C!nd th~ Flank.]Transform of each on. of tho hyp~rqauaaian e!-mfintoof tho #*riot

expansion of Eq. 6, w. @mp?oy tha msmont th~erom to Find

h ].-”’rp~ ● 2“ i ‘-’;::::”;::n
n-o

whor.lo

so that

●

!
P ; (“A)

.(n+l)/P r(!!!)
9

*= ~IY .-mar .
‘n

P.E”‘( I
~-1)D7n r+

-ma
P z

n9tJ 2an(nl)2 (ms)(:n+2 )/p

(11!

‘low from Eq. S, w(th a ● (l/w~,

f(r)= *W #2k+L)(rMp (12)

-P

F!nally, to form th~ Intensity qp(;

(13)



E %“ 1 ‘kxk- ~ ‘k ~ ‘.’k-m
k-o @o k-c m=o

repaatadlyto f md:

i
2k

“2Igp(r){ = C

(

~ (-B2)k ~, (-l)m

~,, m!(2k-m)!(4k-21n+l)2’p(2m+lfl?
k-o

(14)

The constant C ● 1/ r2 (2/p) 18 chczon so that
:% I%W12- 1 .

Alternatively, Eq. 14 may be wr!tten in a simpler form that ●lso leada to more convenimt
numerical computation when explicit radial integration ia not required. ~hi, is:

.
(14a)

Specialization to tho Normal Gaus8ian

ifhenp-2, Eqs. 14 tak~ on ● much ●implor form, givm by

m ‘- (-l)moxp { -
2(2k+l )

L

1U2}l~2(;)12-‘(-02)k~ ~, ‘k-~, (4k2s+’Mx;2m+’]
k-o mmo

(15)

.

●nd

1[

2 m

192(:)12- ~ — IL
2

(-B2)k
E

~42,k●-uv(4k+l) +B ●-u2/(4k+3)
]1

(Ua)

_ (4k+l)(2k)l ~

I
on axlol

IE2(0)Y -
[~~*-]2 +[@$hF1’n]2k-o

‘d- [
C22 (B) + S22 (B) 1

C2(Z) ● ~ J ‘~+ dtvmi- Vt
o 0

Yq. (17) warnpresented •arlj~r by Marburqer.
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2::::”)1’”[-1‘-[g*]2=[-.
!9p( i), ,_L8)

which is the appropriately normalized Airy djstribut~.onwe would expect to f!nd in the
focal plane in the absence of nonlinear optical effects, flueto a uniformly il:umlnatef
!ens pupil of diameter 2W.

Encfrcled Energy or Power

Eq. 34 was presontetlto provide a means for explicitly forming the radial integral to
some limit Uo, in order to determine the fraction of total energy or power ●ncircled by
a focal-plane iris of given radiua. It is clear that khis can be done, at lea~t
numerically?since Eq. 14 is ● single series in powers of the irtensity (B) and of the
radius (u), permitting temporal and/or radiaJ integration. However, the explicit form of
these jntegrals for general p is not especially instructive.

However, when p=2, the Gausaian beam eolution given by Eq. 1S may be integrated
directly to give:

A.

for the fractionof totaJ t’ocalplane ●nergy containacl wjthin the normalized radius 170.

Temporel Integrationof Eqs. 14, 15 or 19, is readily performed. we note tha~ since
these relationships, as well ●s Eq. 6, are dimensionless (tranemisaion-l,ike),it is
necessary to multiply the quantity by ●n additional pot70rcd intensity prior to
tj.me-averaginq.1? B ● 140f(k),for ●xample,

m

/

dt Igp(:,t)l2 B(t)
)

(20)

Yn ●v~ry esae, then, tfme everaq~ng cemec down to replacing ~*k in the particular
m

sum by B~2k+1)/

m
f(*k+l)(t) dt, ●nd renorma?taingby the quantity [B.

/-
f(t)dt].

As an ●rrample,”;f f(t) _ 2-(tJT)2

* 2k

then ~2k ~ L_. (aoa)
mm

!n Eqa. L4, 13 or 19 Is ●quivalent to performing the tjme ●verage of that ●xpreusfon over
● Iamr p~lse wfth ● (lauaaiantime variation,

The Importance of Beam Profiles

Mcauso Rho set of hyporqaussian functions smoothly epana the rang. from a simpl~
Gouuslan radial diatributfon to a ‘hard-apeeturedn beam via adjustment of ● einu?o index,
ft !s ua~ful in the present context for aaaesainq th~ impact of nonlinear refraction on
the Far-fieldpattern of practical laser devices.
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Fjgure 2. Rypergauesian Intensity Distributions for p = 2,1r, 8, 20 and 50

Using the preceding relationship, it ia ●asy to show that the near-field
distributions of Fig. 2 mre markedly different in regard to the sensitivj.tyof their
corresponding far-field distributions to increasingB. For example, Fig. 3 and 4 show
the normalized far-fjoldradiaJ distributions calculated for p=2 and P-20, respectively~
as B varies from 1 to 10. In both figures, tho normalization described in connection
with Eq. 14 is u8ed, fc: unit on-axis intensity in the ●baence of nonlinear effects.

OS
[p - 2]
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Figure 3. CrnJcuJatedFar-Field Distribution Figure 4. Far-Fle?d Dietributior.a
for ● (lauesianBeam ae B VarlQs
from 1 to 100

as in FJg. 3, but for P=20.

Th@ Strehl rstio12, by which tl~ocontra] jntenslty in the far-field distribution ia
relateA to that which would ●x~st iP thq -hsenc? of ●berrations, is better than 50t in
the stcond caee, ●ven for 13=lG~ but !3 reducmd nearly six-fold for a s!rnplo Gaue!${aR beam
under the same Con&ftiens, In some cases, 0.9., p . ? aq~ a ● s.18, a zere StrehJ ratj~
ia obtalne~. Furth@r details regar~!ng on-axla !ntenslkiegare provirlo~in Ref. 13.

Although \t la ccnven(ent for many ●xperim~ntal purpoeen te QrIIDlOy~ beam with ap
accurately Gau@sJan tr&nav@r#e profil~, thic shape ja v~ry nearly a wo”st case for
nonljnear refractjv~ effects in l:hefar fje~d. The impl{cat~onaof thwRe reeults depend
upon whether it ja rlesired tc max~m~ze or minimize Phes@ ●ffects. In the remajnder of



this discussion, $t is assume+ that we wisl? to find experimental conditions that
sensitively indjcate nonlinear refraction, in order to provide a means of measurina
ncnlinear jndex, an@ that the foregoing discussion will be used to show how te minimize
their impac~ in laser systems.

The Effect of Time- ant Space-Averagir,$

The quantities we are most ofte~ interested in studying are seldom peak temporal or
spatial intensities,but rather time- or space-averages,as, for example, the total
energy encircled by a far-field aperture of given size during a laser pulse. Having
picked a Gaussian profile beam as the most easily reaJized profiJe which prov?.des good
sensitivity to nonlinear index, and assuming also a Gaussian-shapedpulse, Fig. 5
compares the sensitivityof four djfferent pertnutationsof time-averaging or
instantaneousdetection methods and on-axis or radially-averaged focal-plane quantities,
using the geometry of Fig. 1.

1-
3
n
1-
3
c?

tea

1:’

1;8

KEY [IN ORDER PLOTTED]

4$> k CU>,uo-1

.

,.
!8

●
● 9

Figure !3. Calculations showing that, for a Gaussian spacetime beam, the most
sensitiv~ measurement scheme among the four studied involves recording the
peak power transmitted by ● fcwal plane jris with diameter aqua] to the
beam waiat of the linear optical distribution, while calorimetric
measurements on ●xis ●re tho least sensitive.

lCxPerimontaJApplications of the Analysia

?igure 6 shows the gonerfc ●xperimental setup we ●mployed in dtmmstratjng ●greomant
between ●xperfment ●nd theory, ●nd in usinq this agreement to detormif,ethe nonlinear
index of some matoriala, by using n as the only free parameter. Tha Fig. 1 geometry

Yis locsted to the right of the aamp e in the figure. Calibrated attenuators were
oPticallY flat and q~qe-free plates of CaF2. The C02 laqer source has been
described ●lsewhere.

In particular, the beam !n the ●xperiment region ~s Itso.?f derived from the central
part of th~ far-fjold distribution produued by the l.asor, so that jts transversalprofile
is accurately Gaussian dow~ to the 1-29 intena~ty pointm, ●xtremely smooth compared to
typical near-fi~ld beams~ ●nd ●ssenttally diffraction-?imitedin its own far field,

In s1l meaouremmts, ● 33-cm focal length, ●nti-rofJ@ctien coat d ZnSe ?enn was used
t.o produce ● fceal plane distribution with 300-#m smal,~-slqna?l/e~ diameter, A
centrally-lacatedirf.aof Fh? aam~ size was used to obtain radial ly-av~raqefl stgnala~
whil~ inten!ity-dcpcndontStreh.!measurements wore mad. with ● much ama.ll~raperture
wi~hfn which the sma~l-s~anal radial intensity variation wao only +3St.

The dQteCtion syst~m Cons{sbd of pyroelectric detectors and a LASL-built,
channe?-plat-intQnSiSied Oacilloacops,?

The d~teetian ayatem al~ctr(cal bandwidth !s
about 3 G14z,-Sgivinq a ~etection riaet!m~ ●t least 10 times fnster than that of the
2-nn FWHM laaer pulses ●,nployutl.



Vhen time-averaging of the detected signals was required, this was accomplished by
numerica??y integrating the detected si~na?s, rather than via the ca]orimete<s shown, for
best experimental accuracy. The calorimeters were used to mor!!tor sample tranSmiSSiO~ ‘n,

in the relationship Leff = (1-’!’)/a~ where a is the measured absorption coefficient.
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Figure 6. Experimental Setup

To test the a.so?ute agreement between this anflmore fundamentalmethods of measuring
nonlinear !ndex~ two anti-r~flectioncoated, monocrystalline? intrinsicGe boules were
used. One of these was the same bou)e employed in reference 1.6, where the IO-urn
nonlinear susceptibilitywas first meaaured vis ellipse rotation. The ~~~ples were
oriented so as to give ●n n2 determination which would correspond to X .

)
FOr the

greatest total sample length employed, the Eq. 8 inequalitywas satisf ed in the ratio
66!1, whj?e B valuassgreater than 7.S were not employed. In this case the time-averaged
intensity-#epenfientStrehl was measured.

It will be seen from Fig. 7 that the agreement obtained between the data and the model
is extremely good, and that mutual agreement waa obtained between the two sets of data,
for sample lengths covering a 3:1 range. This was the greatest range we could :lse

threshold at the other~q
without undu?y attenuat g the beam at one extreme~ or reaching the plasma formation

The result of this one-free-parametarstudY 9ave absolute
agreement with the reference 36 measurement, to within ~ factor of tw6.-

Figure 7. veasure8 tire- averaqe relativ~ brfghtnese ‘OSS in the C*ntra? zone Of bhe far
field vs. B for L=5.7 cm (o) and L=~7.9 cm(*) us~nq {ntrin~icGe.
of n used-~~ this case waa 0.0026 cm2/Gw me ‘a’up, which corresponds to X3
0 6.i X 10 @au, in factor-of-twoagreement with ref. 16.



To demonstrate the relative effects of space- an? time-averaging experjmental?y, we
used a different boule af the same material, 14.2 cm in length. AS shown in Fig. 8, a
Gifferent crystal ~rientation pror!uced a somewhat sma?.ler nonlinear j.nflex. In this case
tbe ~hreshold for freversjble) plasma formation was deliberately exceeded on the last
three laser shots. Here, che most sensitive measurement cosfiauration sho~r, in Fig. 5
was stuflied, and compared to the time-averaqe of that data. In the for~er, the power
transmitted by the 300-um focal plane iris at a time corresponding to the input pu?se
peak is recorded for increasing values of 3..

1-

0
16

l;’
rA m

Figure 8. h!eagurec!power transited by u*=1 focal plane iri~ at input puls: :::: (o)
and transmitted pulse energy ( ) vs B. for 14.2 cm Ge boule.
nonljnear index was used to fjt the data in both cases, n2 = 0.0017
cm2/G’w. The plasma formation threshold is ●xceeded for the ?ast three shots
on the right, causing divergence from the model..

Wbfle reviewing this data, It became clear that the tempera? shape of the output pulse
obtained if!this configuration is probab?y the most sensitive ind~cator of small changes
\n nonlinear j.ridex. Figure 3 illustrates this point by showing the dramatic changes in
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TIME IN NlWt4 IJNITS

?fuure 9. ~a~culat~d pulse shaPes transmitted by Uo=l focal plane !fis for a Gaussjdn
input pul~e time variation, for severs? values of Be. TP this ~,nstance, :h@
nOrmalfZatjQn re!!l.ects true output power, re?at~ve to the peak of the Be=l
pulse in the absence of nonljnearft{es,
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the power pulse through the Uo=l iris calculated for several values of peak incident
jntensity when the incident pulse has a Gaussian time variation.

These prec?ictions can be stu2ied experimenta??y by comparing an observed power pulse
shape transmitted by the iris to that predicted from the time-reso?ved laser pulse shape
incident on the sample, with suitable propagation delay adjustments. This is done by
letting the digitized input pulse shape drive the radial averaging ca.lcu~ations. Such a
comparison is pr~sented in Fig. 10 wtiich shows the exce!?ent agreement between the
observe$ and predicted pulse shtipesobtained with tljesame n2 value used in Fig. 8, as
well as the distinctly different resu?t predicted with a 40% larger nonl!near intiex. In
fact, 10% resolution is easily obtained with this fitting technique.

1.s1 4

TIME, IWNOSECONIIS
Figore 10. Predicted (dashed line) and observed (soJid line) output pow,:rpulses for the

“$ ~
condj ions described in Fi~. 8 when th Q Peak incident inten8jty was 160
Ml?/cm, usi g n2=0.0019 cm /(3?, compared to the pred!cted shape for
n2=0.0027 cm /m (dotted line).

Mjnimum sensitivity o-~,this technique can be estimated from Ply. 5 as n2 = 3 x 1o-11
esu in Ge, w n2*3 x 10 esu in NaCl, at C02 wavelengths.

Conclusions

We have reported exact analytic ●xpressions for determining the far-field intensity
distributionproduceflby a general hypergausaian baam in a suitably thin~ transparent,
opcicaJly nonlinear window. Th@se expressjona almo permit ana~ytjc radial- an4/or
time-averagingof far-field intensjtfes. Sufficient agreement ia demonstrated between
●xperiment and theory to justify us5ng far-ffeld power measurements as an adequate means
of det~rmin~ng the nonJinear index of materj.alsin some circumstance. Factor-of-two
absolute accuracy is claimed, with 10% resolution in nonlinear index value. Sensjtjvlty
of the technique is moderately cjood.
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