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.
PERTURBATION METNODS APPLIEC TCJ PROBLEMS

IN DETONATION PHYSICS?

J. B. Bdzll
Los Alamos Sclentlfic Laboratory

University of California
Los Alamos, New Mexico 07545

A thenretlcal study of an explosive which releases a .cmall
fraction, 62,0f Its total ●nergy via resolved reactlJns is
presented. Two separate problems are treated. ?lrst. a
time-dcpeadent one~dl:,lens_ional ur?supported detonation-ls
considered. It is shown that to O(6) the detonation 13 a
reactive simple wave. The particle vel c:ity prcfiles are
calculated ~or a m~del explosive. Secofia, tne aetonarion
edge effect for a steady-state semi-inf’inite unconrlneu
rletonation 1s considered. It 1: stlown that tne near-fleii
flow is tiomlnated b:t Lk,e Erandtl -He:{er ainq~lar:ty, wh~rca:
the far-field l’lcw is controlled IJY ti!e reaztlv;tj’ and
streamline divergence. The s;iock lacuG, SMIC LOCUS, arxi
] rliting cl~aracL~!rluLic are calculated and LI]c erf’ect; cf’

)n~inement arc d!:zsscedm

.
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thle theory makes the followlr.g aa-
aumptlons: (1.) Initially the right
half-apace (x2 O) la occuple~h~;ha~~ul-
eaoent fluid at a denalty p
kn a state of metastable ch!?mlcalequi-. libriurn; (2.) At time t = O a piston,
which Is originally at x ■ O, Is lmpul-
aively brought to a velocity u~ > I) and
then withdrawn producing a planar shock
wave followed by a rarefactlon; (3.) On
paeaing over the Initially quiescent
fluid the shock initiates an instanta-
ntaoue chemical “reaction, of specific
Internal ●nergy q(l-ha), which then
supports a CMM31C131 detonation with a
pre~eure P* and a velocity U*; (4.) In
terme of this model the parameters IY ,
V, and Pm completely characterize tfie
flow. In thie section, we will consid-
e~ the consequences of releasing an ad-
ditional small amount of efiergy q~z to
the ~low on a relatively slow time
ecale.

We limit our discussion to the ~ol-
lowing constitutlve relations: a
polytroplc equation Or state

E=~p1 ~ + q6a(l-A) - q, (2,1)

‘#here E 18 the specific internal energy,
? la the preaeure, o id the density, y
16 the adinbe.tic exDonert, and a 3tate-
independent square-root rate iaw
(O$AS1)

(2.2)

where k is a constant rate multiplier.
:;eglecting all transport proce3ses, the
field equationa for our time-iependent
one-dimeneional flow (shock fixed coor-
dinates) are

& ■ r“, (2.5)

where

D*
n“ ● k“

+ [D”-(u”if>”)]; t: (2,6a)

i%”■ k- +(v--u+ (2.6b)

c ■ j~(t)dt - x. (2.7)

In the above equations t- is the ecaled
time (kt), C- 1s the scaled dl~tance co-
ordinate in the shock frame (y+l)kc/yD*,
u- is the scaled partic~e velocity In
the laboratory frame, c 19 the scaled
sound speed, Q- is the scaled density
Y/(Y+l)P , and O-(t”) is the scaled det-
onation ~elocity. To simplify the no-
tation, the primes will be dropped.

Equations (2.3), (2.4), (2.5), tkc
initial conditi~n Of an l~pulsive FLJ-
ton, and the shock conditlom serve to
completely describe the prablem we “iicl:
to consider. In the limit 6 * 0 t~.e
solution Is a simple wave known as a
Taylcir wave. );e w1ll shox tha: fx’ 6
suf’fi:iently mall the soldtion 1s a !’e-
active simple wave.

B. Heactive Simple ;:avg
Sinoe we are cons~=t 3 ~:;:?t::..

A etraightf’orwnrd calculatim give’ u;
@w t for t ltrge. l’huti, l’ur tl%c;
Rreater than 6-a Eq. (2.9! no lonrel’
gives ue an a:):::nptutlc rerrctientatLJn
of the snluclon. Examlnin.; t!’c tioverri-
ing differential equation:-, we rind
that the seculnrlty in #J nrlces Lc-
cauoa the cquaLlons ror ttic pcrturL.a-
tions are llnear. It hll(Jkfii that 1’0?’
long time5 they do not corltaln tile n(,n-
linear convective cl’f’cctti LImt Loulid
reactive }!rowtll. FhyJicUlly, we call
underotaml LI,I; wltil the aid of’ tllc
Master Equat,lo~l !1), It ~tatea tlllt. ?!:e
growth Or the tillock pl’cti;)urc 13 tile ll!r-
ferenco bctwccn tlic r~tc or encr);y in-
put or Llle rcacLlonu minuJ Lhe rate Or
enmgy 10SU to Lhe followin~ rlow.
When ths flow 10 sonic P ,l:J ~t 1s 111 (,,,,,
unperturbed rlf.if, tllv 10,:.J rnL1’ l,; .:tirL.J.
Introduclnl! 6t :1:1 n tlm,~ ticale into LIJ,?
Maatcr l?qual.lcn lt’adn to b~urJrd c~lu-
tiono (l). Tlilti uufll?ofitc LhaL in ml-
dition to t, wc uhould Include at a.1 n
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time scale. Using the tzethod of mul%i- To ●void th9 secular kct-avler in Eq.
P1O time scales, W@tiill show tt’At ● {2.12), w sot
bounded solution can b. t’ound to our
differenclal system (2).

~=*(#, ““”). (2.:6)
. Me begin w formnlly lncc~ratlng

Eq. (2.3) and t!;en using the results to
rewrite Eqs. (2.u) as Proceeding to O(Ss), w Cet

(?.1?)

and assume that Eq8. (?.?) nrid !2,;! de-
pend ●xplicitly on mli or these t~:-.cs no
xell ●v C. The cnarsctwlatlc de:’lva-
tlvea be~ome

At 0(6)0 wc fln(l

(?.15)

(2.22)

(2.23)
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(3.3)

(3.8a)

w!wre T 1s the tempcrnf.ure JIIU f. ■

(au /ax)-(au !ay) 1:” tlw “:?:~tlcl!y W!;:c:,
ls Ydlrc$tedkintc, Llle plar,,? 3f CtK! IIaF~7.
Using Eqs. (3.2), (3.3), and (5.7) we
can rewrltc Eq. (3.1) M

au au
(AU;)* . 2UKUY* + (c*-u~)alJ-

= (y-l)q6Sr - uxuyil, (3.9)

5
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Equatlona (3.6), (3.7;, (3.8!, and
(3.91 ●erw as the working equations for
ow ●nalysla. Th@y are partial dirfw-
en%lal equatlona of mixed type. In re-
glana of supersonic flow, thUy a-e of

. hy;erbollc type; whereas in regions o!’
Sussonlc flow they are of eAliFLic type.
?0?mU18ting the bcunchry value problem
to? such a myatem requlrea some care.
Tlw Trlcoml ●quation

Exx + ‘EYY m“ (3.10/

whssh 18 the almplest equatlcn of’ nixed
ty~e, serves w a guide (hi. It san 5e
●hcun that N the pocentlal 5 1s specl-
fl+d along some smooch curve in thm aub-
80S1C region (x z O), mhlch originates
●ns termlnatea on the sonic 10CW
(x ● O), ●nd ●lao aiong a ckaracterl:tlc
in the Supelsonlc re~ion (x ~ 1)0 which
18 Joined to one o!’ the end paints 3:
tk~ boxndary for x z 9, then F.q. (j.1~)
ha: a unique solutlcm. Translated co
tks prablern at hand, w are led t: ro-
qx:re that: (l.) slcng the a!wsk (f=ee
bc.nda~y) both the norwtl and ta:lz~ntlal
{;=; ;;~l~lans are datl~~led fcuu-le 1);

. -- the streamline fl~x 1:
tr.st of the cor=fs~on-iin~ sne-dlm:i:Lon-
a~ ~rcblcm (curvu 2); and (3.) ai:::c :ne
cr:sa charactw’lat!z e~~trclln~ t:ie
m---40m*m*”.*” -t--.,lm=o... b.. e!-.,. 4-. . ---- . - . ..+ -. --..V ----- .< , . ..- ----- -d
t~~~ of’ ●n lne~t ni?.ple ::a Ve (S.ur..”c j) .-..

A x:he.wtlc repreaentat!m of the Lound-
●r~ is shown in Fig. 3.2. From a ptiyi-
Ca. standpoint, apply~n~ these bo>ndwy
aor.ditlona aeama quite natural.

Of thCac, the ~hock conditlol~< need
~o~e special cwsldwatlon. We be~:n by
def:nlng the ●quation for the shock
10CUS

x ■ +(Y) D (3.11)

In :erms o? which the tangent , ~ and the-.

FIz. 3.2 - A achcmatlc rcprcacn?.:itlon of’
the boundarv curvcz for the edflc crrcct
on a reaction zone; (1.) the shock, (2.)
streamline at inf’lnily, (3.) crone ctlar-
ac:erlatlc. The duohcrl line rcprcacnts
the sonic locus.

nomal, g SO the shock surface are

Tha Jump conditions across the shock re-
qlslre that the following relati~na holi:

P+(yQ)+ = 130(g”g)o (3.14a)

Since the state ahead of the 3:.J22 lJ
quiescent In the lskaratary frz~e, E’lz.
(jolU) may be reur!tten 3s

b
.—— —— .—— ,

1

++ dl-!l-~’)(+(i7))~-+(*)’).

(l-po/p+)a O(dV\dy!(d*W/l;:j
Q+ m

Oo/O+[l+(d$/dy)t]z —
B

(3.16)

(4d ( ~-aa)’~“h%-, (3.17)
Y sonic

where for later convenience we lntroducc

G
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where

(3.18)q. (l.c)pj)~onic ‘
Ciy

Since Me must require that zne shock
shape 5s a s.nooth convex t%nctlon, Eq.
(3.17: serves as an upper boucd on the
shock slope. Recalllng that the energy
release fraction 1s 62, Ea. (3.17) shows
that the shock slope is sensitive to tile
amount of resolved energy releese, par-
tlcui~~ly for small values Qf 6>. ?rom
the v:rticlty jump condition we rind
that 2 1s pro ortional to the prohucz

9(d$/d::~(d2$/dy ). Assuzicg tt.at the
shock zurvature, 32$/dy2, is also O(t)
then ;+ iS 0(62). Since the product aT
decrezses for a parclcle as it recedes
from :he shock, Eq. [3.3ii) requires that
the v:?ticlty also Sec?ease. Therefore,
It se+zs likely t%at fcr E saf~icten:ly
small xe will be able to consider tkk?
flow 2s lrrotationai.

,-P tp.e f15w equ3-Zrt the a:lalysls -.
tlons, we w~l: fifid tt 2cnver&ient to be
lna: ~ardinat.c syste~. in .W!-:fCf.t!;e C19w
at tt.+ edge (Y = C} is directed aim: a
slng~t coordlnatt’ axis. we select t:m
dlrez TLon or floii at t!Je sc.n:c p,clnt Jn
the s:.~ck as our m?ki x-ax}s (x,(:) w!::.
ttie r.+>: y-axis (; ) be~n? pe~?erdlcclz?
t---- *- EC::’::? :!fe Pi-... ~: ?.*ql ., ~----- . . . . - - . -- -,
t’ran2-.L-Yeyer ex~an::cn, ‘.P.e sonic lccus
c71nLc fie~ with y, ~t ; = 0, in tt,is
syste- , Lhe ?elo$ltlez are

!:
Xw = ‘x

Cosu - u
Y

sinu (3.1?:1)

~yw “ ‘x s~rkl + u Cosul ,
Y

(3.19b]

with zhe rotation angle given by

sinw = 6/Y . (3.19C)

In these new coordinates, the shock ve-
locit:; jump conditions are

+64
1

.“+62E)r----- ‘—–.mdy+w-il-sz )(yi..lsz)(l-c)~

(3.20)

.
Uyw+ = [ d( +6z)+(y2-62)(1-c) ~

77=$-P -%+w-w(l-t Aw+

6(~+62)c .—— -
(y2-62) @[(y+62)-62(1-E)l &~)

il*WZ1+U Xw (3.22)

and the velocities fn Eqs. (3.20),
and (3.22) have been scaled t;

j~jil~i)l@/(y+l). in the following sec-
t~ons, we w1ll use tk.e n.e:hod of zatck,ed
asymptotic expanslcr.s ts find a SOIUC.%$Z
ta the stated profile% in t!x limit of 6
s:.s1l. To slmpl$~y the nstatlon, Che
subscript w and til$es will be drcpped.

Ux = 6U”) + &2uf:; + . . .x x (3.23)

2 = 6u(u + 621A@+ . . .
Y Y y (3.24)

C2 = 1 + 6(c2 )(1)+ 62(c2)@ + . . .

00—“ =
P ++ ‘w”+ ‘2($Y ;;:;:: .

A ~ A{@+ 6A(o+ 62A@+ . . . (3.27)

c=#+6@+ 62&+ . . . . (3.28)
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uherc O* hao been scaled by 0’(Y:-62)/
(V+l)’. The ltiependent variables are
taken to be

~.md (Y+l)k ~

U(ys-d*)m “

(3.29)

(3.30)

(The ●sterlska Mill be deleted from aur
notation). Since the reaction zone we
are conaldering 1s of finite len~Lh,it
18 necessary to transfomn to 1, y as
the independent variable set to insure
that the amount of ●nergy added In the
reaction zone 18 compatible with tbv
value of D. The differential operators
●re thus replaced by

(3.31)

Subatitutlng Eqs. (3.27) and (3.6) into
Eq. (3.4) and settln~ ta zero ;hv :en:is
or o(1) a#d 0(6), we ~et equatlon9 r-:r
Am and i

(3.33)

Qf.n g= q#’+ *A’’’)+)+
(3.34)

Equation (3.33) can easily be solved,
yielding

(3.35)Am■ 1-[1-$X9-X)]’,

where x (~) is the shock locus. BeScre
we can fntegrate Eq. (3.34) u{: must ke
found .

Me begin the anal-sin of our system
by first eliminatlns c d by applyin~
Bernoullits law [Eq. (3.7)]

OJQ (C’)n)- (y-l)dn x (3.36)

o(6a~ (C’)m “ (Y-1) q - *(U;)’[

1-$($9’+ $S*.
(3.37)

Using Eqs. (3.28) and (3.32) it follows
that the vorticity jump is 0(6’). From

the definition of the vorticlty it then
!’OIIOUB that

Q(Q #ma (3.38)

Xaking use of Eqs. (3.33) through (j.35),
wc ~ind that Eq. (3.;) beeomes

0(6’)

q$. 1
afl

(v+l)(l-A)@ + ‘-+

(3.40)

(3.:2)

Q(LL q+q+ ■ - +(l-=;+ (3.4U)

The remainln~ Launiiary c;ndlt16z.; rc-
qulre that the rlow npprcach the ane-
dimensional llmlt ac ~ ‘-M and a F]”an.ltl-
Meyer singularity at z = ?: x s G.

The 10WCSL usder equations [-:q::.
j(3.38) and (3.UC) can b? inte,;:’~ted

without dl~f’lculty. Since e?) :; in-
depcndenL ar ~, Eq. (3.49) edn EC
trentrd ss u rtrm:~t og-lf:r :rdlnn,,:: ,lLr-
fercntlal equatlor, (Q.D,E. ) in i. AS
such it can zatisry cnly cne houndzry
condition (shock condltlcn) and t!w
Prandtl-f4cyer condition E.USL tie drop~e.1.
This then scwen aJ the derinltlon or
the ouLcr limit of’ t!le full prubleir,:

ik-uter Problem - the cyste
7cl~on (3.41), etc.

Or D.D.E.
and the

shock bound:lry cflndlt,l?,n.: .~:lil~l]

8
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together describe the f’los far
frsm the Prandtl-#eyer slng”Jlarlty.

Solving Zq. (3.40), we get

- +[1-(1-1 )], (3.46)

where UG)-y+ and u; arm unknotin runrt.lens
of c%;-,. How, if Eq. (3.b6) 1s to be
an aCC6:t&ble solution to our reac;lve
flou pr:blem, It must nave .k,e foilcxln~
proper:.:ez: (l.) Uw must be real, and
(2.) uc~ must be equ~l :0 zero (Gcnlc
flow) ‘3t sume po~.nt in t!)e reaction
zone. These can bc c~nzldcred as a Cen-
●raliz~i Chapman-Jou~uet z:ndltiori. i?e-
qulrln< this of Eq. (3.45) &’ves us a
dil’ferc:.tial condi~ion on c

I&
dz

= l-Ji- , (3.47)

where c :s6 = l-co). Trar~sfcrmlng Eq.
(3.16) :nto the edge sonle-ifne-~ixecl
coordir.ktes and integrating, we ~et a
first &:proxlmation to tke snock lacks

- yln(l-sinOj. (3.49)

Therefc:-e, the f~rst approximation ta
the outer velocity field 1s

“(u
x = + slnO - +[1-(W’I (3.50)

Ju=-l
s

;(l-COSO) , i3.51)

where A = O at the shock.

We find that the above solution has
the fo:lowin~ prol]erties:

The ~olutlon merfies into the
Qnc-dimensional flow as
Y * -m.
The distance (along the lab-
oratory x-coordinate) from
(0,0) to the lead pcl:~t or)
the shock is infinite (for

the square-root rate law).
(3.) The sonic line enters (I?,O)

with infinite slope lnztead
of the required zero zi~pe.

A plot of the ~hock 10CXS an< ~cnl~ ~0-

CUS. 1s ShOwn In Fig. 2.3. Therefcre, we
find that the cuter zalutlon agree; x::k,
~oth, the shGck conditions and thcz+ at
y + -0, but vlclates the csndl%i~zz a:
Che Prandtl-Meyer slnqularity. ‘mls :Z
a substantial 3hortccrAn<.

Clolng on to the text ~rder ~? the
outer problem, ~a%terii tec?r,e e“?er. ~cr~e.
Solving Eqs. (3.34), (3.??), ami (3.~IL)
subject to Eq. (3.44), we f:rid

[u?= u:+ + ~ (v-2)(1-sln5; - (Y+l)
A

lt(cs~e-~)(~s~ze - 2y+2 , 1~s.n9) [l-[;-~,~:]

!3.52)

“w 7

[
= $’+ + ~ ;:-s:z$jc ,:9 - :;:;> :9]

Y

[● l-(l-}}V: 1, ‘3.2::
where

J’) @ . .
x+ = - $2+ c- 9 .:3.5-;

,,a PP):C(,37.:)= C(l-sin@! + ~!~-:1...,,+ -, -.

+2 y Ccso - 5Y+3 j-::~g)fj
F-(

+ ~*(1-sine)ccs9 + *-, ,3.551

anti C is an arLlzrar;: ccr.;tar.t. ;7. tie
1 v , I I ,

I-tofm autor tolulion
Ie.s -

12.3-

j
*

5.1-

-2.1 ‘ I 1 , 1

-100.1 ‘69.3 --’m
8y(n,m)

-7.7

Fig. 3.3 - l-term cuter ;olut.ioI.. The
shock locus (upper curve) and tk.e sonic
10LUS (1owc1’ curve) in eu~e fixed Co-

ordinates. The parameter values are
P = 8 mm/ps, y =3, andk=2 us”’.

9
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Mmlt ? * -- (@ - 1/2) the aoldtlon la
well-be:h.aved. However, near the edge
(. * 0) Eqa. (3.52), (3.53), (3.5 U!. and
(3.S5) all become singular. To reaalve
this difficulty, we must ●xamine the vl-

. cinlty zf’ the l-rmdtl-Meyer sln~ularlty
in some detail. In the nt-xt sec:ion,we
formuia%e the Inner llait af our problen
and ahcti how the singularities in the
outer p=oblem can be removed.

D. The Inner Problem
The nroblem encountered at Lhe end

of the la~i section is slalinr xn prin-
ciple :: that treated by Cole (6).
There as her~ the singularity arises
because the O.D.E. being s~adied has
slnguls? coefficients. !loweverm in our
case t?.e resolution of the difflcul:y
pMCee~3 aoraewhat di~ferently. The
prlnct:al shortcoming of tk? Suter Lhlt
18 the= tt:e O.D.E.’S which are obtained
are ca:able of’ handllng only a very re-
stricts clam of transanlc f’lows.
Since t::e react:vlty 1s of Zecondary
lmporta:.e ● near the ●dge (relative :$
the Prar.3tl-Meyer slnguiar:;y), Let as
neglec: !t and the wortic!:y ?.>? :!;?
moment and obtal~ the kernei rranszr.lz
partia: differential ;~era;sr :ontacr.ed
in Eq. .3.9). The ob~ect z? :h:3 exc.-

cise lZ zo obtain a part!a~ Ii??erer.:!.az
equati::: (P.iJ.E. ) which 1s capatle s:
satief”:~nc all of :ne lD~llc2kLe ha.J:.4-
ary cor.fztlons near the ed<e. ;:e FrG-
ceed k:: introducing a p~ter.tlal and
scaled :ndepimdent variable:

*.- x + 6%(X,Y) (3.56)

Uelng Eqs. (3.56) and (3.57) to cnlcu-
late tz.e velocitlea and 9ernou111’s law
to ellr.znate Cz, the dominant terms In
Eq. (3.3) yield the equatiOn

where xe have the constraint

3(3-V) = 2(m-v) . (3.59)

Equatl=n (3.50) Is the model equation
for transonlc flow(7). It is capable
or’ des~:’ ibing the flow in t.:.e neliliLJr-
hood c? a Prandtl-Meyer singularity im-
L?dded :n a mixed flow. In fact, the
mpecif L;ation of n unique solution of
Eq. (3.58) requires that 4 I)e Eiven
along :ae shock, a curve connecting Ghe
shock ta the sonic l~cus, as well as
the P~andtl-ileyer condition. To detcr-
mlne t!.+ parameters m, V~ and P~ We rc-
quLr9 that the orders of m~j;nitude of

the velocities calculated from M. (3.58)
-tch the dominant singularltie~ found in
the outer solutlon. This can to :houCht
of aa aatlufylng the boufw~ry ccndl~lonfi
alOng a curve Connecting the shock 10CJJ
to the sonic locus in an arder of =aqn!-

~d%e~;re
The most singular term: in

so that we get the conditions

*v+ =❑-v (3.62)

++
= ❑ -u . (3.53)

Solv!ng Eqs. (3.59), (3.62), and !2.L3;,
we get

which Is valld for velocitieti up to ac
least 0(67’1) since !lq. (3.16) giver

fJ+ . l)(67n) dw-:1’.
d~ (3.69)

For this SC% of dcpczdent and icilepen-
dent scales, the reaction progress
variable must be

10
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Slr#e t!te higher order ●qumtlons are ln-
~ m bv~&~+ 4*A~+ . . . . (3.70) creaslngly m~rc complex, we will not

Oonalder them here. Going so w1l: not

where Am and A* sa~lsf’y
•~teCt the Clrst approalmatlac %G thw
uniformly valid solatloa.

a A*
m m -1 {3.7i) Let UB nou obtain the boundar~ cGn-

dltlons for Eq:. !3.75) - (3.8G). “~iven
a #a .lW, the potential of Fq. (3.C8) and t~.e
s? 2A ‘ (3.72) s;lock condition cf Q. (3.21), we %a~e

A-s. -~(i#)a . (3.74) Substltctln~ Eq. (3.81) and the “Jeloc;-
tiea ir.to Eqs. (3.29) and (3.2:), ie

lntt:oducing X Z l/6w3 and : a: :he in.
ge” :.he shock Loundkry ccrii:>lar.:

dependent variables, F.q:;. :3.7) ar~
(3.1) yield t!,c l%llowlng set of equa-

C7

13(6*~ &
tlo:.s f’or $:

m~
al

!3.32:

(3.75)

(3.7G)

11
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‘ +w(-~”1, ‘3G’8) *“ ‘Y+’w(-’+b’)’n-’a”(s) ‘3”’3).
- i(y+l)+ + bL

where we have net the arbitrary constant (3.94)

in Sq. (3.55) ●qual to
‘g (-~+’l)m ‘

~-.#~n&**)-l]-*, where q, b,, b , B,, and B* are con-
~tants and 0(s! oatinfieo the O.D.E.

Lantly we have the Prandtl-Meyer condl-
tlcn at $ = 0-,

(O”-qsmS)G”” + 5q(Il-l)S0-
fl= O-. Thus, the Infier

limit of ‘he full problem 1s: - 3(fPl)(3n-2)0 ■ O . (3.95)

k
n’,erProblsm - tho syetem of P.D

~~(3.76), (3.77),
3.78), {3.79), (3.80), etc~, the

ehoak boundar conditions [iiqs.
(3.82), (3.83~, (3. 4), (3.d5),
(3.66), (3.87), etci

t
he match

into the outer DFOble~ Ea. (3.68
and the Prandtl;hleyer rihgulirity
which together describe the flow
near the edge.

Finding the solution of Eqa.(3.75),
(3.76), (3.77), (3.78), and (3.79) aub-
Jec: Lo the a propriate boundary cmdl-

!ti:mf io atra ghLforward. We obtain

UnZng tfiese results to simplify Eq.
(3.30), we get

(3.91)

EqMtion (3.91) 1s an inhomogeneoua
tranaonic P.D.E.. Finding an analytic
801UtiOfI to it subject to the shock,
matah, and Prandtl-Meyerboundary condi-
ticnff la not a simple matter. Since the
rea?tlvity “.o not a dominant effect ”near
the edge, we will first examine the
honageneoun form or Eq. (3.91). Tne
air.plegt approach 10 to seek a similar-
ity oolution to Eq. (3.91). The draw-
back with this method 10 that one may
not be able to mtiafy all of the bound-
ary conditions.

The momt general similarity nolu-
ticn to the homogcneouu form or Eq.
(3.91) Is that oolutiun which la in-
variant under an infinitesimal one-
paramctcr Lie group of tranarormntiona.
He find

$h ■ -(-j+ba) ‘n-aG(s) + (-3+bt)B1 + B1
(3.92)

(See Bluman and Cole (8).) Setting B,,
B*, b~ to zero q = 5/4, and anacnlng
that b = O(dti), we find that Eq.(3.93)
matiaf~efr Eq. (3.84) to tiithin a iia-
tanco O(flw) of the shock. Analyzlnq
the singular points of Eq

-,eyer aing;l~~i;~)a;efind $ Prandt~ N
l= O, ~=0, (i.e., s+-=j w?.en
b, = O at tho edge. Taking b tc be &

1function of y which behave% 1 ke
(y+l~vs~ near the edge and ncver”ex-
C~Bding 8(6 V’) far from the edge, the
t30nlC line leaves the alngularit;.- alcr.<
the -J - axia a6 required. S13C5
bl ■ O(~Va) the error ~de in Eq. (3.31;
iB o!’ higher orier and will be rezov~?ed
an the higher order ●quatlona are c3il-
aldered. Qortrnatelv. ~or n = 5,’: the
ooi~tlon to Eq. (3.95) can be ~Gund 13
Clooed form (9,10)

where a Ie an arbitrary acallng constant
and

(r(*+1) - --2ae. (3.97)

Therefore, wc find that an analyclc
t!olution of’ the homogeneous fern of Eq.
(3.91) Oan bf f’ound that satiafics both
the shock and the Prandtl-Meyer koundary
condltionm.

Finding a solution to the inhomoge-
neouc form ol’ Eq, (3.91) 13 more difri-
;~t. one poaait)ility is to expreaa

aa an Inf’inite power aeric:l in (-J)

P- +h + :(-m”(g) , (3.5a)

with the Uge bein8 aelectcd eo that the
inhomogerrolty in Eq. (3.91) in accounted
far. PrQueec!inE in this rashion, we
find that the fv(c)’a uati:jry an inhomo-
Eeneoua hypergeomekrlc eqdation x!lose
homogeneous molutiuna arc terminating
eeriee in g. Thererore, ae a practical

12
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matter, the f (E)ts are obtainable. The
sonic 10CUCI c~mputed from t e inner
sd~;lon, @w = oh + (-j) J
BhOn in Fig. 3.5. Now, If %W9i!
ie ta be a usef’ul Inner aolutlon, it

. ❑ust be valid for 3 + -=. Clearly, any
fini~e aum doeg not have this property.
Aa a:~ alte.matlve, let us consider the
expr%.selon

ae a poeaible approximate solution valid
fcr-=c7e Om The motivation for se-
leoting-Ea.-(3.99) is that it yields the
same 2 - velocity component as the match
potential of Eq. (:;.88) and In addition,
aattsfiea the ahocf. ar.d Prandtl-Meyer
conc!~tiona. S’lbatltuting Eq. (3.99)
intc Eq, (3.91), W3 find that v 9atis-
fies

(Y+l)# # +$=-@~-R,

(3.100)

whe=e, the remainder is

AltP.>ugtr it would be dif’fic lt to get a
rigcrous ●rror bound on 1$‘i-$l, we can
get some estimates of the degrke to
which @ e.atie.-les Eq. (3.91) in a glo-
bal sense. Writing Eq. (3.100) in di-
vergence f’orm and then integrating over
some cloned region Q in X,J, we get

where G IEI the outward norl.:al to the
hour.jar ofQ.

i
We first consider the

reg”. x near the Prandtl-hleye. aln-
gularityl(see Fig. 3,4). There we
reacily find that the source due to the
Prar.itl-Meyer singularity, Spn

s (). 0 sin’e
pm m’ (3.103)

in fizronger than the cfi’ectlve reactive
source

Ja2

dJ

m

Fig. 3.4 - Regions or the flow over
which the global accuracy of the flow
$ 18 examined. Q is the neighbcrhooc
of the P-M singul~rlty. Qz is the re-
gion or subsonic flow.

in the region of the aingulerlt Fc-
cuslng our attention cn region d;, ~~~
find that

~JRd~d$=O, \3.lo5)

*
when the lower boundary (sonic 10C!US)
la taken as either the sonic locus for
the near-field homogeneous flow given
in Eq. (3.96) (g = - 1/3) ar the scnlc
10CUB foF the ?ar-rield flow glVen Ln
Eq. (3.88). Fcr any other lower tound-
ary of reglonQ2

~f
i did$ = O((-ji)’n) (3.106)

9

JJR did~ = O((-J)l W). (3.107)

a,
Therefore, $ represents a reasonable
approximation to Eq. (3.91) in a g~shl
aenoe. Comparing the inner sonic locus
calculated vla Eq. (3.98) (one term p,nst
the homogeneous solution) to that calcul-
ated via Eq. (3.99), we find little
dif’~erence in the range -0.8 ~ j < 0
(see FIE. 3.5). Thus we concrude that
Eq. (3.99) provides a reaso ab~e approx-
im iop to the vcl~~~ty 30W fa~.
~$b~,, Con,r,,ute; 3’

Since
to the Vc!loclty at

0(6 ) ar,d wherenu a$W/a~ contributes
at O(6h), it followfi that the boundary
terms in Eq, (3.88) that have been
omitted will riot influence the solution
up to and includin~t O(6W) in the veloc-
ity. 1!’ a solution valld to 0(6V]) ill
the velocities 1s desired, the equatlcn
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FIR. ?.5 - A comaarlson of the Inner
30;1C-10CUS P.Z calculated with the ~low
ofEq. (~i9;&(;0-), Eq. (3.96) (—),
and E;.

:ix:d ;:::y&;’’’~)~’~~~a~~~”~p~p ‘“eThe l-terr. outer shack
l~ous” (uppgr ~~rve) and sonic lr!cus
(lower curve) appeax’ as rei%rt4nces.
The ps~ameter values are U = 8 mm/2s,
Y ■ 3, k = 2 usq, 6 = 0.1.

goverr.ing em must be found (a simple

+
matten),- and Ea. (3.99 must be dLs-
oarde i In favo~ of a s thab ~atla~lea
all C: the matoh conditions In Eq.
(3,08;.

~u~rizing, we i’ind that the Inner
veloc:tles [l.c., Eqs. (3.89), (3.90),
and (1.99)] have b en calculated up to

$and ir.ciuding 0(6 ‘). To this order,
the ek.ock locus ia given bv the l-term
outer solution [Eq. (3.49)] . However,
probakly the most lmportanc result is
ql~alizatlve rather than quantitative.
We f’lr.d that the Jeaturea of tho inner
flow iepend on 6 y and thus can pene-
trate well into the explosive,

-,
2. The Composite S~ll.ttion
Che outer and inner solut~ons

found in the previous cectlonn arc
valid over only restricted regions in
Y. Tz get a uniformly valid asymptot-
ic cx;ansion or the solution, the two
lim!.tlng solutions must be matched in
a reE!on of overl*pplnC validity.
Follcxlng Van Dykc’s matching procedure,
we ex;rcsa tile outer nolution in inner
varlakleo, Lhe Inner ~olution In outer
varia”:les, and then mntch at each order
in 6 ;11). The compoalte cxpanaion 13
then ?ormecl aa the inner expan~ion plus

the outer ●xpansion mlnue the terme
that are common to both In the werlap
region. Pet ining terms up to and in-

8cludlng 0(6 ) in the velocities, the
composite velocity expanelone are

‘Y
■ - 6 +(1-cose),

(3.108)

(3.109)

where the match requires that

(3.110)

To this order the shosk Iooua is given
by Eq. (3.49).

Equations (3.108), (3.109) and the
required auxiliary equations consziute
a full aoluti:n to C(5@) of the bound-
ary value prc~lem posed In part A. o?
thiu section. Using it we will ncx de-
termine ecme ~f the salient feaLures Qf
the flow, In all of’ the examplei, we
will take the function b, appcari~r in
tho ZIPZIZPL?:-v%rjz?ly ●? ).-

(3.111)

Figures 3,6 and 3.7 show a cmpari-
eon of the ou:er and composite sGlu-
tlons in the fsr and near f’ields respec-
tively. To S(4~i), the shock I.ocL for
the two solutions are identical. The
sonic loci, I,:wever, are quite dissimi-
lar. Unlike the outer solution, c!le
compoeite ❑oldtion aatic~ies the condl-
tione at the ?randtl-kle:’ei’ singularity
(Bee Fig. 3.7). PerhapJ the moat
striking featme of th composite flow
ie the range over which ~ ud~e,
through the inner soluti ., Infll:ences
the flew. Ff.iure 3.8 shown that the
Influence prcpagaLes in = 50 react,lor~
zone len@hs, Ccjjsider~ng that the
Inner scale :.J 6 y and that 6V’
changes by oniy a factor of two f~r
0.01 < 81 c :., the rnnl;c af’ influcncc
or th~ inn~r solution (in real space)
In nearly thn ,~ame for lQrgc and small
values of 6. llowrver, ~ince tho outer
ucalo iB 6y, the inner solution becomes
relatively more lmportan: QH 6 IU in-
creasccl. Fij;uro 3.9 uhows that lncl’eal;-
in~ 6 from 0,1 to 0,33 make:l the lnncr
oolution relatively more important.

14
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, ‘ O(VUce4’deoN9muller-1.

-al I I 1 , 1 1 ,

-Iml -89.3 -38.9 -7.7
8y(mm)

—

=’l\
ml

-2.10L I , 1 \----
-2a04 -12.08 -7.71 -1.94

8y(mml

W, :.6 -
Fig. 3,8 -

O(A*) oomposite eolutio~l.
0(6m) composite Solutlcn.

The s~-.ock 10CUS (upper curve), conro~lte
See Fig, 3.6.

SOnlC locus (middle curve). and outer
sonic 10CUO (lower curve)”-in edge fixed
coor~:natea. The parameter values are
~E~I1l/~0,y=3,km2 p~i,and

. .

.

QIS~)COfn#Odfo Mutton
Omo -

0.820-

1
Y

-1. RIO

-t ,100
- Utt -am -we

8y[mm)
“wee

Fig. ?.7 - 0(6*) composite aolutlon,
See FLG. 3.6.

I , ,

dB%CoKWollo Solution
8.06 -

e 10 .

j
●

1,61

-t.m 1 1 I I

-:0,40 -14.18 -7.00 -1.er
By(mm)

Pig. 3,9 - O(dw) composite Nolutlon.
The parameter value~ are P ■ 8 mm/us,
Y ■ 3D k ‘211ti’, and 6 = 0,33.
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Although the sonio locus Is not a
flow ?roperty whioh la physically as
apparmt au ‘~he snook locus, it 1s of
greater importance in determining the
flow. This is becauae only the chemical
energy releaaed in the eubaonic reg!.on
la eftective in driving the detonation.
It la for this reaeon that proper satls-
faotlmt or the Prandtl-Meyer condition
ia or”Joial to any calculation. AS an
exam~:e, connider the caae of an explo-
sive zharge of ~inite aizo. Inoluding
the e~er

Y
released in the shaded area

of Fis. .8 (unavailable energy) in the
Calculation of the detomtion velocity
WOUIC lead to a subatential errm.
More important perhapa ie the effeot
that :he form of the inner solution haa
on tt.s problem of confinement. Consid-
●ring the family of characteristics
eman&;ing from the Prandtl-Meyer sing.u-
larlt::, we find a characteristic (the
limit:ng characteristic) which 18 just
;a~~fr.t to the sonic locus (ace Fig.

. All the characteristics leaving
the ~~ngularity downatrecm or the limit-
ing c?.araoteristlc never contact the
sonic locus. Thererore, Inl’ormatlan
about oonlinement traveling aloilg them
Oanncz influence the structure of the
oubac:.ic rlow. Put another way, the
limit:ng characteristic derines the
crit~zal degree or conrlnement below
xhi:y. the ccp~a-e?.e?t 53? ~? +n?luence.. . . .
on tt.e structure of’ the subsonic rlow.

. , , I

\

O(e%lccmpe$llcaclurlaa

\

Fig. S.1O - 0(6V’) compoalte solution.
The shock 10CUB (upper curve), composite
sonic locue (middle curve) and limltln~
charc:tcrlatlc !lowcr curve) in cc!ge
f’ixct coordinate. The parameter vnluen
y: ;8mm/vs, y= 3, k= 2U51, and

.,

FOP
the
the
the

the example consl..ered in Pig. 3.10
critical confinement angle (i.e.,
angle that the wall makes with the
X-axis) ror a aul’fioientl!i smooth

wall 16 1.946. For a system ~lth the
parameter values given in Fig. 3.9,
(i.e., Increasing 6 to 0.33) the criti-
cal con~inement angle la 6.63°. In both
caaes, these an~les arc ●qual to the
streamline angle at the conic point on
the shock. Therefore, we rind that the
resolved-6s portion of the reaction
zone for a system with an edge proceeds
as an beeentially unconfined detonation
unleea the confinement 1s heavy (i.e.,
aluminum or heavier).

P. Sumlaz
Revifig the results of this sec-

tion, we find: (l.) Far from the ●dge
(OUter re ion) the rlow is governed by

7O.D.E.’S with independent variakles
x, 6Y) and the shock boundary condi-
tion3. The outer probl m determine;

$the chock locus to 0(6 ) ror -= c y ~
and the sonic 10CU8 in the very f~r
field. (2.) Near the edge (!.nner
region) the flow is governed by !.L.:.
(with the independent variables ‘+;/,su~,
6vDy) and the boundary condltlcns alon~
the shock locus, at the Prnndtl-Xej’er
singularity, and t?:e matct, Intc ?:.:
outer eolutlon. The inner prubler.,
which Is stro~lrlv inf’l!lenced I,$t ;’:,+
Birheularlty, his-a lon~ ran~e ln~:uence
on the sonio 10CU3 and propertic.: :I:I:c!:
depend on it. (3.) The critical ~an-
finement angle 19 equal to the aa<i?
that the streamlines at the ~onic palr?t
cm the shock make with the edge,
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