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NEII DEVELOPMENTSIN DIFFERENCING THE SPHERICAL

GEOMETRYNEUTRONTRANSPORTEQUATION

Warren F, Miller, Jr.

Deputy Associate Direccor for Nuclear Programs
Loa Alamos Scientific Laboratory, Log Alamoe, New Mexico USA

ASST17JWT

Early differcncing ❑ethods due to Carlson, Lathrop, a.d others have

continued to he u~ctl to approximate tho aphcrlcal geometry neutron rrans-

port equations. Nonphvslcal dcpre~eions in tho ecalnr flux profiles con-

Linue LO cauw problems when thcae early techniqucg arc used. I(ccenl

dv~clnprncntri, however, proviac ‘.-pLer undcrmtandlng of the hoh.lvlor of

theac ❑vthodH and II(IVC led to a eimplc npprunch to improvt’! numcrica]

NolutionM.



2 MILLER

I. INTRODUCT1@N

It hae been obnerved for several yearn that nonphysical deprea@ions
in the scalar flux apacial profile can appear near ● spherical system ori-
gin when production, diamond-difference, discrete-ordinat~s, neutron
tranmport computer codes ● re used. 102 Such depreasionn have also been
ob6erved in eolutiorrs from the nnwer spatial finite element, dincrete-

3 Even when g~ch depreeaione do not aFWari theordinatee code ONETMN.
origin flux caj be dieconcerlingly inaccurate, exhibiting a first-order
error in the spatial variable.

Reed and Lathropb aaeociated origin scalar flux depreaeiona with the
Epatial truncation error, They studied this errcr as well an the angular
truncation error with the purpoaea of improving accuracy and eliminatirrfi
theee depression.e. The reeulte of their work were weighted.diamond-
difference echemcs for use in both the angular and the eputial variables.
Using their approach. they reported elimination of the origin scalar flux
deprcasion for a ❑ample problem. Thclr angular welf?jhred-diamond achemc,
however, ha~ not been extensively ueed elnce IL does not allow Lhe tranH-
port computer code user the freedom of pickin~ h!e own quadrature datn.
Their spatial wcighLed-dlamund echeme la not uticd due to aubstantinl
inaccuracies for coaree ~rida.

In the prcnent wor~thc dimcrctc-ordinates equations arc fjrst
dcvclopcd and an cxprcsulon for the anfiular truncatirnr error Ic dete!’-
mincvl. lL frL nhown that onc CJUEB of ucalar flux dcprtis~ions at the syrL-
Lcm origin la due to thi~ an~ul~lr truncation error, aild thuv. cannoL hc
elimlnaLcd by any convergent apntia] difference ncheme. The sputially
dlffcrcnccd cquatior,q arc then durlvcd u~ing diamond differuncirr~ and wc
dcmormcralc thal Lhc apatinl trunln!lon error iE ~ptrtially nonuniform and
becomcrI firnt-ordrr at Lhc ori~in. The ~ccond CLaHH of ncalnr flux
duprcn~ion~ lM due Lo thiH rrpaLlnl truncation err.~r. W d VP1OP a nrw
improvcmun[ to the dlnmvnd-diffcrcncc cqtmtimr~ duu LU Alcouffc and Illllcr
ylcltlltlg necond-ordrr crror~ trL Llic svntvm ort~ln. TI)L,HQtlIL,nrc[icnl
rJuvulnpmenLH nre prnviflrd in SL,ctlnll Il. Svcl Inn 111 provl Lit,H numl,rtrnl
I’I’HU]!H d ccrnclunlonHm

11. TIII:(W’

Orl III conHrrvnl 11111lurm, ” nM

(1)



NEUTRONTRANSPORTEQUATION 3

In Eqs. (1) and (2), the inhomogeneoua term, Q(r), includes e%ternd
fiomion, and mcettering eources to the energy group. For the purpoeee of
this etudy, there ie no 10ES in generality in aemming that this eource
is ieotropic. This group source, Q(r), ie a function of the flux itself,
and the equation ie eolved iteratively. It is assumed that an integration
cycle (called an outer iteration) on the fission and Eroup scattering
eource haa just been complatcd and Q(r) ia kOOWII. In Eq. (l), the scalar
flux, $(r), iR defined as

1

$(r) -*
f

dl,’$(r,u’).
-1

(3)

The scattering proccaa within the mergy group is alao asaumed to be iso-
tropic. For a given outer iteralion cycle, an inner iteration procedure
is used to solve Eq. (1) or Eq. (2) alnce S(r) is a function of $(r,II)
through :(r). Thus, it is further asaumed :hat an inner iteration cycle
has just baen completed and S(r) is known.

h engular mesh ia imposed on the domain -1 I u L 1 and the mesh
edges are denoted by Vrn+l ~ and )Jm-1/2 ~ urn < lJtilj2i
that vmbethc midpoint_of theintcrval. Iiedenote

Wc initially insint

ire(r) - \(r,i.m)

.
m- 1,~, .m. , N,

and dufinc the rtormalizcd meHlI intcrvuls hy

Wm.+ (“m+l/2 )- “m-1/2 ‘

m-1, 2,. ,.1[.

Thu dlwrctc-nrdinaLcH approximation to hq. (2) IH then

IIm d(rz,, ) (“mtl/2J@l/2 - “m-1/2’’m-l/2)+
.-
r2

—--#- + .-–--——--———-, ---- l(r);m(r) - F(r)
rU

n

❑ -1,2, .mm, M,

EF(r) - i,N(r)~(r) + Q(r) - ,!M(r) Wm,Iimr(r) + t)(r),

(4)

(5)

((l)

(7)

m’-]

nll(l



MILLER

am+l/2 - %-112
- 2wmpm , (8)

m=l ,2,..., N.

Innne:.a::) a is taken to be zero due to t.eutron conservation mrgu-

if~{~e mesh pointe and intervals are z~etric (~ - -PM+]
~nd ~ . 1~~1), as is usually the case,% z - 0. Note in Eq. (7) that
tha scalar flux integral [lIq. (3)] la ●pprox ~~red using a quadrature rule

u

q(r)-?(r) =
E

Um,$m,(r).

m’=1

(9)

Tht16, Wm, I,m are simultaneously used aa quadrature weiRhL8 and pointe as
well as angular metJll intervals and ❑esh pointe.

Each of ErIs. (6) is one equation in two unknowrra, VW1,2(r) 1111.+

~(r) a~sumlnk the cull edge I’lux ~,-1/p(r) i~ knovn. Thus an :ddirional
L,(lunt 11111 lE required. WLI invok(, tllc angular diamond equation.

(]();

m-1, 2..o., Pl,

rtlon flux, iH ohtnlnml hy wvttln~ u = -1 III Fq. (1) romll -
nh u~,f)mk,l Iry I rnrupt)rl rqufit Ion

-(’’’1/2.——. + ,,(r) u , (1) - S(r)i
III 112

(11)

MU hnvv an Humud thnt thv u drrivn[ lVL, of u In lIIIIIIItf IVl nf I, - -1, lhl H 1P
Lhc c.nr3c f~~l n non Mingulur HIJU:CU--LIIV n:.lunt Ion COIIHldr I-d In I rnnnpt!rl
rlNfvH,

AMHOI’ [.11.11 W:l h hl~. (1 ) IN 1111 hUllldJIl \’ (’(llld il 1011 /11 t }1!, l! IIICI1

II 1(111IN, r - Il.

U’(H,I) - Y(n) Ii < ()

Wllorr Y (II) Ill Illlwrl, TIM* analu~uu. rondi!lnl~m for Min. ((I) nrr

(17{1)
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Although no boundary condition

Tk4NSPORT EQUATION 5

(12b)

m-l, 2, . . ..W2.

la reauirad at r - O.for the development

to foliow, we must consider the form”of Eq. (1) at che origin. Ue”multi-
ply by r and lat r + O to yield

(13a)

km LhaL Lhu angular flux iri Iaot,’epic at the origin. Analogously,
multiplying Eqs. ((J) by r, letring r - 0 a,ld u~ing EqN. (8) and (9) yields

Jm(r) - ,.(r
11n+ /2

-i(r
II

(131))
m- /2

I r-() r-O r-O

m-l, 2, . . ..M.

To deLermlnc angular truncation errzru in ;:qn. (6) we follow Lhe
argumunt prerwnted in Rcfercncc 4. Namel:”, for a particular m, wc ar+ek

to determine thu crrnr in t!lr cqun:lonm natiefird by $m(r), Iti ~(l) nnd
.m-l/2(r~. That iH, In wilnt order trunc{iLion t.rror do-~ Eq, (if apprL)Lll-

maIt’ Eq. (l)? AILIIOUYJ LIIIN in not a truncation error in CIIC ncnrw of
Hpucjficnllv detcrminR (IIW errrrr in the nr?ut{!v: of the equatlrm~,’ il ill
ono approurh LU vicwln~ trucnLlon errorq and, au shown in numerlcnl
ruHUILH, “ app~. rcn( lV providcw an nccurnl t. menliurt. of LIIC ordur of III(I

truncatlnn error nf (ht. t401utirm.

\h> expand (IW LUWIlt Ir cull t,d~v flux !n n Taylnl Nertu~ nhnu! IN*
poln. Llm. T!lt!u

(]/, )

v
,,

‘1
u’

‘m+l
u . . . (Ire+,,., + M-,,2) ‘::,,,m,,+ ! Im - F(I) - () --~ .m ,, I

(1$)
. m

h,L f,,,m k,l, (A)

m

-t

“ ‘+1/2

Wll?
(-?l,m,um, ) - x~f Ill, (-l.) + (lW”’, 1

m’~l m’-a ‘1
“m’-l/2

-{

“u+l/2
. 11)1 (-p) + 0WM2 - ;(l-~ 11*1,)) + (w 2.

m
(lb)
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Also from Eq. (7)

h

;(r) - o~(r)~ UmIVImI (r) +Q(r)

M1.~

1

m ,. Jr)~ dp,!(r,b’) +Q(r) + wm2 - S(r) ‘~m’ “ (17)

7 -1

Combining the~t. equations yields

:! (1 -l.mz)~ u’
‘m

um~+ + fl(r)bm(r)
r

- S(r) + 0Wm2 + O*
:!; ;.-;.

m
(18)

The 011m2+ o &2/r error frcm chip analyais aszuunes that ‘m is LhC

midpoint of Lhi .mEular interval. lt is straightforward to show, however,
Lhat if the i.m nrc ~ulcctcd 60 thaL

“wl/2 + “u-1/2 + ~ 2
I.m - 2 m’

(19)

11)(, Iruncalinn urrnr Ifi sljll 0Wm2+ O Wm2/r. Thr popular Gaunn Quadrature
HCL, cmmwr!y UNC{Iwl~h dlH(’rctl’ ordlnntc codcb saLiticH Eq. (19).

AL LhlS poinL, onc ❑lghL ask If the error in the flux la unboundtxl

as r approarhcri zero. Thv exnct flux aatinfied Eq. (13a) at the origin.
ExpandlnR ~m$l/~ (If Eq. (131,) in a Tnylnr acrlen about ;,m, htrwever, yltlds
Eq. (13n) wllh no lruncaLlOn error, TIIC origin flus is, then, bounded and
ltxlLroplc. TIIC cxuct CJIIX iB rot obtained, hovevcr, alnce when Eq. (11) is
Mclvt,d for III] r (including r = O), a necrmd order angular LruncaLion error

IM mmlc In apprnxlmatinR Lhr nourre uning a quadrature rule. FOI a pure
ahtmrhcr, ( .H - 0) we would cxpcct rhc cxncI nrlgln flux. ThiH lH wrificd
f,,! n Mamp]r prot,ltn Jn Srctinn Ill,

TIN nununlforml~y of the angu]nr error JH n function of the rrpntinl
vilrinblc ran, howovcro cau~t, unrxp@rLcd bohrrvlor in che upaLial mcalar flux
profl]rm Nnmvlv, u rronphv~lcal scalar flux drprenninn rP~ occur In the
vlrlnllv [~f [Ilv wyHtvm orfuln, llIIH anamuly in dct, LO the dlacre!c-
nrdlnutc,ti npproxlmu! I(UI IIHL.1( and nr apatltii dlffcroncc achrmc Lhrl con-

vrr~c~ 10 hq. ,h) cnu elimlnn[w IL. NrILr that tilnrc fur ifm = O, lhc
dlncro[o-nrdlnatcn t~qwntlotrn EIVC the exact nolutlon at the nvntem origin,

llIiH brhnvior nhou]d mctun]]v h vlewcd ● n ● nonphv#lca] m“Pr In thr ncalnr
flux nH one prnctwlm awny from tilt, orlRin. A demonnLrallon of thld
annmuloun hehnvlot , for a rnamplr vncuum prohlcm, In provided In the Apfwn-

Llln. Numt.rlcn] rr~ultn In St.clltln Ill Jndlcntt. llwtl thlfi rlap~ of drprrh-

Hlonm rmI nlwo occur WIIVII ,1 ~ O.

ii. SpI-Illnl l)lffvtvnulnR

1, Diamond l)iifrranv~ Equntlunn
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wc let ri be the midpoint of the
equal. We denote

TRANSPORT EQLATION 7

interval and all mesh intervals. Ar, be

b - ,,(ri Lm)
mi

(20)
#

m=l,2, . . ..M
i-1, 2,..., I.

The particle b~lance equation is derived by operaLing on tqs. (6) with

L.

J

‘i+llz
drr2,

‘i
‘1-1/2

with Vi the spherical shell volume, and making suitable approximations.

Makinu the usual a~aumpcion that spatially dependenL cros~ sections arc.
approximated by suitable nverages, thlb

~
(A

‘i
1+1/2”mJ+l/2 - ‘i-l/2’-ml-l/2)

equation is

+ :*1+1/2- ‘i-l/2)
N w -(

1
m+l/2v’m+l/2i

)
- ‘L1-l/2~m l/2i + ‘iVmJ = Smi

(21)
Icl

❑ -1,2, ,..,!l

i-l, 2,...,1

with A ● chc spht.rlrul shell areas nl ri+l z.

\ml-~/~-}L2~ncwn from~h,.~olu[lt,n lnLhoprc.’ {UUk %J~21’~Ri] ‘;;*2=M’)1’”
$m-li? is known for LIIC prtwlou~ angulfir CVII. Thun, cnupled with Eqn (21)

Annd (1 ), we requlru anothur b.. 01 rt,]titlonHhip#, the tiptiLlnl-diamond

a.qunt ltlnfi

-;(; +.
“ml ml+]/2 ml-1/2)

(22)

m-l , ~o.. . 0 M

i=] 2...,. 1 ,

TIM, HPntlfl] dlffrrencv approximation la ~q.
Llng ,~-]f?

(11) IH obtalncd by rWI-
- f), and iW1/21 - ‘.ml In Eq. (21) and uHlnE Eq~. (H)

(2:) yi,.ldln~

-:_~l+l’l + ‘1-1/2)
~y —

( .1/2,1+1/? - $1/2,1-1/2 )
+,1~

I 1/2,1
- q

I
, (23)

IL lM lrnportant to notr hnw thv origin point In handled In thv prmccHrn

Of HOJVIIIR k.qn. (10). (21), (22),and (23). Orw flrn! snlven rho nlarlln~
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direction diamond-difference equaciona proceeding from the outer boundary
to the origin. Me then solves Eq. (21), for m - 1 corresponding co the

moat negative value for ~. Again the solution process proceeds frcm the
ourer boundary to the origin. At the origin a, so called, reflection con-
dition is no~lly used. That la, the direction corresponding to spectral
reflection (in this case the direction of most posirive ‘~) ie solved next
and the origin value o= the angular flux for Lhis direction Is sat equal
tn that jUSC calculated for the m - 1 direction. The calculation then
proceeds outward for this direction, L- ~. One then aolvefi in the next
moat negative direction and proceeds in an analogous way. Note that using
this procedure, the origin angular flux at ~~-pl, m - 1, 2s . . . . ~!/2 la
always set equal to the corresponding origin flux at ~, m - 1, 2, . . ..M/2.

Ml origin angular flux values, however, are not equal to one another, in
\,lolationof Eq. (13h).

To analyze the truncation, error~ in Eq. (21), we usc the expansion

2.4) Into Eq. (21) yielding

2 + Ai-]/2)
.r

+ (Ai+]
I

+ yl+l/~——-+L!2
-1

‘...
m——

-r r-r
1

..
(]-L .2) ~

tmrl$ml
-Smi +..,:,..

SIn(.t

(A
1+1/2 + ‘1-1/2)A r .2

—.——
~y = I + [1 ::r-2

i r

(24)

(25)

(2h)

Equnlirm (.!1). tlwm hns a nnnur Ifol-rn Hpnt Ial rrunc;l L Ion crrol . h’~,

again ticek the trunt.lt ion rrrnr at Iht> orlRin. Equation (21) for LllV
t]rigl,, cell, (r

1+1/2
- :,r), 1s

~Lm’, m .,,,, + ~i %+1/2’’m+l/2,l
m

‘m-l/2;m-l/201)

+ “,LM, :J - :m,”l

But, using h.,n. (H), (22), ●nd

@m ~,z - *M1 + ~:,r.

(:7)

m-1,2, ....tlm

(20)
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we obLain

““m-Fl/2,1 - ‘m-112,1 + ‘*r”
(29)

Thus, we expect a first order error in the origin flux. A similar analysis
yields a first order error in the starting direction origin flux as well.
Thifi first order error is demonstrated in the numerical results.

This first order error can cause a flux depreaaion at the origin
quite independent from that due to the discrete-ordinaLes approximation.
This latLer clasa of depressions is much ❑ ore conmc.n but eventually dis-
appear as the spatial mesh IF refined.

2. Alcouffe-Miller Correction

R. E. Alcouffe and W. F. Miller, Jr. 7 have recently develoPed a

correction thaL yields second-order spatial truncation errors for all
values of r, including r = 0. The correction entails first changing che
starting direction different? equations. IL note from !iq. (11; th~t the
starting direct!un equa:inn is preciselv the slab transport equation. In
lieu of the traditional dilrcl~ncing, g.ven by Eq. (23), we use slab
geometry differencing.1 Operating on Eq. (11) with

1
J

“i+l/2 ~r
y

‘1-1/2

and approximating the CCI1 average flux with Lhe cell center flux vielris

111

By

-(’’’1/21+1/2 - :1/Lt_l/2)

Lr + ‘1$1/21 - ‘1 “

addition to Eq. (30)

$1/21 -

Taylor expansion, It
error iE OarzI This 1S

we use the diamond equation

1/2(;
1/21+1/? + ~1/2i-l/2)”

(30)

(31)

is .=.raight~orward to show that the truncation
-d decided improvement uvcr the truncation error of

Eq. (23), 0Lr2/r2 + ChlrL.

In the #ilcouffe-Miller correction, Eq5. (30) and (31) are used 10

sweep the mesh from r = R to r - 0. Then ar the origin, the flux is eet
equal to *112,112 for all ❑ m

““m,l12 - ~1/2,1/2 m-1, 2,. ..,M.

This assures an isotropic origin flux and a second-order spatial tr,mca-
tion error everywhere. Then for i - 1 and m = 1, 2,..., M/2, the spatial
diamond equation , Eq. (22), is not needed and lR not invoked.
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III. NUMERICALRESULTS AND CONCLUS1ONS

To demonstrate our reaulta, we solve a simple homogeneous medium
problem with o - 1.0, ‘s - 0.0, Q = 1.0 ever~here, M - 4, vacuum bo,,nda~y
conditions, R = 4.0, and for varioua valuea of Ar. In Table 1 we nee the
second order origin flux with the Alcouffe-Miller correction as opposed
to th~ first-order error given by the traditional approach. The e(rors
are calculated using the exact origin flux .98168. Ne demonstrate eltii-
nation of the flux dip with this latter method by also tabulating the
edge flux adjacent to the origin (r - Ar). For the fine mesh case, chang-
ing M co 8 or 16 does not alter the origin flux indicating
that for a pure absorber, the angular truncation error at the origin goes
to zero.

When u is changed to .01, the depreaaion in the flux peraiats, ae the
mesh is refined even with the Alcouffe-Miller correction indicating that
the dcpreaaion la due to the discrete-ordinatea approximation itself.

In conclusion, we have shown that a clasa of flux depressions may
appear due to the discreLe orclinatts approximation and cannot be eliminated
with a convergent SpaLhl difference scheme. The more common claas of

depression, due to spatial differencing, my be eliminated in most cases
by invoking the simple Alcouffe-Mliler correction. This correction also
yields second-order fluxes for any fixed r. The first claae of depressions
aPPeara to be important only when o la quite small,

TABLE 1

SAHTLE PROBLEMIIF!1ONSTRATIX DIAHONIJI)IFFERESC.INC

l—
—.—

I No. of Equal
Mesh InL.

l.—.——— -

2

h

II

i6

32

fih
l..

Origin Scalar
Flux

D])~-L

.8fl165

,q~fl~~

.9800:

. 9R053

.98103

. 9H134
———

].fyy)oo

.98765

.98320

.98207

.9817H

.98171
.——

Scalar ilux
aL r - t.r

1)11..—.—

1.1861

1.0112

.981 ofl

.98139

, 9RI 54

.98162
.—.

AN———

1.1450

1 .005(1

.98113

.98151

.9 fllt13

. >8i(>7
. ..— —

;: crlt>l In
origin flux

,)!)
———

12.2-I

2.31

.17

.12

.07

.04
——

iv.—

1.87

.fll

.15

.04

.01

-.
-.—.

IIIJ - Diamond Dlffurencr
All - Diammnd Dlfforence with Alccuffc-?illlcr corrort ion
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APPENDIX

WCconsider tht prohlr.m of a spherical vacuum witl) a con5Lanl, iso-
tropic rmurcc cxLendlng Lo r = R and two angulnr dlrectiong (h m 2),
‘i]lc fiUIULiOn LO Eq. (]1), for L]le LICarLlng direction flux, ~Y

IJl,2(r) - Q(R - r). (A-1)

lJ61ng Lhe ~;nu~hinn quadrature, we find the flu:: for Lhc dirccl ion

-1
d(r2~ll)

.—. —+
~3r2 dr

“1—

the equntlon (obtained from Eq. (6)),

2(’3/2 “J/~
—..-— q,l (r) = (/ + —

r W
1

r\J
1

‘1/2(r) “
(l\-2)

WLChuvi U!IWI EII. (10). Simplifying nnd u~lng tli. (M),

2:,
-—— .=

dr
- )“1 (/ - .:

r V,,2 . (A-3)

(A-3) IIS an inte~rn]IMlng nn inlcgrntlng fnctor nf r
-2

wc cnn wrlLt, Eq
cquill 1011:

,(rJ ‘f d,+,(,,:-,-,2+ ~:;-; ,,,,2,1, ) ,
r

]n1411.L]llg I:(I, (A-1) Inl[} I’ll. (A-6) ylL,,

“ 1
(r)

{
* (/ K- (2 - b’1 )

d H

-(!’3-1);}.

(IHIII}: (II{, nngu]nr [Ililmond-dlffurl.n(,[, L,quul [on, hi, (10),

WLI n,~xt coII.; lLIt Ir Lhr tllrcr.lllm 112 = + I/i’?! nud rrwnt

cddlIl”LI. AIIR]IIRUUN LU EII. (A-4) iH

(A-4)

(A->)

}
~r;! ,

(A-h)

(h{. rlll(lvr pl’ll -

(A-1)
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It is clear from Eqs. (
(A-5) -

}
(A-8) that the flux la lHotropic aL

the orig~n. }{owever, no~e that

&-~atr-,211325q,

Alfiv sinrc

d.w.<”
drz

LI.Js J~ n ❑ fiximum. Iivnre .CI scnl,ir flux dcpreMsion exiMt~ in the vlrinity

01 the orlgln for thl~ problem.

1! I* not difficult LO IIIIOW

(Lilu s[,lullon 11~ ill. (1)) IN

Lhnl thi- cxnct so]ullon 10 LIIIS proh]cm

(
_.————..

)l’; + Jlt2 - ,2(1 - ,; ,
‘(r,l,) - s

ltlcll

J;(,.).?. ‘2-,(1;,,(1,14)- { ( )}; R+$-;sf,,!t+_rN-r ‘

N(I( ,, 11);1( 1111..

:,;. - ()
:), ,-()

llnl\
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