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CALCULATION OF PROMPT F1SS10N NEUTRON SPECTRA

David G. Madland and J. Ravford Nix
Theoretical Division
Los Alamcs Scientific Laboratery
University of California
Los Alamos, New Mexico 87545, USA

We presant a new calculation of the prompt fission neutron spectrum N(E) as a function
of both the fissioning nuclevs and its excitation energy. The calculation, based upon
standard nuclear-evaporation theory, accounts for the physical effects of (1) the d!stribu~
tion of fission-frazmént residual nuclear temperature, and (2) thc energy dependence of the
cross section for the inverse process of compound-nucleus formation. LUsing a residual nuclear
temperatur. distribution based upon the Fermi-gas model, we¢ have performed calculations for
twe different assumptions concerning the cross scction fou compound-nucleus formation. Use of
a constant cross section leads to a closed expression for the neutron e~ :rgv spectrum while use
of an energv-dependent cross section, calculated with the optical model, yields a numerical
integration. Results obtained for the two assumptions agrec well with experimental data
although theve is a preference for the energv-dependent cross section calculation.

TRADIOACTIVITY, FISSION Calculaticn of prompt fisslon neutron spectrum as function of fissioning
EsgleUI and excis,tion energy. Nuclear-evaporation model, Fermi-gas model. Comparisons to

“U(n,f) and

Introduction

Nuclear reactor design and other applications
require knowledge of the prompt fission neutron
spectrua N(E) as a function of both the fissioning
nucleus and its excitation energy. The dependence
upcn fissioning nucleus and incident neutron energy
is particularly important in cases where fission
Deutron spectrum measurements do not exist ur are
pot possible. We studv these dependencies by use of
standard nuclear-evag .ration theory to calculate the
neutrou energy spectrum in the fission-fragment
center-of-mass system, and then transform these
results to the laboratory system.

The cepter-of-mass peutron energy spectrum is
obtained.ly integrating the nuclear-evaporation
spectrun for fixed residual nuclear temperature
over the distribution function of this temperature.
The nuclear temperature is that of the residual
nucleus following neutron emission from the evapor-
ating fission fragment. The physical origins of the
residual nuclear temperature distribution are the
igitial distribution of fission-fragment excitation
energy and the subsequent fragment cocling as neu-
trons are emitted. Following the integratien, the
resulting center-of-mass neutron energy spectrum is
transformed to the laboratory system under the
assumption that the neutrons are emitted isotropi-
caily frow the moving fragments.

Our calculations have been performed using a
triangular approximation to the residual nuclear
temperature distribution determined by Terrell og
the basis of experiment and the Fermi-gas model.
Two different assumptions have been tested for the
inverse process of compound-nucleus formation. Use
of a constant compound-nucleus formation cross
section yields a closed expression for N(E) involv-
ing the ewxponential integral and the incomplete
gama function. Use of an energy-dependent form-
ation cross section, calculated with the optical
model, yields a numerical dovble-integral expres-
sion. Comparisons to experimental data demonstrate
the importance of including both the distribution of
residual nuclear temperature and the energy-
depeadent compound-nucluus formation cross section.
The calculations and results obtained using the
constant compound-pucleuc cross section are di
scussed in the next section and those obtaiped with

Cf(sf) experimental prompt neutron spectra.)

the energy-dependent cross section in the section
following that. WUe then compare the results of both
calculations with experimental data. Our conclusiens
are prerented in the final section.

Constant Compound-Nucleus Cross Secticen

The nuclear-evaporation spectrum corresponding
to a fined relid?al puclear temperature T is given
approximstely by

o(e) = c(T) oc(:) t exp(-t/t) , (1)

where ¢ is the center-of-mass energy, 0_(f£) is the
cross section for the ipverse process of ¢
ompound-nucleua formation, and c(T) is the normaliza-
tion integral defined such that ¢(c) is normalized

to unity whe: integrated from zero to infinity. All
distributions in this paper are normalized in this
way. In the case of a constant compound-nucleus
cross section 0, fhe normalization integral c(T)
has the value lfocT .

The initial distribution of total
fission-fragment excitation entvgy is approximately
Gaussian in shape, with a total average value given

by

* tot ,
<k > <E > + - > . K
E>= Er + Bn En <E! (2)

Here <E > is the average energy release, B a4 €
are the separation energy and lintkic enerdy of +Be
neutron inducing fission, and <E > is the total
average fission-fragment kinetic energy. For spon-
taneous fission both B_ and E_ in Eq. (2) are zero.
In calculating <E_ > an® B_ we"use the experinenta}
and systematic malses co-ﬂiled by Wapstra and Bos
where available aad otherwise the droplet-!SEel mass
formula of Myers. Measured values of <E > are
also used vhere available and othervise t‘e formula

<E tot 1/3

f

vhere Z and A are the atomic number and mass number
of the fissioning nucleus and ¢, and c, are deter-
sined by least-squares ldjultleAt to cipurilental
data. For low-excitation fission we use (c,,c,)
values of (0.13323 Mev, =11.64 MeV) deter-lled by
Unik et al.,” and for high-excitation fission the,
values (071071 MeV, 22.2 MeV) obtained by Viola.
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In & study of experimental distributions of
fission-fragment kinetic energy and neutron nusber
Terrell obtained the distribution of kinetic energy
that governs neutron emission.” This distribution
wvas transformed into the distribution P(T) of fission-
fragment residual ouclear temperature by use gf the

Fermi-gas mode] where the excitation energy E , the
nuclear temperature T, and the nucliar level-density
parameter a are related by E = aT.” Terrell

observed that if the resulting temperature distribu-
tion is approximated by the sharp cutoff triangular
distribution

2
TS, T<T

P(T) = { m m
0 L T>T

a

(3)

then the maximum temperature T_ is related to the
initial tptal average fxssion-Tragment excitation
energy <E > by

T, = (<E5/a)% )

For the present studies we uce the approximation
summarized by Eqs. (3) and (4) to calculate the

residual nuclear temperature distribution. w. use
the simple relstionship
a = A/(11 MeV) (5)

for the nuclear level-density parameter, where A is
vhe mass number of the fissioning nucleus. It must
be noted that a slight adjustment in Tm from the
value predicted by Eqs. (4) and (5) could in prin-
ciple be requi :d.

The neutron energy spectrum in the fission-
fragment center-of-mass system, ®(f), is obtained by
integrating Eq. (1) over the temperature distribu-
tion given by Eq. (3). This yields

o(c) = [, 6(e) P(T) dT (6a)

; 2 .
(2e/T2) E (e/T) (6b)

where E, (x) = fm [exp(-u)/u}du is the expouential
integrni. This " result has been obtained previously
by Kapcor et al.” The average center-oi-mass oeu-
tron energy <¢> is the first moment of Eq. (6b) .nd
has the value (4/3)T..

The transformation of the fission-fragment
center-of-pass neutron epergy spectrum ®(¢) to the
laboratory system, under the assumption that the
peutrons are emitted isotropically from a fission
fragment moving with average kinetic epergy per
pucleon E_, is accomplished by use of the general
result

1 (i)
N(E) = 375—./-l¢(c)/421dc , (7
f 2
GE-Ep)

vwhere E is the laboratory meution energy.z Inserting
Eq. (6b) and inte:-changing the order of integration,
we obtain {or the laboratory prompt fission neutron
spectrum

N(E) = (1/3VET)) :ug’2 E,(u,) - u?lz E,(u;)

Yy Giu) -y Gupl, (8)

2
where u = E - Jf;) /Tm '

u, = G+ EDT,

and y(a,x) = f: 2!

exp(=-u)du

is the incomplete gamma function. The mean laboratcry
neutror energy <E> is the first moment of Ey. (&)

and has the value E; + (4/3)TT.

Since there are two fission fragments, each
emitting approximate]y the same average number of
neutrons, but each moving with generally quite
different average velocities, the transformation
given by Eq. (7) must be separately applied tu each
fragment. This leads to

=1
NE) = 7 [N (E) + Ny(E)] (9)

where the subscripts refer to light and heavy
fragments. Equation (8) is used to evaluate each
term of Eq. (9). The values of the average kinetic
energy per nucleon for each fragment transformation
are given by

tot tot
L <AH> <£f > " <A.> <E >

L f
E . = —— and E_ = —_
f <AL> A f <AH> A

(10)

where <A, > and <A,> are the average integer fraggenl
atomic mkss numbeys as obtained from Unik el al.

The mean laboratory neutron energy for the spectrum
given by Eq. (9) is

4
3

The prewpt fission neutron Eggctrum calculated
from Eq. (9) for the fission of U induced by
0.53-MeV neutrons is shown in Fig. Also shown
are the Watt and Maxwellisn spectra” calculated for
the same fissioning system by using temperatures T
and T,,, respectively, constructed to yield mean
energ?es identical to that given by Eq. (11) for the
present claculation. These temperatyreg havz the
values T,, = (8/9)T_ and T, = (1/3)(E_+E_) + (8/9)T .
In Fig. ! the llﬂe'cnlculgted upectr‘ ate comparedm
by forming ratios to the present calculation. The
Watt spectrum is sccurate to within a few percent
for laboratory neutron energies between 0 and about
7 MeV and smaller than the present calculation for
higher energies because the Watt temperature Tw is
less than T.. The Maxwellian spectrum is a much
less accurafe pbysical apprcximation, particularly
at energies grester than about 5 MeV\ where it is
most sensitive to the large value of TU' which must
account for the motion of the fission * -agments as
well 48 the center-of-mass motion of tL: emitted
neutrons. Fipnally, the dependence of the present
calculation upon the fissioning nucleus and the
incident neutron energy is illustrated in Figs. 3
and 4. Figure 3 illustrates how the high-energy
portion of the spectrus increases as the charge of
the fissioning nucleus increases, for thermal-
neutron-induced fission. Figure 4 illustrates a
similar behavior of the spectrum as the kinetic
energy of tassincident neutron increases, for the
fission of U.

_1 L, oH
<E> = 3 (L{ + E[) + Tm . (11
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Fig. 1. Prompt fission neutron lpectigg in the

laboratory syste. for the fission of U induced by
0.53-MeV neutrons. The solid curve gives the present
spectrum caiculﬂled from Eqs. (8) and (9). The
values of E/, E_, and T_ are, respectively, 1.062,
0.499, and i.o:§ Hev. The mean laboratory energy,
calculated from Eq. (11), is 2.138 MeV and is equal
to the mean epergy of both the calculated Watt and
Maxwellian spectra which are shown for comparisen.
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Fig. 2. Ratio of Watt spectrum ard the Mazwellian
spectrum to the present spectrum, corresponding to
the curves sbown in Fig. 1.
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Fig. 3. Dependence of the prompt fission neutron
spectrusm upon the fissioning nucleus, for thermal-
neutron-ioduced fimssion, .s calculated fron Eqs. (8)
and (9).
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Fig. 4. Dependence of the prompt fission neutror
spectrus upon the kinetic engIgy of the incident
peutron, for the fission of U, §s calculated from
Eqs. (B) and (9). The values of £; aud E,, obtained
from Eq. (10), are held fixed fcr g]l incident neu-
tron epergies. The 14-MeV spectrur is calculated
for first-chance fission only.

Energy-Dependent Compound-Nucleus Cross Section

In this section we calculate the prompt fission
neutron spectrum in the case of an energy-dependent
cross section for the inverse process of comround-
nucleus formation. We obtain this cross section
using the optical model. The calculation proceeds
exactly as in the previous section except that the
integrations must now be performed by numerical
methods. The complete expression for the pumerical
integration is obtained by combining Egs. (1), (3),
and (6a) into Eq. (7) which yields the double
integral

GEWEDE . T
. . r 2
N(E) = m{f vl 0(_(2)[/ (ZT/Tm )
WE-Ep? 7O

x c(T) exp(-€/T) dT] dc (12)

where the normalization integral c¢(T) is given by
o(T) = {j: v o (v) ewp(-\:/'r)d\aj'1

Gausa-Laguere and Gauss-Legendre quadrature of order
32 are used to evaluate the three integrals appearing
in Eq. (12). We represent the optical-model compound-
nucleus formation cross section by a cubic-apline

fit to a calculsted array of 75 points extending {rom
1 keV to 30 MeV.

Following the numerical integration of Eq. (12)
for E, values and energy-dependent cross sections
lpproﬁrilte to each fragment, we obtain the laboratory
prompt fission neutron spectrum using Eq. (9). 235
Calculations were perfo.med for the fission of v
ioduced by 0.53-MeV neutrons using three, well-known,
neutron-nucleus global optical-model gontentials.
These ariothe potentialas of Moldauer, Yilnore and
Hudgson, = and Becchett: and Greenlees. The
results are shown in Fig. 5 where the ratios of the
three calculations to the constant compound-nucleus
cross section calculation of Fig. 1 are plotted.

The results are similar for the three potentials,



namely, there is approxisately a 10% enhancement st
s laboratory epergy of about 700 keV and a gradual
decresse above 2 MeV, relative to the comstant cross
section calculstion. Thesc structure changes are
due to the gradual decrease of 0 _(£) with energy and
the relative maxims and minims of o_(£) below the
1-MeV region. €

Comparisons with Experimental Data

We compare our results to experimentally
determined prompt fission neutronm lpeclr,agn Figs. 6
and 7 for, relpectiviiy. the fission of U induced
by 2533-513 p~utrons = and the spontaneous fiscion
of Cf. Calculations using the constan' compound-
nucleus cross section agree reasonably well with
this data although they are slightly bigh in various
portions of tbe tail region. In both figures a
clear preference exists for the energy-dependent
compound-nucleus cross section calculation shown for
the case of the Wilmore-Hodgson optical potential.
This is evident in the bhigh-energy region as weli
as in the 1-MeV region where the data asppear to
support the existence of enhanced structure. How-
ever, our energy-dependent calculation is umable to
reproducssihe magnitude of this structure in the
case of Cf(sf).

Conclusions

A new calculation of the prompt fission neutron
spectrum has been presented. The calculation demon-
strates the importance of accounting for the physical
effects of the residual nuclear tempersture distribu-
tion and the energy-dependence of the cross section
for the inverse process of compound-pucleus forma-
tion. The calculation predicts clear dependencies
upon fissioning nuclear species and incident neutron
energy. Fission nmeutron spectra can now be calculated
in regions devoid of experimental Epectrum measure-
ments.
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Fig. 5. Ratio of the prompt fission neutron spectra

cslculated with epergy-dependent compound-nucleus
cross sections to that calculated using the constant
conpound-nucleu,agroll section shown in Fig. 1, for
the fission of U induced by 0.53-MeV neutrons.

The dotted curve is for the potential of Moldauer,

the dashed curve is for the potential of Wilmere and
Hodgson, and the dot-dashed curve ts for ghe potential
of Becchetti and Greenless. The E  and E; values

are the same for all four of the c‘lculatfunl.
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Fig. 6. Prsggt fission neutron spectrum for the
fission of U induced by 0.53-MeV neutrons. The
dashed curve gives the constant cross section calcula-
tion identical to that of Fig. 1 and the solid curve
depicts the epergy-dependent cross section calcula-
tion using the opticsl potential of Wilmore pod R
Hodgson. In both cases the same values of Ef and E
have been employed. The experimental data are thosg
of Johansson and Holmquist.
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Fiz. 7. Prompt fission,pgutron spectrum for the
lpgntlneous :ESIion of zg!Cf. The dlshed_curve

gives the conlttnt fross section calculation where
the values of E, Ef, and T_ are, respectively,
0.984, 0.553, ahd 17209 HeV® The solid curve depicts
the epergy-dependent cross section calculation using
the optical potential of Hillort and Hgdgson. In
both cases the same values of E  apd E- have been
employed. The experimental dnt‘ are tﬂoie of
Boldeman, et al.
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