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A REVIEW OF CHARACTERISTIC tllTHiODS USED 10 SOLVE
THE LINEAR TRANSPORT EQUATION”:’

liaymonrl E. Alcouife and Edward W. Litrsen
Theoretical Division

University of California
LOS Alamos National Labor;ilury

Los Alamos, NPW Mexico 87545 USA

WtI r(’vil’w a :el~~rt ion (Jf” ch~ractcrisl ic mrth[)(ls 11S[’(! to SO]V(’ Lh(! I inrar

lr.l[lsport rquation. Choracteristlr m(’lllo(ls ;Ir(’ b.vs(’11 11]1(111 th(’ soluliol)

o! 111{’ lrallsport (’quatio[l wril.Lt’n in lhr i“orrn
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A REVIEW OF CHARACTERISTIC METHODS USED TO SOl,Vli

THE LINEAR TRANSPORT EQUATION

1, 1NTROIXICTION

Duling the past two decades several metllod~ h;lve I]t’en pro]~ose~l (;In’1 really
frw(’r implemented in production codes) to solve the mlllli~iinl~?[lsion:jl

nrutral particle linear transport equatlonm In this revirw we discuss

t Wo l“lilsses of such mrthods and COflCenLriltts on 0111” class, Cilllcd
‘trt]aractrri st.ir’i methods, In the following wc shall (Irscribr Lhese two

rl;lssrs and Set Up n framrwork fronl which wt’ IIrf”illv anti cump:lre tII(’

viirious characteristic methods found ill Lhr ! itrr:ltllrr.

TO Iwgin, we assume that LI]P trtinspor~ rqua~ itJn hns I)[!rl] C;IS[ ill it mulli-

gruup, discrete-ordinates approximation whi[’h is 10 I)(? solvc(l I}y source
ilrr;lt ion, This prnredurc is the moti~ pr~rLirol OIIr for ml]ltl~lim{~tlsionill
pr~)l)lt~ms, and is wi(lrly used in production Complllvr cr)llrs. TIIUS , with Ilr)

loss 01 gcnprt]ity w(’ mily uonsidrr the fJn[I-”grolllJ Lr:lus]lort (~(lll;lt ion i[l :1

rrgio[l 1{ wilh a non-rcrntrant boundary ~R:

Wilt’ I’1’

rcR ,

I) is the (Iirvclion JI pdrti(’lr Lrovrl,

“r is th(’ LOlill C~OSS Sbrtion,

‘l’lIt* ll(llill{lill’~ rohdit ion is



where s is arc length along the straight line Lhrollgh r ii~ the direction

Q. Thus, the equation

g=c
ds

impl it’s

which slates that the vnlue of the flux at point r ill Lhr tlirect.ion fl
Ilrpends upon the value of the flux at any other point on the lint’ through

ill thr direclion K/, We view this as a “nnn-locill” c(]nlrilullion lU tht’

1111X, These prope~tics of local rtnd non-loral contri}~utiolls Lo Lh~}

flux Jt point r distinguish our two rlassvs Of methods of” solution
to thr transport ~quation.
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where

and where, for simplicity, we have sssumed U,r = cortfitanl.

Thus , along each charac Lrristic we htive harltilrd thr non-]octil Lranspc-L

tcrrn exactly; the I)roblem IIOW is LO cva]u,lte L]IU inle~ra] l(~rm in ~q. [7J.

An associated problcm is that wr frq:l@nLly wanl the so!illion to Lht?
p;ul)lt”rn al every mrsh poinL iu the mrdium. I’Ilis Cflll ht’ form:llly dollt~ Ily
pitssing characteristics Lhrough rvery pnint i n 111(’ Sysl(’m for wrry
dirt”rt iijll (i, hul lhv l)]-ilrticaliLy of IIumcricul solutims rlsquirrs LI!uL

Gs f(w ;I n(itnlwr of t-ll:lrill.t.rristils I)P tilk(’11 aS ]mssil~lt’ for ;III “:itltqll~L1-”
SOIUL ion. This citn pl;IcLs consl. raints on hllw Lhlt mt!sh points are chosen.

Thus , mu%t of Lhc cflurt ill I!rvi sing an itrcurntc’ (“ll:lr;lt-tl’ri%t,ii. mrltlod I irs

in rhou sing thl’ ntrsh poinls ;Ilid in rrpr(’srllt ing [J.

Il. LllARA(:’rtxI :+’11(: HI’H’HINS t’~m twi.’r I i) 1HENS l[OdA1. I’RI 11’1Ktl!;

1I ,,1 TIIV MVtlIUIl III ‘1’.lkl~u~hi



6patial mesh and can in fact he any of the quadratllt-e ~cts pr~srntly incorp-
orated in SN codess. Figure 1 displays a representative characteristic
ray which passes through the vertek point l) ii] the dirrct ion Q and
interserLs the boundary at point E. in the dirccL.inn shown, Lne flux is

known at points A,B, and C, thti source is knnwn iIL points A, B, C, an[l I),
and we wish to determine the flux iIL point I). Fq. (2) implirs

(3)

A~,lit), IIlt’ Klllll(l ’ iIt K is inlcrpolillr!l frum thosr tit A :111111! LU IIIIL,I III

(ii! IIUW milny rhnr;lrlrri N1lc~ 8 rf’ Nllfl 11’it’ill”! (Ill ulhrr WI) lW~N, Ill)w
Ilhould Lhl’ illl~ul,lr qundrnluro Nt’t k rhIINP1l’!)



(iii) Is linear interpolation sufficient?

(iv) ls a linear representation of the source along a characteristic
a good one?

We give the following comments to these questions in reverse order:

(iv) Our experience in one-dimensional slabs’ has shown that. J linear
(versus a constantj representation of the source is cssemLial for
accuracy iu characteristic methods. We note thaL Stisamoto and
Takeuchi have considered exponenLial (rtitlmr than linenr) vuria-
Lions in the source and have reported t!xccllellt resulLs4,

(iii) Since the values of thfi fluxes and sourvrs nrr kllnwll at 11111
vcrtirrs, a hi~her-order intrrpolalion such afi splinrs or oLhvr
polynomials incorporating puinls from ,itl.joining lc?lls Coul(l hv
used to check Lhc ildcquti~y of linrar intrrpolaLion. }Iowrvrr, Lhr
Solulion of lhl’ tliscrel~~-nrllil];llt’s rquii lions has .I dis(xmtinuolls

first delviaLive :Icross “Sillglllilr cll;]r:lrL~’ri sLil”s”’ whirl) twn;ln~iti’
from rvc’ry cornrr of (ivory matrri:ll rl”gion in vn’ry di%crrlr”
ordinaLr dirrrtiun ill nlillti -lliml’llsiollill g[’nmt’lrii’s, :llld highvr -
urdrr ifltvrpoldliml sc htmt’s rquiring ~rrdlrr Smo(llllllllss 1hiill
ilCLll~lly rxists i n 1Ill’ Lr,lnsporl (’{III;J1iun :;[JIII1 i{)ll m,iy I}(*
illilp~)rfJllri:lL~Im

(ii) ‘1’hr qwst ion o I iln Wlt’qllill(’ 111111111{’I (11 L“tlill”almLf’l”iSt irS (if’.,

Ilirl,t.t iollti ill LIIII ~lud[lralur~’ sIIL) tdII llrl)ll.ll~lv oIIly III- iIII:; wIIr Iwl lIy

rxpt~r imrlll ,

,,111)
- JA”t,J’:l)-.lAl~ *(,,+)(, ..,J[)

x x v Y



where

(5)

III ana]ogy tO Eq. (4), ~lle ~oulIl imaftill~ a IWlillimsilil) frol~ lh(’ !JoluLioll
of Takcuchi ’s mrthod slit-h as



The essential feature of this method which distinguishes it from Takeuchi’s
is that Lhe source is taken to be constant throughout each mesh cell; the
source integral is Lhcn readily evaluated for each characteristic. in the
source iteration procedure, a method to compute the source is described
which uses a balance equation similar to !;q. 4. This balance equaLion
.!l=fines the cell-av{’raRe scalar flux from whi(h Lhe constant source is
computed.

In susmmry, this meLhod is positive, simple, anti presumably cornputationally
last. It appears to be most useful for deep peneLraLion problems that can
br described by a uniform rectangular mesh where the source contribution is
small. The accuracy ia limited because of LIMI assumption of a constanL
source in each ❑esh and Lhe restrictions on Lhp rhnracterist ic directions
Usu(i. The consttint source assumption implies thJL very small mesh cells
:ir(~ re(!uired when scattering is an imporLanL ronLrihuLion 10 the source
und Lht* restriction on the charartrrlslic dirrctif’ms inqllies Lhat Erueri]l
slrcaming in the void regions cannot I)r nccuratcly calruliitrd. Ilowwmr,
Lhis melho(]’s value lies in rapiciiLy nf calculation ;llld the mrtllod stinll!,l
SI*IVfS as ii hrnchrnark fur asses~ing thr impacl of rt’lnxing lhv r[’:iLricl ions
:;l’’m’~lhtm (“],1ss of prob]rms il was dcsigllrd to solw’.

KiI(.11 ImiIy piIssI’s through
thl’ (III I JIIII ill lhr rx:lmp

AAIII1

~hIsrtI liA- is lh~ tillil~ifl~



m JC cell

Q;m = flim
cellix ?

w 6A 9.
m m jm. .

where w~ is the angular weight.

Thus these modified “track lengths” will yield th~ correct cell volume
when weighted and sumned over all the characteri::tics passing through the
cell. The motivation for doing this is to rnsure neutron balance for
the cell (and consequently the system). This balance is ensured by using
the balance equation (Eq. 4) to compute ~he cell-average scalar flux which
is then used to compute the source. This procedure is much the same as
rlescri.bed for Wagner’s method. A ~imilar procedure is implemented for
preserving balance in curvilinear geometries and is descrilwxi in detail in
the references.1*-13 Also detailed there are criteria fnr c!mosing the
characteristics (i.e., their spacing and the angles), the impacL of
reflectin~ and periodic boundary conditions, considerations of non-constant
u in Lhe cells (i.e., rells which contain non-rectangular suhrrgionsl, and
iteriition acceleration proccdurea to ronvergr the scattering source and
lo solve eigenvalue probl~ms.

This m~*Lhod of characteristics has been imp]cm(’nLed i u inq)rcssivr
~t*ncr:llity12, and ycl thrrc are somn att(~ri(liillt dil”fi~ult.ics with it.
Ilrc.lusu the source is :Issumed consLant it is nccess:+I”y LU take :;mall
mesh cells, on Lhc ordrr of i] sciJLL(*ring m(!iln free path. wllrn Lht’
scattering contribution is large. In curvilinear gromotrics Lllr manner
of choosing the characteristics leads to many rvitluat.ions of lhe flu’ in
the oulrr regions of Lhe sysLcm, which is quil.(s inefficient. This is
clrarly explained by C~mphrllS, who presrnts n rrmcdy for this.
(CiiMpbel 1‘s “iong charncLeristic” mc~hod is simililr to Askew’s method).
Another method which is similar is display(’d nexl.

11.11 The SLreaming Ray Method of Filipnnc

Filipponr’s general-purpose (xBy)-geometry streaminx ray mcthnd14s15 is
all uttcmpt t.o develop a hybrid method: nnc which i.akes ilttributes of
Lhr class of characteristic methods and attrihut~s of i.hr lo~i~l mf’sh methods
ill]d combines them into a single method. To desrrihr this mcilhod we again
rrfer Lo k“ig. 3. As in Askew’s niethod, equally spticrd ch~lractrristics in
iI given dirccLion Q arc drnwn which interspct lhc rrrtangulor region.
IIowcvr r, the problem is tiplit inLo two pnrls; onc pal-l SO]VCS itlong L]IC

vhuracteristic~ with Lhe Hourct? assumed to be zcrn, and the other part
solv~ti lht! source problem in Lhe rcctangul+r rrgion Viii [I diamond
Ai fferrncrd approximation with mro incoming houndnry rfmditions.
M~themalic~liv we descrihc this as follc)w~: Ansum(’



Now solve Equation (6) via diamond differencing on
obtain

.ilso solve the equation for ~“ along the characLcr.

where i denotes a characteristic ;i~d $jll i,
t

the rectangular mesh to

sties to Ohttiin

* :i rfi 111(’ f 1Uxc?sml ,i
evaluated at the intersection of the ray wiLh thr rectnngulnr mrsh at thr
incoming and outgoing boundary, respectively.

The average characteristic flux fnr lht! c(’11, $0 , is OhLiii~t!(l lJy

volume-averaging of Lhe average fluxes iIloIIg t?nrh !ltr?~millg rdy. l’hus tile

LoLal solution is

Wht!r[! Ql; is Lhe approprjatc (Jlltk’:11’(1 Ilollrlllill”y [111X I“l”t)lll [Ilti (Ii:lnmll(l
sulut ion,



11.E The Linear Characteristic tlet.hod of Larsen

The general-purpose, (x,y)-geomf!Lry linear rharncteristir meLhod16’it
again is an attempt to more consistently utilize thr advantageous
~roperties of the two classes of methods. We usr Figurr 1 LO illustrate
Lhe essential points. First, the characteristic cquat.ion (2) iw solved
explicitly for all points in the crll for the angle Q, assuming Iinoarly
~’arying boundary conditions along Lhc hotLom nru! Icft r!dgcs of Lhe cell
and a source linear everywhere in the cell. ‘Nw outgoing cell boundary
fluxes required for Lhc boundary conditions of thr adjoining cells
are eva”.uated from Lhe analytic solution. The rl’11-avrraged fluxes,
required for constructing the source for th~ ncxL iterate,
are ova]uatrd from neutron ba]ancr considcraLions. Th~ drtails on this
meLhod are given in Ref. 18.

Thus LII(’ sourer Lcrm is handled murh the xamc ~~s d mrfih-oricntml code
wou]d and the transport from crll Lo m’! 1 is approximntrd t~y houudary
;Iveragrd terms rnthcr than point values. Frnm lhe perspcrtlvc of methods
drnotcd C and D above, Lhis method “fills” lhr C(911 wiLh rh:lrticlrrittics
ill angle ~ but smmrs OUL thr cell lo ccl] mmnunicaLi(m hy using
houndilr!, itv~rag~s.

Thr advantages O: ‘k’! meLllod Iirs in it~ Bimpl icily, which is rcflrrLrd in
rnmpuLalionnl rflicicncylG. Also, it is mnLhrmillirnlly clcii.’ in whnt S(WW
t 11[’ mrthod is approximating Lhr originill diflrrcnl iti] mlll:lLion, -And
utwtron halanc+ is rigorously ~ssurcd. ‘1’11(’:ll~(sl)l_iliC ~inlplirilv OF Lho
m[’Lhod L:lke~ ~dvi]fit.~~~ of the fticL thtlt lhc L.hilril(.1(’ri%l i~”:; :Ir(’ slrniglll
Iillcfi ill (x,y)-gl’nmeLry. In curvilincnr ~rmrlrv 111.’ ,Illillyli(. s(}llll ion

i! t 11P curvilinear word i IIALeS is [101 Hinqlly C’)qllv’ssl’11, illlfl 111!111’(’

umnpuLilL ionii] ltffirj(*ll(Sy WOII1(I r(vlllirt~ [hr Stor;lg(” !)I :1 lill.~r’ ,IIIKJIIII[. {If

IliIl:I for tiolution.

Ill. IWCOMNI;NM’I’ 10NS



111.B Representation of the Source

All of the methods discussed in %}ction IT ❑ake usr of a mesh in the
problem coordinate system to fom the riourcr. [t is our rxpcricnce that
at least a linear representation for the sourer is necessary for an
accurate characteristic method, esper.ially for large meshes! ’slR.
This at-least-linear representation alsG seems Lo hc nct?dcd LO satisfy the
diffusion limit for scatterin~-dominnted pr~hlt’ms. Uhcth~r this repre-
sentation is best done in the problem conrdinatc’~ or stric Lly along Lhe
characteristics (as in ‘rakeuchi’s method) is an open qumtion.

111.C Geometric Flexibility

A tin~l distinguishing aspect of thr methods dir+playrd in !+cr lion 11 is
t hc flexibility d] I.OWLW1in the placrment o f the ralrulntiondl
churacLeristic cays t.o ~olve the trannporl prohlcrn. III Wngnrrfs method
th~’rc is a minimum of i“lcxibility sincu Lhr sp:ILi:I] mrsh dl?t~rmines the
ullc)wrd directions for the charartl!risti(?s, Askvw :Ind Fllipllono rel:lx
this restriction somewhat, although Lhi’y prefer .I r(’~ul:lr pl:lremonl of
~hr rhar2TLrristics (e.g. equal sp:lrillg, ;I I“ixd IIIIIIIIM’I- prr cull, rlc.)

‘li]k(~ll~hi’~ mrthod plnccs no r(’slrirt ions; UIIy ~lirl*(stioll (“:111 IMI CIIOS(SII

:Ind LhP Ilcccssary cel I boundary duln n,.i’ Huppl iml hy inlrrpll:lt ion. ‘II(!
nwrit i:l Lhc nllhthod~ which rlrpmd 011 n unil{lrnl nrr~h I:; III:IL iI minimum

iIIIIOUIll u!” d.llii n(!ds LO b(! Complllrtl illltl filor(vl III ;11Il)w 1111~nwltlod 10 Ilr
vr(htorizrd. ‘1’hv impli~atinn lwrr in that a vr(-torizillllls (s:ll(’ll]ilLiolliil

nwlhnd will UllimilLPly k meet rfl”icil”nl . III iI vvrlorizid Ino(lrt nnf’ must

hdvI’ 110 L“L’]]-];y-rL’ll (irri Hiolls ma!k (Iurillg (“ill(”lllillifm; I]lis’ rIIlfSM 0111
Inrllmls hasd upm illlcrpolati~)n, (11) fhl’ olh(’r lIJn(l, illl(’l-~)lll;ltioll ~’:111
lII;I(i 1(I it moru ii~-t’urnll’ rnrlhd w;l]I iI givl’n ullmh(~r 1}1 m{”xh I,i)illlti, Ttlll!+

smc ron;]lromi fir or mrldin~ 01 th!~ twn illtjlr~ill’llf ’:i (’(1111(1 1111f)llt Inlllnl -
l~(sl”llill}r+ illllllg 111(’ linrs inq]liril in Filipp(}nr’s 1111’tll{lls.

III ~wmrluxiun, the I.?thod of rtl,lrll l’tt’ri~li(’!i hiI!; Lhfs I)rimi:if’ III l[s;ltlill~;
III (11111 h~l!4 ~lol )1111 prn(lul.od) :1 gl*llCI”il l-l)llrl)l}:il’ lll(S1 111)11 klli{”ll il I 1( ’Viilt (”:

~lliilly III’ thr diflivulli(’ti I’11(”011111[’I’[SII hy Inrlholh ill(”(tl”i)~)t”:ll[sll ill f’xisliug
~:rlll’1’dI-JIIII”l.sr product iol~ udrr4.
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Fig. 1 X-Y cell used to Describe Takeuchi’s Method

Fig. 2 X-Y ce 11 used to Describe Wugner’s Method

Fig, 3 X-Y cell us~d to Dwrrlbe Aski~w’s arlcl
Filippolle’s Mflthod
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