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RECONSTRUCTION OF RADIAL FISSTON=PRODUCT DISTRIBUTIONS
IN REACTOR FUELS FROM A SMALL NUMBER OF PROJECTICNS

B. k., Barnes, J. R. Phillips, and M, L. BRarnes

Los Alamos National Laboratory
Los Alamos, New Mexico 87545

Four mathematical techniques for reconstruction of the radial two-dimensional dis-
tribution of fission proa.nts using projections obtained by nondestructive gamma
scanning were evaluated, Meronstruction of a picture from a finite set of projec-
tinns {¢ mathematically indetermirate; therc¢fore, recor-truction techniques are
heuristic, particular.y when nnly a small number of projections are available, Of
the techniques evaluated, the filtered hackprojecCtion algoritnm provided the hest
reconstruction far simulated qamma-ray sourcec, as wel) as for actual irradiated

fuel material,

1. IWTRODETION

Hor destry-tive ieasurement technigues have
brar appliad a4 wids variety of meaqy ement
prov lemy assr ciated with the characterization
of ircadicient fyel materjaln, Mme partlicCu-
larly useful nendestructive techaique 1% gam-
ma sranring, Pracision qamma scanning has
heen ysed by mary investiqators to measure
tue Yn1a) aantapie distributinn aof fi45inn
prodcts,  The radivl isatopic dictribatione
6t fYancine prad ety hawe g2t ly heen mean-
ured hy so-tioning toe fuel rad and per.

fa mog wuaeq. et analyses hy namma .canning
or olestrar myrrearrobe. Lo terhnique was e
velapet at the o Llameg Natianal Dahor atney
tn abta n nondestriy=tively thne twn-dimens jon-
A mitrahution af yaaan praduets at goe.
cifir an1al pnaationg by mejegring diamatral
CoAnL, N gettanne W twe or mare ang o lar
moaertytaong and aralyticylly unfolding thewe
bl b vnneg ']‘ 1

We haee pealuated the applacasility of four
d-*forert vac nntryg-tinn tearhniquen to e
termine which nnn nf the techr iQuey Proyydng
the Yent rorprntegcte] digtert gtion, Theye
four techn'qqen include the TWODIY (1,7) al-
gartne woelnpad at Lo Alamng, y fritered
hacaproie-tion Tourter transform toch.
mgare,'3,4) a wtUiphicative alaebrars ate.
Ative recongtrg tion technique (MART) (1,7)
ard finally, A vecent adgntation of the
Aagetratc Peconstry-taion Technique algorithm
(ART) to A masimur entropy criterion
(MINTY,TRY  Each nf thewe reconstrycton
technique. way apilied to vimglated gamma-rav
sourcen that represented tvpical disteibu.
tinny af fy qinn products within trramiated
fuel piny,  Alea, the inchnigues were used to
reconytryrt the r.f1al distribytions of fie.
ston products fram (ne eaperimenta’y meys, -
ured projectiont of [ ight Wate, Reactor (IWR)
and Favt Hreeder He, ctor (FRR) irradiated
ftuel rods.

7. THEORETTCAL BATKGROUND

Reconstruction of imayes from projections has
many scientific and medical aprlicatinns
where the invasion or destruction of the ob-
ject i< unacceptable. This noninvasive tern-
nigue or procedure has been labeled many
things: "computed tomoqraphy," “computerized
axial tnmography," "transaxial tomograpny,"
and "reconstructinn from projections.," Le-
gardless of the varving names of the tech-
niques, the procedure iy that nf mathemati-
cally comhining projections from radiation
emissiong or tranemiss ons at variaus annle
tn obtan an accurate representation of th
ariainal ohlect.

The firctl worhk n the reconstructiyon of an
object possessing circular symmetry from pr,
lections way pabliched n 1826 by Abel,' 5y
Probably the first groundwora for tne
presentoday procedures wan tare e a1t oo,
the Austrian mathematicvan Radon, (%) who
solved the hasic mathematics of the proble |
Radon'y significant contribution wa. a set ¢
intearal equationy that retated two. fymen.
sional | non-cymmetric objects to then e
Jectyony, He mathematically proved that a
twi- or three-dimensional ohie’t can be
uniquely reconstructed from an infinite set
of ats projections,  Tnese formulas have
seryed as the hasis of the theoretical and
practira) devalopment of the reconstructran
technique, The recent application of recon-
struction techniques has been tied to the
development of computer technology because ot
the tremondous numher of computatinng {n.
volved.

The input data for all of these technigues
are projections obtained at two or more anqu-
lar orientations, 1In Fig. 1 the function
al(x,y) repre~ents the distribution of the
physital property of interest - in our par-
ticular case, the radial distribution of a
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Fiqure 1: Each projection is an estimate of

the line intearal of the function gfx,v),
where the line of integration is specified by
the parameters s and @, Geometrical relatian
between a two-dimensional source g(x,y) and
the measured prnjection éals,a),

fission product. The projection data are
estimates cf tre line inteqral of the func-
tion alx,y), where the line of integration is
specified by the porameters s and @. The s,t
axps arc rotated by an angle ¢ from the x,v
axes. Then, the line intenral of q along the
line specified by ’‘s,@) can be denoted by
[a](s,n), wnere & is the Radon nperaior
{named in honor of Radon), The function &g
is abtainead by a line inteqral alnng t as
[aalls,e) = _f gl{s* cos @ - L+ sin g,

-« ¢. cina + t. cos @ldt . (1)

Radon was the first to Study tnis transfor-
matine that maps a functinn ¢ into a function
4ig, and subsequently, the inverse transfor-
matinng ta compute a fromaie,(0,10)

The reconstruction of images from projectiens
{s hacad an the develnpmert af techniques for
s0lving variations of the ahove inteqral
equatinn, Nn sinqle technigue has been founc
capahle nf satisfactor ily processing the wide
variety nf profactron-meatyrement aeometr ieos
and tne quantity end precision of data that
orcir in practical apnlications.

In the measurements of {sotopic distribiut.ong
of fiis10n products in iFraditted fuel pins,
the data may he considered to be projection
measyrements o aists of [ine integrals of
qamma-ray emissiun ot definite steps across
the diameter of tte pin,

ANl of the reconstruction techniques are

. 1imited hecause they can only prnvide an es-

. timate of the internal density distribution,

Mathematical reconstruction from a finite set
of projection data is xnown to “e an indeter-
minate prohlem,(11,12) A very large numher
of algorithms existe for reconstructing ob-

ects from their projections. t woyld be
seful to have so uidelines to determine

which algorithms are most appropriate under
specific circumstances. Unfortunately, lit-
tle has been published in this direction.

Several criteria must be kept in mind when
selecting a reconstruction algorithm. First
and most important is the requirement that
the reconstruction be consistent with the
data available to the algorithm (artifacts
are not introduced). This means that the
projections (ray-sum) of the reconstructed
picture should be the same as the ray-sum of
tre original distribution. With a finite
number of projections, an approximation is
the best result that can be attained.(13)

Secondly, a simple way must be avaijlable of
deciding whether the reconstruction algoritnm
has successfully approximated the original
distribution. A third factor involves the
cost (manpower and financial) of applying a
specific reconstruction algorithm, [n actual
applications, a large number of reconstruc-
tions and interpolations are involved and
these may he cost prohibitive.

There are two ways of comparing reconitruc-
tion algorithms: theoretical and exper imen-
tal. A theoretical comparison can be eitner
a mathematical or a purely descriptive dis-
cussion of the nature of the methods under
consideration (for example, method A is bel-
ter than method B becduse it has a certain
desirable property). The experimentai method
of comparison consists either of construnting
test objects (phantoms) ard physically taring
their projections, or of cesigning test pat-
terns #nd working out thei- projections
matnematically: in either cane, the varion.
algorithms arr used on the projectlon data,
and the reconstructions are then compared t.
the original distribution,(11)

1. Backprojectinn

The most common reconstruction algorithe ana
cludes an operation referred to as backpro-
jJection, hased on the previously describedt
work of Radon.(B8) Fundamental to under-
standing reconstruction from projection 1y
the central-rlice, or projection-slice,
theorem, ~This thenrem states "that a one-
dimensianal Fourier transform af a one-
dimensional projection of a two-dimensiona)
ol:ject 1s mathematically 1dentical to one
1ine (a slice) through the two-dimensiona)
Fourier transform of the object itself,
Thus, knowledge of all one-dimensional pro-
Jections 15 suffictient to synthesize the two-
dimensional transform of the object from
which the object s readily obtained by an
fnverse two-dimensional traniform,"(14)

The quality of the projection images can he
improved by using sppropriate correctiny

unctions., Correcting in the Fourigr Spagos
‘s 5ono gy taking thegFoar e= :r%R,?Brm°ob



the degraded image, multiplying tye transform
by a correcting filter function, and per-
forming the irverse Fourier transform. The
filter we used performed a ramp function that
tended to filter out high-frequency noisc.,

The Four ier method depends on transforming
the projections into Fourier space, where
they define part of the Fourier transform of
the whole ohject. Each projection may be
shown to yield values on a central section of
Fourier space, which is a line or plane (cor-
responding to the two- or three-dimensionai
problem) through the origin at an angle cor-
responding to the direction of the projection
in real space., An attempt is then miade to
interpolate the unknown values of the full
Four ier transform from the values on the cen-
tra) sections. After interpolation a reverse
Fourier transform provides an esiimate of the
ohject's ,tructure,

?. lterative Techniques

Iterative techniques are th: ha..s of another
set nf alqorithms used in the reronstruction
of distribations from projections. Cne iter-
ative technique 1s the a'aehraic reconstruc-
tion technique (ART)}, It can be called a
"direct technique" because the reconstruc-
tion is rone entirely in real space without
using Fourier transforms,

As the numher of projections increase, ART
results graduallv improve, [n Herman, /15)
eight projections seems to be a "critical"
numher with five iterations producing "su-
per for" results. 1t should be emphasized
that nne can only hope to nhtain a reasonable
representation, since it has heen proved that
a nortrivial pirture cannot be uniquelv Ade-
termined from a finite numbier of pro-
fectrong 1Y)

Gordnn erplaine the hasic i1dea benind ART:
“Ctarting from a hlank picture, the ray-sums
of al) the projections are satisfied one af-
t.r the nther hy distributing the difference
hetween thc desired ray-sum and the actual
ray-tum equally among all the pninte in the
ray, While satisfying the ray-sums of a par-
ticular projection, the process usually dis-
turhs the ray-sums of previously satisfied
profertinny, Yowever, AS we repeatedly qo
throunh satisfying all the projections, the
disturhancey net smaller and smaller, and
eventually the method converqes to a picture
which «atisfies all projectinns,”(1h)

Because chanyes are made fairly uniformly,
the final produrt {s the smnothest recon.
struction satisfying the given projections,
In general, the reconstructed image shows
only those features that are forced on it by
the projectiony and not thnse features
introduced by the reconstruction process.

One iteration 1s considered to bn the process
of satisfying all projections one after the
other only once. Predictably, accuracy of
ART increases with the number of iterations.
At first, the successive p‘ciures become pro-
gressively better, but once an "optimum stop-
ping point" is passed, the reconstructions
become progressively worse. This phenomenon
has been further examined by nmerman et
al.(16) One must remember that tie "ideal
outcome cannot be attained due to iimitations
on the amount and quality of data ay well as
the reconstruction algorithms themselves."(17)

Iterative methods may differ in thr way the
corrections are calculated and reappliea dur-
ing each iterstion. In Gordon's tutorial on
ART {17) he states that the choice hetween
additive ART and rmultiplicative ART (MART)
depends on tne physics of the radiation

used, "fFor transmitted radiaticn, the form
of the reconstructed object should be inde-
pendent of an acditive constant, Such a con-
stant may result from variable exposure in an
x-ray, variahle development of the tiim, or
an intervening filter..,."

In studies by Minerbo and Sanderson,’5) and
Gordon, Bender, and Herman, (18) MART recon-
struction was claimed to he able to produce a
solution with the largest maximum entropy.

As early as 1971, Gordon, Bender, and Hernan
were {rying to develup reconstruction al-
gnrithms that would give sciutions that were
mnimally biased because of marimized en-
tropv. 1t has been noted (1§) but not proved
tor thr qeneral case that since the entrop.
of the source funztion increases with jter-
ation when the multiplicative ART Algoraithr.
i uset, there is a relation between MART an!
the maximum sntropy solution,

One terative atagdrithm, maximyr sntrop,
(MFNT), has heen implemertnd to produce a
max.mum entropy solution to the prab les ot
reconstructing a source from A discrete et
of projections.(f) In qeneral, maximum con-
tropy technyques are powerfyl but expeasive
with respect to computing time, From the
standpoint af infarmatian thenry, the maymym
antropy rechinique i1« corceptually attrac-
tive, It yields the image with the lowes!
informatfon rontent consistent with the
avallable data. Thus with this approach one
avoids introducing extraneous information or
artificial structures, The problemn af recon.
structing a source distribution from a
limited numher of projections i known ta he
{ndeterminate. "A maximum entropy method
thus sermu Attractive for this prublen,
especially when the available prejection data
are incomplete or deqraded by noise er-
rors,"(6) By heing an indeterminate problem,
it {s wmpliad that an infinite number of non-
unique solutinne ran satisfy the limiting
criteria impovrd on the solution by the



actual data. When the data source has a sim-
ple structure or is close to circular sym-
metry in shape, one can use this a priori
knowledge to eliminate various “unacceptable
results.

MENT ma oe considered an iterative technique
for solving a constrained optimization prob-
lem, A constraint approach enhances & de-
sired feature of the data at the expense of
blurring other parts. The maxiium entropy
approack will not introduce new information
but may not reproduce all "real" information
either.(6)

Minerbo has shuwn (6) that with a small num-
ber of views (<10) iterative methods gene-al-
1y perform better than either Fourier space
inversions or convolutional backprojection
methods. MENT was originally developed to
provide a marimum entropy solution that would
not exhibit some of the “streaking" artifacts
of APT and MART, which occur with a small
number of projectionc.

3. Geometrical Unfolding

The original unfolding technique developed at
Los Alamos, Two-dimensianal (TWODIM),(1,?)
involved the computation of the source inten-
sity of successive rings that were defined by
the stepsize of the diametral scans or pro-
Jectiens, This successive solution of each
ring has the tendency to be highly dependent
on the noise of the projection data. A sub-
sequent modificatinn of the technique elimin-
ated this instability problem but decreased
the resolution of the technique,

4. Summary of Algor ithms

we have evaluated the applicability of four
techniques: backprojection, MART, MENT, and
TWODIM, for reconstructing projections of a
fiscion product to obtain the best estimate
of its two-dimensional distribution. The
filtered backproject inn technique appearea to
be superior for all of our test cases, °$
well as far the fuel specimens examined.

3. DISCUSSION

A simulated gamma-ray source was used {0
evaluate ¢the applicability nf each of the
four algurithme for reconstructing the origi-
nail distribution. Fiqure ? shows one such
simulated gamma-ray source: a narrow ring
source super imposed on a solid source with
the entire source skewed over the simulated
scan region to reflmsct a 0 percent change
across the diameter of the fuel rod. This
type of source distribution is similar to the
distribution of a volatile fission product
that migrates radially to the pellet-cladding

interface (i.e., cesium and indine iso-
topes). The 30 percent change across the
diameter was included to ensure asymmetrical
projections, From this test case, six pro-
Jections were calculated at 30 intervals
from 0° to 150° and used as input for the
reconstruction elgorithms, The filter:c
backprojection Fourier transform technique
resulted in the best reconstruction., The
results are shown in Fig. 3.

The backprojection algorithm is best suitaqg
for & large number of projections; therefore,
we used a lYinear interpolation technique to
generate projections that wouid 1ie between
the six projections. This interpolation pro-
cess does not increase the stated information
content of the reconstruction, but does pro-
duce a reconstruction more consistent with
the known circular shape cf the fuel pin,

The concept is similar to that of smoothing
data to improve its appearance even when some
information 1s actually lost in the process.

The filtered hackprojection reconstruction
technique was used to analyze the projection
rdata obtained from an FBR fuel pin, The tuel
specimen was 0.53& ¢m in diameter and had a
burnup of 19.2 at. p?r'ent. Fiqure 4 shows
the results for the 37¢5 isotovic distri-
bution with the 137Cs peing deposited

the outer regions of the fuel, just on the
inside surface of the stainless steel clad-
ding. The relative radial positinn of the
cladding is given by the 60Co distribution
in Fig. 5.

4, CONCLUSIONS

0f the four reconcstruction techniques evalu-
ated, the filt- ed backprojeciinn technigue
provided the ost consistent results fur both
the ,imulated gamma-ray sources und exper-
mentally-measured fuel pin., This is the only
availanle technique for measuring nondestruc-
tively the two-dimensional radial distribu-
tions of fission products within irradisted
fuel materials. Both FBR and LWR fue) rads
have heen characterized using thin recon-
struction technique, which 1$ now an integrai
part of the fuel characterization program at
the Los Alamos National Laboratory.
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Fiqure 3: Reconstruction of the test case usina the filtered backproiection techniaue,
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