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Crcwth and Saturation of Inst,~biliLy OC

Sp}]ericalimplosions I’)rivcnby

Laser or Char[:cdI’articleUcams

by

R. L. B!cCrory
University of kchestcr

Laboratory for La”serEner~.’tics

R. L. Norse
University of Arizona

Department of Nuclear Engineering

The inertial

small thin walled

K. A. Ta~gart
Los Alamos Scientific Laboratory

corifincnentapproach to contrallcd fus<on requires that

spherical shells of fuel ~lndother materials ~Jt? .im:>lodc?d,

compressed and heated by laser or char~cclpfarticlchcams. In llKJstC.?SCS

of interest the implosion of such thin shells is unst,nhlcto I)JC~ruwth of “

spherical ‘asymmetries. .’

We have developed and used tvo nuaerical simulat~on techni.qucs to

study these iustabil:tics. The first technique is uaeclto study LI]Csnail

nmplitude ~rowtl:of the instabilities by crnployingn perturbation methorl.‘fhe

derivation of the llamiltonianmodel on which the technique is based is

developed here. The second technique is n fully non line:lrtwo dimensional

hydrodynamics nnd hmt flow technique (PAL) which we him wed LO follow

the large amplitude dcvckpment and satuartion of the instabil.[tic::.The

exnmplcs ofulculatinns SIIOWI)dmmnstratc the utility of the method and

the ran~c of different.Maturation ]~h(ilomcl~a which may bc cxpcctecl.
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specific entropy, s{, in our C.odc.,

3M.
5)lJj=F(s , ~, Pj) , w!lcrcp. = -(r+:-r–--rj-.

J j j-1

ArIanalytic (y law) entropy based procedure is clescrihcd1IC1OW(near

eq. 82) for both zero and first ordur vnricblcs. If some other state

necessary to integrate an mhlitional cnarr,ycquatiol]invo?vini;tltc -

P(!V/dthyclroclynatic work trmu, where Y is ZOIIC:volui::u!.

US~Ii~ a modification of Lllcleap frog SCll~15i? in which, illunit.::cif

the time stq, At, the mass point or surfacl!prh.iL i(jn:: ar(i Jc!iinerl

times . MC need to include some or.hrrdcpc!ndentvari:ll)l,(!sat half
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wIlicn consists of a rilcll a L d LSP~:!CK%:’J;lt.,

. (“ and Ik.u}:In.r,lllnL. d .i@.ac(!-
‘rD .

mm is,
%

E al , and correspondint:1irst ord~ort~t!l~rLIifs, Vrl and hl . ‘

.1.11
Then the ccluationof motion of a point. cm l.hd J IIKI:;3:;IILDII, illtc~rns

dt ‘rj’ dt

ha) frl = -b[Aj2(l’ .-p,,j)] = ‘-[~~lj(l’oj+l-”l’ ‘) “l.~foj(pl,i-i.l-pl,j) 1.
1,j+-1 B 0,.1



II13Lcarry a I $Llh%CL_i~JI . M()[ h t~r and -t’#j/CLlri~rihll[L’ f(J 1Iii” Ch~ll~,C!f;

[1 “] I
13) frl = -r. z

J .ZcZ1+ ?3?1. ‘Po,j+l-rn,j) ‘F‘p, ,j.~l-rl ,j)i
1 ‘j a-ii j J-

l’tle
abl

contributions, l.c., .

-..
llb) fnl -= ‘“i& + ho, ..

~..

‘Q] is cnusod hy imf;ulargrmliculs of the prt:ss~lrt?.
1’
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on supports

in the plane arc

II

rz ry
15) l’~u

Jll”1{!7.r) ‘dfl~” .... .
(rp-~ 1)-

“ ~ [ry21r211.-7r12]

rl rl

angle along the direction of tllc prcmwrc ~r;ld irIII. i !; - 01’/&!, a&!iIIf:

forces at X, from Lhc pnnelu hrLwMIl r. blml 1 , :11:1 111.1\:[’1 .11 IJ_l J
;1:1(!

.i

l’hcangular vector cquat ions con now bk’ rlmvurtlwl j IILO :;cal.v r c,c:u::Iiu:: ;

a
by taking angular dlvez~cnccs, ~.u., by oi).~1.miLIn:;w-iLiI- --mI LII,Svcr: or...

a.t
equations. This, however, will no[. ho PO:;!: 1 IIIc whr:n LII:.[:(: rwjunl.iun:;;ir~’

diagonal viscoLIs St rcss tensor c] c!r:cnts. Then ln!:t.rnd, vcclor qunr.1.i1icu.

(actually vector sphericn~ harmcmirs in~tcad 01 s~illilr *i]Ii(~r.1~~1

harrnonics--- tiee below) 13USt h? cl.q)loycd. ccllllhillill~ cqs. (lo) , (1111) ,



.

I ?.) ‘::

I.. -
(i

. .
. .

L

:111(I
Lm.1 j--1

mld 7;., ● :... .i ‘11:11 ..i. 1 .

20) “J] “ ‘lrj “ “NJ “

24 v,rJ “’ A k~ r,j ‘Aj--l%,j-lm

swrfacwi. . him Am nt an arhit rnry rad LUN, r, lmt WV(W r
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Equations (21) nnd (23) can

the uaper~urbcd volmcs and

and with A = A .~ ●r. frcm w]. (12).
M1.j OJ fi 3? .,

l’hcnthe desired expression for p
lj

becomes

-p v
25) fjj = ~

Oj
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Cquations Of motion and the auxlllary rdCirhJll!; Euch m

in all of the

(25), &d use

is made of cq. (27), It Is seen Lhut becausr of the orthoconnlity of

the Yh,5 the equations mparatc~ completely with rcspoct t.oE)
.

and that the

with respect

appearing m

equations for a given R arc indept!ndunlof (i.e., degenerate
.

to) m. ln particular, from cq. (27), the qunntit~es

the right Mde of the cxpansiml of cqm (18) l)uxmw

Fran here 011 we supprcsf: the subscript.s E and m on d(!penc!cnt vnri.nblcs.

lf for simplicity we n~ikuLhc dcflnitlcmw;

29) A :Q
~ = “j~rj

(usf.n& A, for arm nlm should CaIJMC no troubll!)
rlj

Ihcn tlw cqmtlons OF motion, wl~iriI arc’ C!Ollll)illiltiCJ1’l!; OF @CIUiltinn~

(9), (10), (13), (18), :l~ld (19), hcwm “
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In addition an equation of state is required
.

34) Pl,j - Pl,j (sl ,,pl,j)
s.

and the relationship (25) for p
I,j

which now reads

SpecirilTreatment of the Origin

be trcatccl in a special wuy. This fact,

obvious to rtmlers who mrc fnmilinr with

n cpcc.fnl. cam and mIIst

which mny bc inl.uLtlvL?ly

fitabi.lityanalynk. can

ncmkxl in the mathematical treatmunt.



.

. .

ZI,

of

th.?ori~in if;only consLl;LunL WLLIIan h --1 pcrLurbatJrm iu pcrlmps

obvious, but wc procr~!das if it wren’ L.

Con9iclcrnow the chanfiein VOIU!OCor the conical rcqgion W1th

straight side~ between the orlgiu and the pcmlmctcr 01 a srnnllarea_ A;

on the firct tiphericalor almmt “~plluric:lluM:N:!iurfaccouts.l.dc 01

the orl~in, which IG at

region (see Fig. M) is

‘2%
36) Vo, z “~ m

If the UMLSSsurface in kept fixed and the ori~in is displaced tiyzl,
.

the chmge in wlume is tllcn seen to k

.

-p p,z(m p y ((p)
39a) pl,~(?i)u --?~-v—-”---l~ .~-’=- .----

0,2 ‘2

and the total PI,2, includlnn CXMILr~lJut~cmG from rfrtiLorikr

[1
(iij al’40) Pl,zm ‘“’Pi, ?

3P ;1””2 .
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it can bc seen Lllat1’1,2 (Q) can oill.~ coI~:ii.fi[ of L = 1 tx*rmu; wlli.ch

justifies treating tllcorifiinin this spcIci:llwilyolilyfor R = 1.

1,1)
fm “

ccmo=—
3 ~:-

Y1ari)Yll!l(ng,) .
1

..-

‘E ‘c, is the direction of cl then ~1 ●-Q= g] C!OSQilndcqlmiml (41)

(39) ,



t,t,) ---
‘“%o

= =:- Y ]m (ii)

45) V;”T* = u Ylrn(m .

If uc assume P1,2(WY ~@~)

‘n ‘Zm
‘s, then since .

into cq. (43),



klleutht mass shell bounclin~a central void collapses to the.

origin, then k x 1 position perturbations, E= and D, C~rL-~ sore+

when the central mass point is fornzcl. Thi{;avrra[;c:displacrmmt

and the scalar product, (Tl*~~),wl~ic.!lA whul:we nc:c~dfor cqs, (51)

khrough (53) is then,

for w!l:ltcvcr m wc nrf! cmwlderlrifi. l%c ndditiculLllc!O1.i!ln, q . (41) ,

nnd ortllolwJrmillly01 tlluY ‘fittlc!llKSW
.

(
‘r,i1 . . .. . .
3

Y#1) .
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- -yJ Y,,nhj ,

rac!i~:fi. Ccm!h”l.11IIlflC’(I:;. (55), ‘58) Uml

(59) @ves

which is the dcslred prescription for convcrtin~ perturbation:;fit

in the computations at a point Whi”n rl << r?, rl ~!; vi’rynear 1.00,

nnd the time fitcp criterion for cquat.icmw(32) and (33) is lImxImh:g

~~rtlficialVis60sity-

It is ncccssary to inLrorlucc n v~:;cu::ity LO ll:.I-IKISmkILt’ shock
,

waves cwn if the real physical ViSCLJSIL~ in ill::i~:lltfic:alll..of.the

simpl.c viscous prcssura. In ]atur Lrcnt.munts of rW’11 vi f:coslfy,

.

.
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61) n) r ‘--}1(’/”v)v

b) l’VS=-~1(i’-~)2

c) Pv w -N (v”;) .

scheme even though tllcreis no - PcI\’work L[:IWI, whcro P fiti‘theprcssur(:

from the static equation of statc, tharc is a - PvdV work term wl~ic~l
..

generates entropy. l’hcvalues of M, which uf course IKIVC&Lffcgrcnt

dimensions in”diffcrent schumes, arc computed locally to damp

oscillations with a wavelength

tine scale of about an acoustic

wavalcngths arc rclnLLvcly mch

of the order Lhe grid spacinfion a

period for this wavelunfith. Lunger

lcus clamped. In priictjccwo hnv.?
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cmtm sqmration distal~ccof Ar is

~lJWI all variables arc Wrl.Lcn RS n &iu:nof zero :indfir~t Order

terms, the result i~ multiplied out, nnd zxxo and first order .quations

63) F =
.0

wh Lch when put

first order,

64) F, ~=

cquotion (62) bcco:xixi, in zero order,

-AOKOATO

Aro
.

in tcr& CIF radial indices is cq. 3 (above) and, in

-AOKOAYO
—.- -.. .

Aro

In our fiy6Lmn F1 ha. two

part, ‘~~,.for which oq.

. .. .-
trcatcd as the vmriabl.c V“ F1 .

$1 fi

For Fl= we substitute into cq. (64) directly. T1 and KL arc

obtained at zone ccnturs from equation oL staLC! fufori.mtkn, nntl the

K’tI arc nvera~cxlto zona boundaries (!;necq. (3)). iG nlm
‘rJj .

chofic:nin a way L%nt is cousiutc!nLwith rsq.(3);

.

.

.



,.. .“

. -(KO , !:l-I :0 ,-)-:-q j., ,-.mr
66; -? ● o,j)rJ2

‘lr ‘“ ‘--P
.. ... . x

‘r.j-~l-rj--lJ’2

,,m

.

where the first term in the [ ]

c . (64) simplifies because ATFor Fln q ~ is zero. Coinfi Lo continuous

clcpcndsuceon ~ gives, where now ~1~ iS f LLiXpt!l- llll[r iIrL’.+r;lt.h(-rt!li:il

flux per radian as in the case d F=,

or
-4~(S+l)K T1.

68) T*”F*,, E -KjV2nTlj w
( rj+l+rj)’

‘otc ‘hat ‘ln,j is defined in radius at the thermodynamic.polntp

,+1 + rj)/2, (cq.3).which we have taken to be (r

The desired result from the heat flow calculation is thr:rate

of heat flow into a volumo bctwccn zone bouIMl;Irics whirh in Lhc tIn-
.

perturbed state subtenclsa unit solid an@c. Wc obtail~.for this

rate, dQF1/dt, frorna surface area integral
%

volume

dQF dQFo
69) ~==

The zero order terms

dQ
70) +“.-

dq
_F~ .

+ dt #
iior”ror +

reduce to the standard

of total Flux over this

nphcrLcally symmetric form,

{A F
o.jor,j-Ao,j-lFor,j-l)

s=- (rj2For,j-raj_~F~r,j-1)“

The first order terms arc

Lll
where A is tho area of the sphcrlcnl cnd c~lpon the J w** surface

r,j

alld
42,.1

is LIIC area of tllc *MUM 0: the’ %UIW (Wh[dl dkflllltb’~r fll th(!

.

.

.



d+ ~ (r3.-.r3 )
73) ~F1 ,j E -–ii-~. ..: _ ..-..J.3_:L--- (ifl:~lfl)j _ (r ZF P

j lr,j ).-r’j-lFlr,j

Su!>stitiltinfifor For, i“l~ ancl~fi•-~h.frOiileq:;. (3),

I.naddiLion to hcmt fl[n~thc:rrarc usunlly I.WO

(66), and (6s)

(wh”i.cll~s Lna

[

p # d v 175) Qvl m - ‘x/~~-K’..IPI,O-,1~” ,
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thaL it will be discussed briefly here.

Accorrllngto this prescription, to zc!ruordc!rli&hL f~l~fll~~~

on the sp!~crlcaltarget alonfirdial rays ~indi~;nlnmrlmd at that
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where N is thu (thermodynamic) WVISF;rIf Lhc zone!, k is Lhc JJo]L’zwan
j

constnnt, mi is the moan Ion mnsg, Z the mm iouizatim stmtc,

wiLh tlw lmlp of

al’
82)

lt~
—Jt

(11’
1:1,1

83) ~t.-- ....

.md t11[:xcro ,Ind

84) TO,~ “

8!i) T ‘‘
I,j

cq. (80) and (81),

(y-1 )i’”d
~..—.—---- .—..

(P., j hip>

(Y-l) ,[~l,j-b’,,j~~~](y-;)] ~
u -— .—-------- -------- - --- - ------- -

Vj(o,, j/PR)y

Ej”wL order t.umpLqrnt.urc:;arc

[1

Y.p

H

(y-1)
‘w, j ‘)0, j IU3,J’I f’~lp.i....---- . -------

k rlR “ “@%)--k;l; PM
O,j

i HI

) rJ “:
-E1..j..~OL1) ;,lN. To ,
1,
~~,.1 ~s~

B.
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For KLudyl I:&

IWll l’ARTTCI, E IJ:I;KAWXAS (l’Al,) NI+”I”IIOII..—---- . . ----- ...-_.”_ -------- . . .----- ...___

tlspt?c tfi o [ imlJldshJn% wh kh arc km dis Lorl d to

pcrmtt n pert urbat ion t rcatr:cn L, aud in particular for HLudyinu th.c

non-l f mar mtur:lt im of the Rsyleiglv.Taylor lnslab Llity dismsscd

in S{:ction11 and RcEs. 1, 2 and 5, a Particle-In-Cell Lypc method

hns hccn developed which i% mrc le~rangcnn than the or@innl PIC

method (Ref. 3) . Thlk mctllodwc call PAL for PArticlc Lcgrangcmi.

The PAL method has been incorporated in n two diuwnsional, cylindrically

symatric code mllcd 11{1S with a fixed rectan~ular grid in r and z

i:
{
I



CC1l In proportion to their mum. In sunrmoty,tht!
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