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NONLINEAR HYDRODYNAMICS

We now come to a very sophisticated method for calculating the

stability and pulsations ~f stars which make contact with actual

observations of the stellar behavior. Hydrodynamic calculations are

‘ very simple in prin~-iple. Conservation of mass can be accounted for

by having mass shells that are fixed with their mass for all time.

Motions of these shells can be calculated by taking the difference

between the exLernal “orc~ uf gravity and that from the local presstire

gradient. The conser~ation of energy can be coupled to :his momentum

conservation equation Lo give the current temperatures , densities,

pressures, and opacicies at the shell centers, as well as the posiLions,

veloci Lies , and accelerations of the mass shell interfaces. Energy flow

across these interfaces can be calculated from the current conditions,

and this energy is partitioned between internal energy and the work done

on or by Lh(’ mass shr]l. Wc will discuss here only the purely radial

case for hydrodynamics because it is ~~ry useful for stellar pulsnlion

studies.

Thr orl(’-[lilnt”rlsi[~lltilinititilvalue coml~l]lrrprograms for ~:]l~il!iltiilg

sLrllar Illllsilti[>llsiil-[.f’(w ill nllmhe r . ChrisLy (1964) pul]lishc’dLhc’

Iirsl (Irsrriplion Ot_ il sLrlldr h~(lro(lynnmirs C()(l(’ . I t. W/l S h/JS(-d :)11

Lf}rl]ni(lllrs Ilrv(*]olI(’(! LIt L(IS Alilm~~ in rilrlicr IitiyH. We also IIsrd ltII’

s;lmr g(’11(r:tl mrthorts ;111(1pllhlisllccla df:s(’ril}li[)nill ii I)ilprr lJy Cux,

Ilrowulcc, illl(l Kilrrs (1966). Thrr-r I];lvrhren ~rvcr;l1 Ilrogrnrnssinl”c,

;111(1 Lll(’i r drscripLiolls ilrc given I)y Stollir (1969), l!i~hf’r;lnd VOII

SCIIKIIIJS(’11(I(J69), llf!II~ltmId l)avi[;[1971), !ilrllin~wrrt’ (1974), Wootl

(1’)74), ‘*SllilllM!’llM(’r~ (1975), Knr]) (1975), C~slor, Davis, ;I[ldlhlvi~(~l]

(1977), alltlVfwury dnttStolhrrs (1!)78),

All tlIPSr l)tt,~t-iim:: w(’rr wri[lt*ll 1(11- slll(li,.:; [)t (“llhri(lti iIII(l RR

l,yril(l Vill”iill)ll’k4 (’X(’(’llt I’l)rtIll’Wood {111~1Km”I}llrogl’;lm~.‘1’hrWoml pro~rnm

Ilns 1)(’[’11II K(*(I (Illly 1(11” (’:11(’lllnti{llls01 Flir(lv;lriilhlcstiIIId I h KIIt-p

]lr[]~r:luli s il (’t Ilil ] I ~ 1 III* liOVil 1’(11111 II(SVIS1 (}11(’1! Ily ~11~ ~ (’l” illl(l !il);ll.k~(1(]72).
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strictly periodic solutions by a relaxation technique, but this valuable

procedure for Cepheids will not be discussed here because it does not

work for the very slowly decaying pulsations of the upper main sequence

stars.

Appenzeller (1970), Ziebarth (1970), and Talbot (1971) have written

computer codes for the calculation of pulsations of very nassive ~pper

main sequence stars, Later Papaloizou (1973), using essentially the

Christy techniques, has calculated the hydrodynamics of stars masses

between 70 and 210 solar masses. These calculations were not very

detailed and were not very definitive in their predictions of possible

pulsationally induced mass loss. Nowadays the facts seem to be that

stellar winds produce so much mass loss that even the lowest mass

considered by these authors, sixty solar masses, have very short lives.

It is sLill possible, however, that plllsation is responsible for the

very i)igh mass loss rates seen in stars such as the Wolf-Rayet stars.

The Appenzellcr, Kuttrr-Sparks, Gtellingwerf, Castor, and our

I)YN5TAR rodrs are rom]~lclely implicit, Ttlat means Lllat the equaLions

Vrr Limo centered at least Ilalfway across Lhr time step, and thereforr

Lh(I soll]tion 11[’rrssat’iIy i[lvolvrs iLrrations for quanLilirs i]l Lhc

adviinrcd Limr. Tile Couranl timr step limiL (see Ri(hLmyer and Morton

1°67) is not IIcr(*ssnry[or LIIrsr C’CIIICS,HII(lil’LhlI ucrurflry al 10WS i]

lilrgc’rLimr SLPII, it rail I)r usrd . ‘I%e rll[}rgy{quaLion is HOIVU(I

impliriL]y, howrvrr, ill ,7]1 111(’;Il)ovrdrscrib~d numrri~ill ])rogr;lns.

Thr cllrr~rltvrr!iion of LhcI I)I”NSTAR])rogrilm will I)r(Irsc’rih(’flhrrr.

As OIIr migl]l rxIMI(”t,+1II tllrsc’iJl)[)V(’-lll(’llt ion(’(1 progrdms Ilnv(’ [’V() Iv[I(lor

[Iit’d,,Irl[lLIIIIpul]lisllr(l(Irsc.ril]liollsarr gvllcr;llly111)1a(curaLt*. ‘1’llr

c’urrrtltI)YNSTAN ]))’[)~1.ilm,m;ldr Colll])lc’tt’lyimj)lil.ilill1°;5 is ilCtllilll~ il

v(’rsi(~n [1f illlIIII]IUIIIiMhr(l ff)l’trilll (“ollf” wrillrll Ily Cilrl llilll S(’11 ill

Ilou 1drr, II:1sv41 011 our lllll~lisll[’11(“I)II((lIIIs, iiiltlS(MIMSLIl Ilis, iIIIdfillnlly

:;llil~~ju(lIl:llhto I,osAlaIIIrIK !

Thl* !ililrlillg (. IIIIf igiil’al ion of [II(I l,ii~rilll}:i;lll mass sllrl Is is Illilt

gi~~f~llIly thf’ I! IIV(’ I (111(’ 111(111(1I t.011[~Il(Ist’rilJfIIlilltII(*tifth lr[tllI”(*.‘1’11(’

Ii~111.11IIlrr(t~ ivt,s I II(I 7,1)111’ llllml)rrill~,I}Ill t11;1(W:)s t‘~ il(”(’(lr(l Wi Ill [11(’

(IilStlll’ (1’)71) syitIwI ltIr tlItI lillt~ilt’ I)lllxillir)ll(~i~t.llsljlllli[)t~:;,h’t)l”

DYNSTAN WI’ r(Il; ItI(Il tlIII ZIt III I illl{’ll;lt’f’swi III;I Illltnl)tjt. (1111’ l~SJ:s llIiItl ~ivt’11

tIll’ l’r* . “1’11i :; mf~illl:; Il)ilt I Ilf ’ (1111{’f’ lll;l :;!: ~ill(’1 1 (’(’l lt (’l’ i!+ 1111111(’{1 Ilt illl~[ ::t~

i:; [Ilr’ 11111 I’I (!~lll”:il!’1’)illlrl”lill’t’. ‘1’111’ 11’1111:11 II; I I I l;l(lill~:III,fIl:;1111



number because it remains fixed in space for all time and produces a

fixed luminosity.

Figure 1 gives the two basic equations for ilYNSTAR. These are the

momentum and the energy equations, The equation for mass conservation

in our Lagrangidn system is only an auxiliary one which gives the

k specific volume of each mass zone at the beginning of each timestep and

during the implicit method iterations for the end of the timestep. The

hydrodynamic solution is really jus~ a series of models spaced a

timestep apart, where this :imestep is as large as possible to retain

accuracy of the solu~ion.

Values of all the variables are known at time n. For the needed

values at the next time n+l, there is an extrapolation of the quantities

and then a set of a few iterations to impro-)e these values so that the

equations are accurately satisfied. Because we have what is called a

completely imp]irlL method, there is no mat.hemati.cal(Courant) stability

Iimitaiion on the timestep as there is when the hydrodynamic behavior is

calculated explicitly.

l-I)LAGRANGIAN IIYIIROI)YNAMICS-TWOVARIABLES
MASS, ML)MENTUN, AND ENERGY C!)NSERVATION



difference in the interface radius between time n+] and time n, that is,

~r ceutered at time [1+$, is the velocity centered at time n+% times

the timestep. This velocity at the midtime is taken as the mean of its

value at time n and n+l. Combining all these things results in what we

call the momentum equation, and it is iterated together with all the

6 provisional quantities such as temperature, specific voldme, pressure,

etc at time n+l until the equation equals zero.

Our energy equation is the first law of thermodynamics. Energy

flowing into or out of the mass shell by radiation, conduction, or

convection plus the energy introduced inLo the mass shell by nuclear

burning is partitioned between internal energy and work according t.o

this equaLion, Time centering of all these terms means that the

variabl~s must be guessed and iteratively imprcved for Lime n+l, jusL as

for Lhf:momenLum ~qunLion. ConvPrge[]ce for both of the basic eaua~ions

is rc:ichd WIIeIILhtl PquaLiorIs atlain viil[l~s Sn]iil] cornpnrcd LO Lhr?ir

large’+ttcrmsm

‘IV](’m(m=n 1urn rqll;lt.itlrlthat [lescril)rs th.~ zone inl.erfacc

acrc]rt-;Lion is g i V(’rl in F’igl.lr(’2. Fral(hy (1°68) hiis shown thul L(J

[.onsrrvl’ (’llrrRy {’XilL”Ll~ throl]gll t hr cnLi rr Cllvrl(lpr mo(irl , it is

rlr~(’ss;lryto IIrl”irl(ilhr mt’nrls(lIIiIrc 01” LII(! irlterfiiceri]dilis in Lhc h’ily

g;vl)rl Wllicll irlvolvrsl~f)ltllimrs II~lr)llr)+], AlsrI it is 1](’t.f!ss,lry10 I:sr

L:1(’iJr[’rltII”nlir)rl (111(1 lCJ gril Vily ill S1 lnr’’ilrl r:ldids ;Is givrn ilg~il)

illvolvi[lg1.11(’r:lllills;I1 II(ILII[*rl(ls01” llIr Linlt’st(”p. ‘1’11(sI’igllrt’;11so silows

s r)nl(’(I(tlili I ill)olll I Ilt’ rlorl:i(liol)~ll i (’ 1 r rlll 01” L Ilt’ r’11(’rgy c(II],I1 iollm

I,llmi [10s i L y Ily ril(liilli(lll ilrl(l (“ollflll (’t ion is (’ill (”lllill(’(1 with lII(! norm; l I

I{ossf’lilrl(l (Ii 1 Illsioll (*(III;I[ ion Wll(ml”l’ [11(’ ~ i[ll”llll [(’S I)(JIII :“;l(! ial iV1’ ilHd

[Sotllril)llt ions.

two l’(ill:lt it)rl:~~11 [III(sysll’m illv~Ilv{’m;lrlyv;lri:llllf’s,;Ill[lW(’

1)1lllt’m(’l’,r) lIIrI*;I(’1)M, I:; S Sll(,l I il:~ oil). llllkrl,)~rls. All f~tlI[’I’

!iI1l-ltils [Ill’IIt’rlsity,11111111.(~ssll)’f., I II(’ ol):l(’ity, t 11[’



ID IAGRANGIAN HYDRODYNAMICS-TWO VARIABLES
ACCELERATION AND NONADIABATIC TERMS

–2 n+] n+l 2
‘I

= l/3(nr~ + ‘rI rI + rl)

Gt!(r)
K1=n n+]

=1 ‘I

AQ = L. - Lout
in

Figure 2. The acceleration and nonadiabat.ic terms are given for the
numerical hydrodynamics calculation.

energy) and three unknowns (T, r, and the velocity u). The Kutter-

Sparks system uses five. Th?se are the conservation of mass, momentum,

ener~y, the total of thr radiative, conductive, and convective luminos-

ities, and tl]r definition of velocity. The unknowns here are the l’, r,

V, Lllr total ]uminosiLy ant, Lhe velocity. Appenzeller (1970) uses the

same rquutions hul assigns the l.ll~knownsas T, r, prl-ssure, the tolal

lumirlosiLy and L])r Vvlority. TIILI bHrkward time diffrrcnring (not time-

sLrp crnLrrcd) lhaL he u~(!d WJS very dissapativc, howrvrr, Pvrn though

qllitr Hlrlbl(?. ‘rhr Ca*tor vorinblr zone mnss (mixed Lngr-nrlgialland

Klllrrinn) DYN rode uscs an ~!xl]~iriL]ydeterm: ird ma~s togvLhcr with an

i!npliritsoluLiotl f“orT, r, and u using the rquatfons of inns!;,momrnt.urn,

tirldell~lr~y,

I nm noL surr? which systcm is lhr hcsl. in thrfie complel.rly

implicit rod(!~ n nmtrix lJOIUti on” is mn(lf’ for (!uCtl it(]rntion a~ wc will

Noorl Nr’(~, II Lhf’re nrr morr t’(luf]l ions, Lhrrr nr(l mor(~ rows of t,ht.

nlnt.rixiIII(lmorr r(mll)o Il(*Ii LN of ttl(’ ~’orrortion vt-(’tor, Thi~ r(!rtuinly

mr{illsmorf” mnlrix oprrntion~. III our rtiNe, if th(’ nilmher of i:tluntiulls

I% rrllur~’fl11) oilly tw(} for rti[-hxt~nr, tllrlltllr null rix jtr morr r4im])lr,

N(*vrrtll(~lcmN~ , tllt~ NnviIl~ III millrix [)prrnllf~rl~{~ u~rd 11]}illlhv prorrns

01 dftv[’l~)l}irlgill I tilt’trrms [)1 lli[~(lvrlvutivc~ ns ,’lrmrlltti()[ollrm(lrr

t’1111)1))’lltf~two rqllnlIOIIH,



For our two basic equations we need to assign boundar-r conditions

at the top and bottom of the envelope. The central ball has a fixed

radius and a fixed core luminosity which is the surface luminosity minus

any thermonuclear energy sources or neutrino losses in all the envelope

zones. At the surface the acceleration of the interface is taken as

b

–2
..

4n ‘IR (O
‘IR = ‘A MIR - PIR) = 81R (1)

There the luminosity is calculated by an approximate radiation transport

solution for the effective temperature as a function of the temperature

at the cenLer of the last zone and the optical depth at that point.

T;R ❑ 3/4 Te (TIR 2/3) (2)

With this effective temperature, the luminosity can be calculated from

the norrrlalblack body lllminosity formula

(3)

As Wt! have il:diratcd before, our implicit method requires

iterations to converge on viil[l~s of the two depend~nt. variables at the

advanrerl l.imr, A Nrwton-Raphsnu procedure is followed ns indicated in

l’igure 3. Thr matrix wc dral with rollsisLs of many derivatives of which

tlierr are 2 with rrspect to T and 3 with rrspect to r ifl th~ momrnLum

(Iql)atirn, ilnd Lhrrr arc 3 wiLh r(’spcrL to T and 4 wiLh rt?specLto r in

Lhr enr?rgyequaLion. Thus t.llrmatrix is 7 diagonal,

‘~hc ncl La Lion llsrd in Lho ;i(.tIIa] prngrilm is a“lHo given illFigurr 3.

~n~h of Lhf’.,r(l(}r~viltivrs is (.ill(~l]lilt(~d rach iL.rri]Lion k I“rom~omet imps

rtithrrromp] ictitd formll’lns.‘~lirti[’dvr;vdtivt!r$Rrt’ (.)hlflilld iltli!]yLi(.~]ly

rxrPpl for liw dvrivnLivc u!”Lllr~’ouvr(’tivrlumillr)Hity wiLh r[’sperL to ‘~

and r. ‘~llrs(’ Inl.tf”r tirriViltiV(*s iirr dollr numrrical”ly by npl)lying illl
-7

incl(’mrllt (If lyl)iCillly 10 tu ‘1’ tillll r S(’])arill(’ly ull(l 111(’1) rrriil Clllilt ifl~

lh(- ruftv(’rt.iv(’ luminosity. ‘1’llrdi11’crrllrrin lhv lllminor4itif~r4divi(lr[l

hy Ltlc diI’f(’rrllt’rin 1.11(’Vilrii)))lt’ (T or r) Rivrfi u l}ur[inl drrival.ivr

wlli[’liiH n((’llrntrrnollgh to ~llitlrtllr itrra[ii~llst.[)L.(]llvrrR,Itc.

‘1’1111N(*WIIIII-NIIIII]SIJIIm~’tll(j(lis 111)1)1ird hy Illlttillv!III*nr*Rn!ivr 0[ tl){’

Pllrrgynlldnl(nlirlltllmrfl~lati{jl]~,(-ill ll’(l rr~prt.tivt’lyZ(::11111U, il~



ID LAGRA.NCIAN HYDRODYNA.NICS - TWO VARIABLES
NEhTON-RAPHSON ITERATIONS

1+1 ~E k
1+1

ZC1 =E;+-~ (—) 6Ti+~

.=1-1 aT i i=I-2 ‘=): 6ri = 0

Band matrix solution for known M, E and derivatives at any iteration k
gives the vector 6T1, 6r1, 6T2, 6r2, ... + O.

aM1 aE1

P] =&— ACI =—

1-1 aTI-l

aM,

$, = ;“;””‘“-
%+1

a~;*
Kc =.....——

arl+l

aE
FC = ~-il

I



components of a right-hand side vector. The linear equations are solved

for a correction vector consisting of increments for the T, r pairs.

This matrix is portrayed in Figure 4. Since the matrix elements are

changing each iteration, considerable calculation is involved, but

usually only 4-5 iterations are needed to get convergence. If the time

● step can be ten or more Limes that given by the Courant limit, the use

of this implicit iteration procedure is warranted.

We need now to discuss the guesses Lhat a:e made for the T, r

values for the advanced time n+l. In Figure 3, the momentum and energy

equations, that is, a and ZC for each zone, were time centered betweeir

step n and n+l. A simple example of this is that in the energy equation

the dE is just the internal energy at time n+] minus its value at time

n. Consider now the momentum and energy equations at time n+%, in order

to make our extrapolation or guesses for time n+l. A Taylor expansion

of the two equations would result in almost exactly the two expressions

given at the Lcp of Fi~ure 3, and they both equal zero becaase these two

Pquations are here assumed to be zero at the mean time. The Taylor

expansion, however, involves only quantities at time n and none at time

n+] . These equations at timr n and their various derivatives are

somewhat different than they were in the implicit method iterations

which involve time c:ntered [Illantities, If the extrapolation is made to

the mean time, the derivative terms should be multiplied hy ~. Solution

fnr the rorrcction vector, as described before, now allows them to be

al]p]i~d LCI give a very good approximation to the ronfiguraLiOn at Limt’

l]+], and a Rood sLi]rLillg point for t-he iterations. We call this Taylor

expansion the rxplicit P st(’p and the iterations as the F step of Lhe

time step.

Jr] I)YNSTAR, all Lhr Lime rrrlll’rcdquantitif~s iIr’ cxartly half of

their Lime n valur iill(l half of 111(” Li!nr n+l Vii]UC FXCP])l for lhe

luminosities. Followirlg Slf-JIirrgwfmrf (1975), Wi’ give Llle n+ 1

.luminositics a wei~ht o! 2/3 ;Ind LI)OSFnt Lime n only 1/3. Prf?slllnilllly

this itlilk(’s Lhr illlrgr;rtions mc)rft st:lblr wi~lloul murl] 10ss in acruraryo

With ullr l’erlLvringill (’xa Iy ill ltl(l ljmr rrlitllloint,Lhc procrdurc is

nl~lrgillillly St.al)l(’, tlfld somvl i Il)es W(l nil V(’ C(ll]v(’rg(’rlr(’ lrullll]r for lilr~(}

Lirn(’sl (Ips.
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Figure 4. The structure of the 7 diagonal matrix for the solution
for the correction vector is displayed using the quantities
defined in the previcus figure.



A very importar,t thing to do when using the Newton-Raphson method

is to bc sure that the largest increment in the T, r correction vector

is not so large that the solution iterati~.m are upset and nonconver-

gent. In the normal

be as large an 30%,

●applied so that the

vergence.

Time dependent

case, the maximum, wherever it is in the zones, can

but sometimes a much smaller collection needs to be

equations do not stray out of their radius of con-

convection is necessary to give realistic hydro-

dynamic solutions in most cases. Figure 5 presents the mixing length

equations with a modification for the convective velocity variation. As

used today, the increase of the convective velocity each time step is

O.i or less times the velocity of an ●lement (Av) after it has travelled

a mixing length. The decrease is given by the fomula for the lag, and

if the gradient becomes subadiabatic, the drag is multiplied by 1000.

These parameters do not matter much for upper main sequence stars,

because the surface con~’ection zone is very weak and the core convection

timescale is perhaps 100 times the pulsation period,

All of the usual hydrodynamic codes, for pulsation or not, need an

artificial viticosity LO smooth out strong disturbances such as shock

waves . The use of the viscosity is simple. The pressure which consists

of gas and radiation terms as well as perhaps the convective turbulent

pressure term, is further increased by the turbulen~ eddy and artificial

viscosity terms. This pressure, used both in the momentum and en~rgy

equations, is given as

q, = qal + qtl

FAqal = ~.

1

.[1+] .
- (r

2
‘1 ]-]@2 ‘I-] + Ovs

I

if[ ]Lerm<O

qal = O otherwise

.
FT

V(,A
dr

(It =
Jv r dr

(4)

(5)

(6)

v iIIIIlA = (Ylll) from 1 imr drp(in(l(~lll mixing l(~nglh Lheory
(’ c



TIM? DEPENDENT CONVELiiON

If v= > v: V:+l = # + Av
c

n
ifv Cv

c c

n+ 1
v

n
=V + T(v

c
-V:)>(I

c c

:+V
n+]

v
T=—

c At
2

~LF

L
3

-v
c c

LF=l

lFvC<O :<0 use Av~O

WI Lh AF = 1000

Figure 5. The equations for the time dependent convection are based
on a lag of the convective Plement velocity in mixing
length theory.

Wc somrlimes use a linear artificial viscosiLy where the square

brackel Lerm is not aquartwl, Lhe threshold O is seL to 0, and a factor

of Lhe sound velociLy 1s added.

PlaLeriiilproperties are nccdml Lo carry OUL calculations. We have

already cliscuEscd the oparitir~, and the ~quation of state needed to

calcul~tr thrm i~ also nrcdwl Lo cnlc”ulaLc Lhr pressure ~nd energy fo,

the mas~ RhF]]H ill t.tlo hydrodynamirM intrgralions. Bnt.h tabular and

allfllytJr formulnx :irr u~rd, Lhc ]aLLrr wkn il seems very necessary to

[Iljrrnt.rwilh ~mr)olh opariLy a:ld rquation of sLiILr derivative as fnr



convection or just for e?se of the iteration convergence. The sLandard

thermonuclear reaction rates of Fowler, Caughlan, and Zimmerman (1975)

and screening factors discussed by Reeves (1965) are used for any energy

source present.

Opacities vary rapidly with temperature and they are known only at

● the center of the mass shells in our hydrodynamic calculations. Yet, lhc

radiative ll~minosity passing Trom shell tb shell is space centered at

the shell interfaces. Simple averaging of the opacities in :~djacent

zones is not adaquate especially if the number of zones is limited L(J

typically 50-100. Christy (1967) and Stellingwcrf (1975) have proposrd

averaging procedures. ~iLhouL giving .he procedure here, W(Imerely say

that wt’use the Stellingwerf method.

Selection of the time step is crucial for the calculations. If Lhr

step is too Slllilll, results will br slow in Comingm If the time sLep is

Loo large, the iLrraLions wi]l noL convcrgc. Wr hnvr adopted a Limr

st.ep selc’clion prorrdurc LhaL reLains l.hc previous Lime sLrFI if Lhr

numbt?r of il[t,-i]l ions for Lhe last Lime strl) wtis rcasondhlr, sdy six 10

tpn, For d Iilrger nuhlb (’r of iLrrilLions, Lllc I)rohl[’rn is hilVillg trouhl(~

all(] Ll)r Linw sIc1) is cliL I)y 15%. lf Collvrrgrllccis very easy (ill 1(’ss

thul) six itcr:lliolls), lllll]lil)lir;lLiclll of LIIII lim(”slrp I)y 1.15 is mil{lftfor

lll{i II(IXL01][’,

‘!’11(’Lyllit:11 Wily ~1 ]~111:+ ill i[~ll S01111 ion is Slilrt(s(l is tu IIS(I 111(’

il~l Iliil (’iyf’Iivf”(’t, I [tom tll[’ Iill(’i)] IllJllil[l i;ll)illi[’ solulioli. ‘1’l]is [~i~cll

Vt’(’lor is rt’::1’;lll’{1 II-(lM ils 11S11:11 llf~l-l’lil li~illi(~ll Wilt] d sllrl;lt.[~illlllll ilu{l{.

(If’100%. W(I sl;lll li~ml;lIlyllrosl:lli[;llt(llll(”rm;llrlluiI i 1)1.ilw mndrl {llld

ill) l)lj’ [11(I r;l(lill:il’, \:l’llv(’(’lol” ;1s III(* oulw;lr(l Vf,lority strurlllr(’. ‘r(l M(’1

III(* ‘1”, 1’ [f)llfigllr;lli(lllLll;ilt~l~tnills.11 tlli:i Ill itl]jlll Silt i(lll posili[lll Wr’

look ;Il tl)r imil~ill:lry~)lIrl(~1111[’‘1’,t’V1’[”l[ll-, Wt)icll 1)(11.l:lills to ,1 ~ ill,[.

;I (lllilrl(*r f)! ;1 (’:J(”I(l (I; II I if.] I 1,,111 tlIf. miIx imllm r;l~lius 1 imri Illtl‘INI*III il. ~

1 11(’ tfwq](’1.;ll Ilrfl:; , l“il~ll i , ill:(! V{”lf)(ili(.s Illlw ])111s 111[’ ,110(1(11 0111 (11

Lllrrm:ll ;IIIII llvIll”(I:il:ll it- Ilillilll(’(’ illlIl Illf’ ill[l’gl-iltioll (wilh [1 1101 111(I

lmII”Xr’ I imf’stvll) l)t’~ills.

As !IliUX. IMI)I(I 1)1 llIf I IIS!I (II 1111’ lIvIII’(IllyIIiItIIi( (“[)llr, W’ Ilf’rr Riv(’

1’11s11’1s of ,1 l’~ll(lll;ll ion [(,1- 1111. [1 (;f’])ll~~i v;ltiill)li. (v “ir~illls. ‘1’11($

In,l!is () I t 11(’ 1111)(1(’ I is 11.’) Sill; ll’ Ill; l:i:; , tllr’ III III(’I ivt’ lIIIIIIIfII”;It llI.11 i!;

:1/
;!(),[)()() K, ;IIIII 1111* IIlmill(l:ii!yi:;(~,’j> 10 “/::,f’1’}:!7 ‘1’llis is csxJItl Iv 111(’

Inl)llt’ I f!is(li:;s(’{1 ill 111{1111”1. 1 1111’ il:~ I IIIfIi)t” IIIISIIIV lIIll:i:Il ir~ll sIIllll ion,



This linear solution has been scaled here to a photospheric peak. to peak

radial velociLy of 24 km/s to allow for the limb darkening which affects

Lhe 17 km/s observed amplitude.

Figure 6 shows Lhe radial velocity variations for about 10 periods.

All cycles do not repeat exactiy in this calculation. Figure 7 is the

●radius variation from the hydrodynamic integration, and a peak-to-peak

variation of about 1% is seen. Since all the Interior variations are

even smaller, and the decay e-folding rate for this fundamental] mode is

only about o:~e part in 10,000, it is reasonable to expect that this

model is behaving very closely to Lhe result from linear adial~aLir

theory.

BolonieLric magnitude variations are displayrd in Figlire 8. Here the

amplitude peak-to-peak is 0.19 magniLudc? which corresponds LO a much

smaller amplitude in the visual hand. The surface effertiv~’ tempt?ralure

variations of 650 K abovr an~ below tile mean of 26,00(.!K, given ill

Figure 9, producr n varying iolometrir correction of clost* to 0.11

magnitude (Cortcet al .]975) with thlgmaximum correctio]l ocrllring at Lhe

hottest phasr which is illS() ttlr most lllmininus l)tlilS~ at minimum rtir!ius.

Thes(- rorr(~cl ions ill-[’ -2.63 i)L 2h,650 K and -2.52 OL 25,:150 K.

Sul~Lrnctiollof ttlis corrc’~.tioll IIlff(’ri’nc(’ then ;JrodllcrsSOlll~lh’llilt mor[”

Ll)iin Ltl(J ii(’llliil !(IW lIIIndi”(’tl~lIs 1)1 a m,,gnillldt’ (Jl]scrv(~~l variation ill ttlt’

V filLt’r.

‘1’11(1 kirlc.tiu (* II(Irgy Of tll(” motions Vill-i (’S ilS SI1OK’II ill Figurr 10.

Twi.c (’il(.11 CVC1(’, U1 milxi:nllm infall slid m,lximlim (’xpnl~sionvc’lul’iLy, thr

kill(’t.ir rll(’rgy r(’:l(t~(’s n m;lximum. 1:() 1“ olll(~r sl:lrs Ltl;ll arr not so

ildiil~lilli~, Lll(’rr ill’(~ phnsl’ ~li I lrIhtIIIr{lS l~rtwvrII thr mi]ximllm vrlo(ity iIt

(Ii ff(’r(”nt Irv(tls in LIIr sL;lr, and thr I)raks iIII{l VUI I(*ysc!I this killrt i(’

a

1411 ll[)lll. il(li Jl ,

al Ily[lr[)(!ynum 1.
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