Lo ‘ iamm 3 T R A TR T AR N
m P

a U ¢ 3 der o

e
a3 Wia ;-‘....—-.....A.........-,.‘A..m;:"-.

: g Lot A
s rnhrs e s Anens s s tema i s e Abee s 4 3. i RS B A 5 S 5N g e v e n b e

e PN L " - . o oy Menit Ll e MY okl gt o, - \(‘.«vpin' N U VTSR ey v

. . o e PRt At

PO

o A . . vl e TR

VL B LTI T P - PR S O i A ANV IS
. o . . . e x . I N e
[P S W SR\ SRV A P PRORLS ” QM"'"‘“" e h i

LI e e S W4 e e i - « - REPP nt-. u". Ve rerwi e,

Ak My
. 1, s e b
: : ’n" M i M

RIS e abey

it Ryv i R Y e Py

&U;‘:’?x;

B T,
b A £ T

E e w‘\ LERRUN S
‘W

e e e vt <oy e AT v s+ st i g e A 3. AAY PR no.‘.-»wm..-u,o-.-..,.,-..-.. -
[ . $ o ol T i [Ty

B gy oY

v 2

TR T

B S v e e € et e

N Crificalit

D B T

\ e e

L e L N

JOPRINUIRR- 1 05, . o -
; Frvreriwars Z : 2 . E . R,
- - e Dy A e
. - N N v s B “w b e RENE S . . '
- O . © e g ey s o nm  mep e e s
T T e TV S s SO e i il xr S A ST S RV e

ﬁf}mﬂi’#ﬁm mw"ﬁ*
i Ta“r-uai PEene AR B P

- 3 premp — h [y —_—"
ik oy vl i N Pyl AR A Ty N A d
-.‘.____.w.h....m .,.:‘t.“f.‘!r.. : E :—-E‘-w‘:?“:v

Bk oy e

Los Alamos National Laboratory

o5 Alamos New Mexico 87545

e LT S ae & .px\-nnn-g- m
'»“m




An Affirmative Action/Equal Opportunity Employer

This thesis was accepted by the University of Illinois at Urbana-Champaign in
partial fulfillment of the requirements for the degree of Doctor of Philosophy
in Nuclear Engineering. It is the independent work of the author and has not
been edited by the Technical Information staff.

DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United States Government.
Neither the United States Governunent nor any agency thereof, nor any of their employees, makes any
warranty, express or implied, or assumes any legal liability or responsibility for the accuracy, completeness,
or usefulness of any information, apparatus, product, or process disclosed, or represents that its use would
not infringe privately owned rights. References herein to any specific commercial product, process, or
service by trade name, trademark, manufacturer, or otherwise, does not necessarily constitute or imply its
endorsement, recommendation, or favoring by the United States Government or any agency thereof. The
views and opinions of authors expressed herein do not necessarily state or reflect those of the United
States Government or any agency thereof.




LA-9181-T
Thesis

UC-46
Issued: January 1982

Alternative Methods in Criticality

John Michael Pedicini

Los Alamos National Laboratory

‘ IL:@S AU@M@ Los Alamos,New Mexico 87545
l


ABOUT THIS REPORT
This official electronic version was created by scanning the best available paper or microfiche copy of the 
original report at a 300 dpi resolution.  Original 
color illustrations appear as black and white images.

For additional information or comments, contact: 
Library Without Walls Project 
Los Alamos National Laboratory Research Library
Los Alamos, NM 87544 
Phone: (505)667-4448 
E-mail: lwwp@lanl.gov



iv

ABSTRACT

Chapter

1.

II.

ITI.

CONTENTS

Page
. 1

INTRODUCTION 00 QT PP IPOOOEPNSCOOLOIPOOEONPLOOODOONOO00OORONIINTGS 2

A,

Opening Remarks esceessscccssccsssccescsssssnsnsovsssccssccns
Overview of Mathematical Criticality Calculations eeeceees
Overview of Physical Criticality Calculations eceeccecccecee
Analytic Similarities cecsescecesocessccssscosovecoccsvocs

Summary Of TheSiS ® 000 PPPIPOPPORPENO00000000TONIDPOIRNIRIIIILTITS

VARIATIONAL TECHNIQUES S0 S0 000000 P00 PDONOOO00CPOOSIOIROROIONTSDY

A.

Integral Transport Equations eeescevececececcacscscccnscce
Application of Variational Techniques eeeeccscccscccssces
Variational Results OO 0O ODEDO OO OGOV OOOIPPOS OO IIGS SIS

Eigenvalue CONLrOVErSY eessscessoccssccssocsssscsscscscscss

DIRECT LEAKAGE OPERATOR G 00000 OCOOOOPIOPOPPITBOPOEDOOODNOSOIIRNSOCRS

A.

B.

c.

Introductory Remarks sceccscccscsccsscssscssssccsssssncnse
General Direct Leakage Operator ecessccssesccscscesssscne
Direct Leakage Operator in Slab Geometry eseescsscccccees
Direct Leakage Operator in Spherical Geometry ecesvccceccses
Direct Leakage Operator in Cylindrical Geometry eceecveces
Direct Leakage Operator and Diffusion Theory ececeeececcecces
1. Slab GEOMELTY sesevovscossscscscscsscscscsssvssscsancnes
2. Spherical GeometTY ceecesessscsssccscsncscnsscccsscscns

3. Cylindrical Geometry cececcsscccsccossccscccssscsncsons

. 2
« 5
10
15
17
19
19
21
25
32
35
35
38
41
48
56
68
69
71

73




Chapter Page
IV, INDIRECT LEAKAGE OPERATOR cccsossessssvcscssscscsscccscccsaas 80
A. Introductory Remarks eecsecccceccccscscscscsassscesscccses 80
B. Indirect Leakage Operation in Slab Geometry eeveescecececess 81
C. 1Indirect Leakage Operation in Spherical
GEOMELTY eseovcssvccoscccsovvcnsacrosssncsassccsscsasccsess 89
D. Indirect Leakage Operation in Cylindrical
GEOMELLY ecoeevessvsesosvoscsssessscnvoosnsenancossssossess 100
E. Components of the Indirect Leakage Operation
in Spherical GeometrY cececececscssccscsssssesssssscsess 115
V. CONCLUSIONS ANﬁ RECOMMENDATIONS FOR FUTURE WORK seceoesseees 159
A. Variational TechniquesS cecsecosscecccccscscvccccccccaccee 160
B. Direct Leakage Operator ccesecssesescsssscsssssssscssssase 161
C. Indirect Leakage Operation ecececececcscescscssesccscnes 162

D. Summary Of TheSiS ® O OO0 OO0 OCEDISPRPECIINNDOOOPOPONOIOOOTS 163

ACKNOWLEDGEMENTS eeeeescccosssesssscassascsssessssssscsssssssssscee LO4

REFERENCES cceececcccsscccccstcsvonsssccscvvcssscscsscrsssscnssossseas 165

APPENDIX
A. THE EXPONENTIAL INTEGRAL FUNCTIONS seceoecsccccccccccsvecsse 169
B. RELATIONS AMONG MODIFIED BESSEL FUNCTIONS eceveececssscssees L71
C. CYLINDRICAL INTEGRAL TRANSPORT EQUATION eevessccesscssccenes 177
D. VARIATIONAL IMPLEMENTATION IN SLAB GEOMETRY seeeecccesssseece 182
E. VARIATIONAL IMPLEMENTATION IN SPHERICAL GEOMETRY sesecocsees 192
F. VARIATIONAL IMPLEMENTATION IN CYLINDRICAL GEOMETRY eeceesess 203

G. MINIMIZING THE GENERALIZED VARIATIONAL PRINCIPLE .sceseeessss 219




vi

Chapter
H.

I.

Page
EXTRAPOLATION DISTANCES P OO OOV P OO PP OOPOPPOIRROOODBDNOONNOPPON OB 227

CODE LISTINGS AND COMMENTS S0 00 0OOPOOPPOPSIOCEOUIOOEOIOEONOIONOIOPOSOEDPIIITS 229



ALTERNATIVE METHODS IN CRITICALITY

by

John Michael Pedicini, Ph.D.
Nuclear Engineering Program
University of Illinois at Urbana-Champaign, 1981

ABSTRACT

In this thesis two new methods of calculating the criticality of a
nuclear system are introduced and verified.

Most methods of determining the criticality of a nuclear system
depend implicitly upon knowledge of the angular flux, net currents, or
moments of the angular flux, on the system surface in order to know the
leakage. For small systems, leakage 1s the predominant element in
criticality calculations. Unfortunately, in these methods the 1least
accurate fluxes, currents, or moments are those occuring near system
surfaces or interfaces. This is due to a mathematicai inability to
satisfy rigorously with a finite order angular polynomial expansion or
angular difference technique the physical boundary conditions which
occur on these surfaces. Consequently, one must accept 1large
computational effort or less precise criticality calculations.

The methods introduced in this thesis, including a direct 1leakage
operator and an indirect multiple scattering leakage operator, obviate
the need to know angular fluxes accurately at system boundaries.
Instead, the system wide s8calar flux, an integral quantity which is
substantially easier to obtain with good precision, is sufficient to

obtain production, absorption, scattering, and leakage rates.



I. INTRODUCTION

A. Opening Remarks

From the beginning of Reactor Physics as a science, an important
question has been that of criticality. Any system with a neutron
multiplicity (defined as the average number of neutrons emitted per
neutron interaction), ¢, greater than unity can be made to go critical
if the dimensions are appropriate. The determination of this critical
size is the primary problem discussed in this thesis.

Methods for the calculation of critical size can be divided into
two classes of techniques. The first class will be referred to as
Mathematical Criticality (MC), in that the problems solvable by these
techniques are highly idealized and physically unreal. The second class
will be referred to as Physical Criticality (PC), since the techniques
used, although benchmarked against MC techniques in MC solvable
problems, are applicable to a wide range of physically real and
interesting problems.

Mathematical Criticality applies to those cases in which the system
to be studied is so simplified that an analytic and mathematically
complete formulation is possible. These simple models are then treated
as eilgenvalue problems for some system parameter, such as the critical
dimension or neutron multiplicity. Such eigenvalues are determined
exactly or they are approximated with a high degree of precision. These
values are most useful as benchmarks to test PC techniques applied to

the simple systems.




Physical Criticality techniques implicitly equate the neutron
production rate to the sum of the neutron leakage and destruction rates.
This balance condition is often masked through the use of a source
iteration technique. In typical problems there is little imprecision in
the values of the production and destruction rates, since these depend
on the system wide scalar flux, an integral quantity that is fairly
accurate despite boundary perturbations. Unfortunately, for these
techniques, the leakage rates depend upon the angular fluxes, net
currents, or moments of the angular flux, on the system boundaries.
These are the least accurate fluxes, currents, or moments in the system
due to a mathematical 1inability to satisfy rigorously, with a finite
order angular polynomial expansion or angular difference technique, the
physical conditions which apply at the system boundaries. Consequently,
approximations which show adequate precision in the system~wide
parameters are inadequate to the task of accurately calculating leakage.
Approximations of high enough order to yield accurate 1leakages are
difficult to solve and are more complex than are necessary to calculate
properly production and destruction rates.

Reduction of the calculational effort necessary for an accurate
leakage calculation to the level which is adequate for the determination
of the scalar flux is the central motivation of this thesis. To achieve
this objective two new techniques are introduced, namely, the direct
leakage operator and the indirect multiple scattering leakage operator.
These techniques obviate the need to know the angular fluxes accurately
at the system boundaries, since the operators require only the

system~wide scalar flux for initiation, and are intended to provide



completely independent 1leakage calculations. Because of their
formulation they should be easily adaptable to existing neutron
transport computations. The direct leakage operator differs from the
indirect leakage operator in that it concerns itself only with neutrons
which leak from the point of origin with no interactions within the
system. Thus, the direct leakage operator requires that all collisions
be treated as neutron deaths and that any collisions from which neutrons
emerge be treated as neutron births. Hence, all transport of neutrons
within the system is handled by the scalar flux calculation. On the
other hand, the indirect leakage operator handles internally all
transport of the neutrons which eventually leak out of the system and
uses the scalar flux calculation only to obtain a fission source
distribution. For the indirect leakage operator the standard
definitions of birth in fission and death in absorption apply.

For the purposes of this thesis results obtained with these two new
operator techniques are tested against only those problems solvable by
MC techniques. The reasons for this are twofold. One reason is that
the most precise criticality calculations available are those for MC
solvable problems. The other reason is that highly accurate analytic
scalar fluxes are available for these problems, which enables the
precision of the operator techniques themselves to be determined. In
theory the operator techniques are not limited in any respect for any
calculation for which an initiating scalar flux is available. However,
the direct leakage operator technique is presently not developed enough
to handle anisotropic neutron sources. The state of the indirect

leakage operator 1s somewhat less advanced, due to the internal



transport, and is limited to steady state, monoenergetic neutrons,
isotropic scatterings, and isotropic fission. In this thesis, the
direct 1leakage operator has proved fully as accurate as the available
scalar fluxes, while the indirect 1leakage operator has proved only
slightly less accurate,

A further capability obtained from the extra computational effort
involved in the indirect leakage operator is the ability to calculate
the spatial leakage probability distribution for neutrons born in
fission. This type of calculation, unique to this thesis, 1s carried
out in such detail that the probability of a neutron born in fission at
a specified location scattering n times and then 1leaking out of the

assembly can be determined.

B. Overview of Mathematical Criticality Calculations

Not surprisingly, most of the MC techniques available are applied
to the integral form of the Boltzmann transport equation. This is
probably related to the fact that eigenvalue theory is well developed
for differential equations and also for integral equations but 1is not
readily available for 1integro~differential equations, such as the
Boltzmann transport equation. The Boltzmann equation can be formulated
in a purely integral form, but it cannot be formulated in a purely
differential form due to discontinuous changes in energy and angle
required by the physicsl. Typically, the assumptions added to the
integral transport equation for an MC calculation are steady state,
monoenergetic neutrons, spatially constant cross sections, isotropic

fission, isotropic scattering, and no external sources.



Variational theory as applied to the transport equation has long
been used as an MC techniqﬁe1’2’3’4. The detailed application of this
technique will appear in Chapter Two, where it is used to obtain the
scalar fluxes needed to initiate the leakage operators. The technique
involves obtaining a variational principle whose necessary condition for
an extremal is the integral transport equation. The functional of the
variational principle can be interpreted as an eigenvalue. Polynomials
comprised of the first n terms of a series expansion of the asymptotic
solution to the transport equation, with each term muliplied by an
independently variable parameter, are inserted into the functional as
trial functions, and the functional is then extremized with respect to
the parameters. Once the parameters are found, they can be reinserted
into the functional in order to-obtain an estimate of the eigenvalue.
The abbreviation for this approach is Vn, where n is the order of the
polynomial used as a trial function. Previously, V2 slab, V, spherical,
V2 cylindrical, and V, spherical results have been reported in the
literatureI’A. This technique is extended considerably in this thesis
and now includes V, slab and V, cylindrical results. In addition, the
author has standardized the derivation and solution algorithms
associated with the V_  technique.

The Extrapolated Endpoint Method (EEM), or simply the endpoint
method, is as old as the previously discussed variational
technique1’3’4’5’6’7’8. It arises from approximations made in order to
utilize the Wiener-Hopf Technique, which 1s customarily applied to
integral equations in a semi-infinite planar geometry (single boundary

system), on the integral transport equation in a finite planar geometry



(two-boundary system). With more than one boundary, no exact solution
is known, but an approximation can be made by treating the behavior of
the solution near each boundary as if no other boundary existed. It is
assumed that the solution of a two-boundary problem in which the
boundaries are very far apart will behave in the central region like the
solution in a semi-infinite systems. With this assumption, the solution
of a two-boundary problem 1is constructed as a combination of two
one-boundary solutions such that the asymptotic components coincides.
This sort of approximation 1is, of course, more accurate for larger
systems than for smaller systemsA. The point beyond the system boundary
where the asymptotic flux goes to zero 1s called the extrapolated
endpoint, which is the origin of the name of the method. These endpoint
distances are also often used in diffusion theory calculations as the
extrapolation distances. This distance is tabulated as a function of
the neutron multiplicity, c. To determine the critical radius requires
the use of two criticality conditions obtained from the integral
transport equation in an infinite system. These are conditions that
must be satisfied in order to have a nontrivial solution. One condition
is found by Fourier transforming the integral transport equation. The
other condition is found by expanding the flux, contained in the
integrand of the integral equation, in a Taylor’s series about the
variable of integration and then integrating to obtain an infinite
moments series. These two conditions are identified as equivalent. The
solution of the Taylor‘s expansion form is assumed to be in the form of
a solution of the scalar Helmholtz equation. The solution to the

Fourier transform condition is actually a qualifier, as a function of c,



upon the admissable values of the Fourier transform variables. These
admissable Fourler transform variables are identified with the constants
that appear in the scalar Helmholtz equation, which is subsequently
solved. The solution function is equated to zero, the first root is
found, and the value of the position where this occurs is calculated8.
This distance is assumed to be the sum of the critical radius and
previously tabulated extrapolation distance. The spherical integral
transport equation is reducible to the slab form and presents no
problems. The c¢ylindrical case 1is handled by analogy and assumption
rather than by the approach specified above mainly because cylindrical
geometry endpoints have not been obtained. 1In practice, the critical
radii calculated have 1less than one percent error for boundary
separations greater than three tenths of a mean free paths, and are
considered exact for boundary separations greater than six mean free
paths4. Due to its complexity, this technique is rarely used.

A somewhat newer approach is the method of singular eigenfunction
expansions, also known as Case’s Method6,9,10, This approach 1is based
on the fact that, under certain conditions, the integro-differential
transport equation is separable. The previous assumptions associated
with MC, namely steady state, monoenergetic neutrons, spatially constant
cross sections, isotropic fission, isotropic scattering, and no external
sources, are also applied 1in this method. Using essentially the
standard separation of variables technique, the angular flux 1is
separated into a series of spatially dependent exponentials multiplied
by angle-dependent coefficients. It 1s shown that there are two

discrete eigenvalues outside the angular domain of integration and a



continuous spectrum inside. Inserting the separated form into the
original equation and applying normalization conditions yield a
transcendental equation for the two discrete eigenvalues. By using the
boundary conditions of the problem, conditions on the eigenfunctions are
found and reduced to a single inhomogeneous Fredholm integral equation
of the second kind for the continuous eigenvalue spectrum. Therefore,
the angular flux is expanded in a pair of terms plus an integral of the
continuum eigenfunctions. Solving the integral equation for the
continuum eigenvalues is difficult, but Kaper, Leaf, and LindemanlO
claim to have done it numerically to great accuracy and, thereby, claim
to have calculated the benchmark critical dimensions for the slab and
sphere.

Two other techniques are mentioned mainly because there are no
accurate independent data to compare to in cylindrical geometry. These
are the integral transform method of Hembd!! and the matrix eigenvalue
method of Milgramlz. These have been shown to be essentially
equivalent13, and, therefore, only the integral transform method will be
discussed. The integral transport equation limited by the assumptions
discussed earlier 1s Fourier transformed, and the resulting integral
equation for the transformed flux has its kernel replaced by a bilinear
expansion. The bilinear expansion is determined to be a representation
of the kernel in terms of its real and complex conjugate eigenfunctions.
An infinite system of linear algebraic equations for the coefficients
which appear in the transformed equation with expanded kernel 1is
obtained. Once these coefficients are known, the transformed equation

with expanded kernel can be inverted to yield the scalar flux. The
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linear algebraic system is shown to represent an eigenvalue problem for
the fundamental and higher decay constants of a neutron pulse decaying
in the geometry of interest. The fundamental decay problem is stated to

be mathematically equivalent to the critical problem.

C. Overview of Physical Criticality Calculations

Physical Criticality techniques are mostly applied to the
integro-differential form of the transport equation. There are
exceptions to this, as well as hard to classify techniques, such as the
method of Dahl and Sj6strand14 and the Serber-Wilson
technique3’7’15’16’17. Most PC techniques are based on an iterative
solution called the source iteration technique. In source iteration, a
comparison is made between the total fission source (integral over all
space, energies, and angles) of the Kth and (K-1)th iterates. As the
number of iterations increases, the ratio approaches Keff if each
iterate was appropriately normalized. The method iterates, after Keff
is converged, on some system parameter, such as the radius, to drive
K.f¢ to the desired value (usually one). Implicit in this technique,
for any self-consistent formulation, i1is the fact that the neutron
fission rate 1is equal to the destruction rate plus the leakage rate.
The value of the fission and destruction rates are dependent wupon the
system-wide scalar flux, but the leakage rate is dependent, in the
source 1iteration formalism, upon the surface angular fluxes, net
currents, or angular moments. This 1is due to the inherent neutron

balance condition present in the starting equation. As discussed




earlier, the system-wide scalar flux is much more accurate than the
surface angular fluxes, net currents, or angular moments.

The technique of Dahl and Sj6strand is included in this section
mainly Dbecause of their successful treatment of anisotropic
scatteringla, a problem usually not considered by MC methods. For the
purpose of this thesis, the only interest 1is 1in their isotropic
treatment. Starting with the integral transport equation, they expand
the spatial distribution of the scalar flux in a series of Legendre
polynomials., The series is truncated at nine terms and inserted into
the integral transport equation to yield a standard matrix eigenvalue
problem which is solved for the eigenvalues. It should be noted that
they apply their expansion only to the scalar flux in an gquation that
already contains the boundary conditions. Therefore, the previously
discussed 1limitations of PC should not apply, and the error present
should be attributable only to truncation and numerics.

Some of the earliest, accurate criticality calculations were done
by diffusion theory rather than transport theory. The most important
difference between the two theories is that the transport equation,
through the use of a streaming operator acting upon the angular flux,
handles collisionless transport exactly, while the diffusion equation
handles leakage from a differential volume element by Fick’s law of
diffusion, which yields a Laplacian acting upon the scalar flux. The
diffusion equation 1is far more tractable and, therefore, better known
and more often used. The diffusion equation is inapplicable to small
systems due to the fact that the desired solution is selected from the

class of all solutions by boundary conditions applied just where the

11
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Fick’s law assumption fails, namely at the boundaries3. The

Serber-Wilson Method (SWM)15’16’17 is an ingenious attempt to improve
this situation. In the SWM, the general solution of the diffusion
equation 1is substituted inté6 the integral transport equation and
required to satisfy exactly the integral transport equation at one
point. The SWM has been applied only to spheres and the point selected
is wusually the center. By using the physical constants present in the
diffusion solution and in the integral transport equation, an equation
can be obtained for the critical radius of a sphere. The SWM represents
the best available criticality technique for one-group diffusion theory
fluxes. The SWM is mentioned not because of its accuracy (diffusion
theory compares poorly with transport theory in any case) but because a
diffusion theory scalar flux is used as one of the test cases in this
thesis.

Expansion of an unknown function in a complete set of basis
functions followed by appropriate truncation has always been a popular
technique in mathematical physics. The earliest example of this in
neutron transport theory is the Pn method, so called because the
spherical harmonics basis functions frequently reduce to Legendre
polynomialsls’lg. Typically, the angular flux 1is expanded in an
infinite set of spherical harmonics in angle with spatially dependent
expansion coefficients. The expansion is inserted into the
integro-differential transport equation and the integrations are carried
out. After use of suitable recurrence relations, the result is
multiplied by the complex conjugate of each of the basis functions and

integrated. The series 1is truncated at n terms and the spatial




derivative of the expansion coefficient of the (n+l) term is set to
zero. The result is a finite set of linear differential equations for
the expansion coefficients which can then be finite differenced and
source iterated!l. Several choices are available to approximate vacuum
boundary conditions. The Marshak boundary conditions require that the
integral over angle of the angular flux with each odd term of the
expansion vanish on the boundaryl. The Mark boundary conditions require
the angular flux to go to =zero on the boundary for a select set of
angular points. The points chosen are usually the positive zeros of the
(n+l)st term of the expansionl. Although the Marshak conditions are
superior, neither is very accurate for low orders of approximationa.
Syros and Theocharopou10520 claim to have eliminated the chief
defect of PC techniques, namely that boundary conditions applied to PC
methods don’t match the physical boundary conditions present except at
large orders of approximation. Syros and Theocharopoulos21 were quick
to point this out in their recent criticism of Dahl and Sj6strand.
Basically, they expand the integro-differential form of the neutron
transport equation in a set of polynomials which can be made to satisfy
exactly either homogeneous or inhomogeneous boundary conditions. The
sets of polynomials are constructed for each problem in a manner too
complex to detail here. The interested reader will find appropriate
citations in Ref. 20 and Ref. 21. The eilgenvalues of Syros and
Theocharopoulos are consistently lower then the eigenvalues obtained by

other methods.
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Finite Element techniques, popular research items a few years ago,
have mostly been abandoned. There is one approach of interest to this
thesis, that of Ackroyd and associates22,23,24,25 The purely finite
element formulation with which they started22 has evolved into a
spherical harmonics angular expansion coupled with a spatial finite
element method to approximate the angular flux24. The equation solved
is the second-order self-adjoint form of the transport equation.
Unfortunately, the only eigenvalue result23 obtained so far is of
insufficient accuracy to warrant consideration in the eigenvalue
controversy between Dahl and Sjostrand and Syros and Theocharopoulos.

Finite differencing of the integro-differential form of the
Boltzmann transport equation has resulted in the Sn technique, the most
popular and widely accepted neutron transport technique
extant1s4,19,26,27 g currently implemented, S, techniques expand the
inhomogeneous sources, the fission kernel, and the scattering kernel in
a truncated series of spherical harmonics with known, usually physically
based, coefficients. These expansions enable the collection of all
"source" terms into a single term. The resulting equation is then:
streaming operator plus absorption operator operating upon angular flux
equals an angular source term, which is assumed known from a previous
flux 1iteration. A set of quadrature points and weights is determined
and the angular cell-centered fluxes are assumed to be represented by
the angular fluxes at these points. These points and weights are then
used to discretize the streaming and absorption operators. In curved
geometries, '"alpha" coefficients are introduced to force neutron

conservation which was destroyed by the angular differencing of the



streaming operator. The boundary conditions used are the obvious ounes.
The resulting set of partial differential equations can then be finite
differenced. Relations between phase space cell-edge and cell-centered
fluxes are needed and are usually handled by an artifice known as the
diamond difference relation. This relation states simply that the
arithmatic average of the cell surface fluxes is the same as the average
flux over the entire cell. Eigenvalue calculations are handled by

source iteration.

D. Analytic Similarities

Somewhat similar to the direct leakage operator that appears in
Chapter Three 1is the escape probability treatment beginning with Case,
de Hoffman, and Placzek!s6,28, The basic problem addressed by the
escape probability formalism 1is to determine the average probability
that neutrons born uniformly in a purely absorbing body will escape.
Several of the distinctions between the direct leakage operator and the
escape probability formalism will be discussed. Escape probability
methodology deals only with purely absorbing bodies, while the direct
leakage operator is applicable to bodies in which both scattering and
absorption occur. Escape probability analysis is capable of handling
only spatially constant neutron sources. Neutron sources in multiplying
assemblies are spatially varying and linearly proportional to the flux.
It is this physically occuring spatially dependent source that is wused
by the direct leakage operator. Although such restrictions appear not
to hamper adequate results for fast fission and resonance escape

calculations in large thermal lattices, they do eliminate a large amount

15



of the physics and would be useless for criticality calculations. The
detailed derivation of the escape probability method does not contain
within it the development of the pointwise, or spatially distributed,
escape probability except, incidentally, in the slab case. Without the
pointwise escape probability, the direct 1leakage operator cannot be
formed and, although the escape probability is equal to the direct
leakage operator operating upon a uniform source in a purely absorbing
medium, the escape probability cannot be considered equivalent to the
direct leakage operator.

The derivation of the escape probabilty28

evades the tricky
integrations involved in the direct leakage approach by use of the chord
functions introduced by Dirac2?. These chord functions enabled Case, de
Hoffman, and Placzek to obtain exact numerical results for some simple
geometries. However, they have not proved very tractable in practical
usage. This has instigated a number of approximations for the escape
probability from a number of authors beginning with the Wigner rational
approximation30’31’32’33'34’35. It should be mentioned that the
starting point for both the kernel of the direct 1leakage operator and
for the kernel of the escape probability is the same, namely, an
integral over angle of the surface penetration probability of a neutron
emitted at a specified point. The assumptions and method of solution
used for the escape probability formalism serve only to restrict
severely its potential application and accuracy. The direct leakage

operator is subject to none of the limitations of the escape probability

formalism and 1is, therefore, applicable to a much wider class of




problems. These include criticality and those problems now handled by

escape probability.

E. Summary of Thesis

The organization of this thesis entails four working chapters, one
introductory chapter, and nine appendices. The first working chapter,
Chapter Two, contains detailed V, calculations, which are used both to
obtain critical size estimates for comparison purposes and for the
determination of scalar flux distributions. The polynomial type
distributions obtained froﬁ the V calculations are highly accurate and
convenient for initiating the direct and indirect leakage operators.
For use in this thesis the Vo formalism is standardized, in derivation
and solution algorithm, and extended to include the A cylindrical and
V& slab results. Chapter Two also contains a discussion of the recent
eigenvalue controversy between Dahl and Sjb‘strand36 and Syros and
Theocharopoulos21.

Chapter Three introduces the direct leakage operator in analytic
form for the three standard one-dimensional geometries. V, and V,
scalar fluxes are used, and the direct leakage operators are proved
exact within the 1limitations imposed by such fluxes. Surprisingly
accurate critical size estimates are obtained when the direct leakage
operator is used in conjunction with a diffusion theory scalar flux.

The indirect leakage operator is introduced in Chapter Four. The
operator integrand is derived as the solution function of an
inhomogeneous singular Fredholm integral equation of the second kind.

The kernel of that integral equation is shown to be identical to the

17
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kernel of the appropriate integral transport equation. Due to the
inhomogeneity, solution of the indirect 1leakage operator integral
equation 1is substantially ‘easier than that of the transport integral
equation. Detalled calculations of the spatial leakage probability
distribution are performed both for the total leakage probability and
for the discrete scattering order leakage probability.

Chapter Five contains conclusions and recommendations for future
work. Appendices A and B contain mathematical data on exponential
integral functions and modified Bessel functions. Appendix B also
adapts a form of the Graf’s addition formula for modified Bessel
functions, which permits some difficult integrations in c¢ylindrical
geometry to be performed. Appendix C is devoted to the derivation of
the cylindrical geometry integral transport equation which does not
appear in the 1literature. Tedious manipulations necessary for the Vn
calculations are included in Appendices D, E, F, and G. Extrapolation
distances appear in Appendix H. Appendix I contains code listings along
with appropriate comments.

Note that in this thesis the total cross section, O¢s has usually
been normalized to unity except where noted. This conveniently allows
suppression of the o, and implies distance measured in wunits of the

total mean free path.




I1I. VARIATIONAL TECHNIQUES

A. Integral Transport Equations

The starting point for the Vn method is the integral transport
equation appropriate to each coordinate system. The Vn method is wused
not only to obtain critical radii for comparison purposes but also to
obtain the scalar fluxes utilized to initiate the direct and indirect
leakage calculations. The derivation of the equations in the forms used
in this thesis are available in the literaturel»6:19 for s1ab and
spherical geometries, A derivation of the cylindrical integral
transport equation in a useful form is not readily available in the
literature. Weinberg and Wigner7 mention that the sum of a diffusion
kernel and a first collision kernel is the approximate kernel of the
integral transport equation. However, the first collision kernel given
in cylindrical geometry is the exact kernel for the cylindrical integral
transport equation, as shall be proven. Greenspan, Kelber, and Okrent !9
give a very detailed derivation for the kernels of the integral
transport equation in slab and spherical geometry, but don’t even
mention cylindrical geometry other than to tabulate a permutation of the
Weinberg Wigner first collision kernel. Neither Ref. 7 nor Ref. 19
give a derivation for the cylindrical geometry results shown.,
Accordingly, a rigorous derivation is given in Appendix C for
cylindrical geometry. The integral transport equations to be given are
subject to the following 1limitations: steady state, monoenergetic
neutrons, isotropic fission, isotropic scattering, no external sources,

and the total macroscopic cross section normalized to unity.
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The integral transport equation for the scalar flux in a
one-dimensional slab of half-thickness, b, infinite in the y and =z
coordinates, is given by Bell and Glasstonel as

b
o(x) = %-{bdx'é(x')El(lx—x'l). (2.1)

The E; functions are the exponential integral functions discussed
in Appendix A.
For a one-dimensional sphere of radius, b, the integral transport

equation for the scalar flux isl

b
ré(r) -.% ibdr'r'é(r')El(lr-r'l), (2.2)

subject to r in the interval [O0,b], r’ in the interval [-b,b], and
d(-r’)=%(r").

In one-dimensional cylindrical geometry of infinite axial extent
and radius, b, the integral transport equation for the scalar flux is

given by Appendix C as

b
¢(r) = cfodr’r'é(r')K(r,r'); (2.3a)
K(r,r’) = fldyKo(yr)IO(yr’) for r'<r, (2.3b)
K(r,r’) = fldyKO(yr')Io(yr) for r’>r. (2.3¢)



B. Application of Variational Techniques

Variational techniques as applied to the transport equation seek to
estimate the lowest neutron mnultiplicity eigenvalue for an otherwise
fixed system1’2’3’4. The lowest eigenvalue 1s sought, since this
corresponds to the non—-negative, or physically acceptable,
eigenfunction3. If the one-dimensional neutron transport equation as

represented by (2.1), (2.2), and (2.3a) is generalized to

a
2
f(r) = Y[ dr'K(r,r’)f(r’), (2.4)
2)
subject to the definitions in Table I, then only one derivation need be
done instead of one for each geometry.

Rewrite (2.4) in terms of an eigenvalue equation with eigenvalues

Y; corresponding to eigenfunctions f;(r):

a
fi(r) = Yifajdr'K(r,r')fi(r’). (2.5)
Since this 1is a linear integral equation with a real, symmetric,
continuous, and nondegenerate, kernel it is known that there exists an
infinite number of real ©positive eigenvalues with orthogonal
eigenfunctions37. Assume that these eigenfunctions are normalizéd such

that

a

2
faldrfi(r)fj(r) = 8y (2.6)

and order the eigenvalues Y3<Y;<Yy<...{Yg+ Now, since any well-behaved

trial function may be expanded as a series of eigenfunctions, let
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Generalized

Variable

f(r)

fi(r)

a8

as

dr

K(r,r’)

Table 1

Variable Identification for the

Generalized Variational Development

Slab

Variable

d(x)

¢i(x)

ol o

dx

Ey(1x-x"1)

Sphere

Variable

ré(r)

r¢i(r)

1N

dr

E;Cir=z’1)

Cylinder

Variable

o(r)

<p1(1’)

rdr

] a5Ko(yr)Iglyz ), T'<x

fldyKO(yr')IO(yr), r’>r




f(r) = M. f.(x).
iZO it1i
Insert (2.7) into the variational principle (2.8),

a2
y = [ “drf(r) =
a

1
az a2
f drf(r)f dr’K(r,r’")f(r’),
a 3

and note that

a
f 2dr’K(r,r')f(r’) = fgfl
a; Y

therefore

Now since Yy is the smallest eigenvalue,

Y?vg .

Therefore, the variational principle will always
greater than or equal to the eigenvalue sought.

variational principle for (2.4) is shown below.

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

yield a value

That (2.8) is a
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Multiply both sides of (2.8) through by the denominator of the

right hand side to yield

az 2 a2 2
Yf drf(r)f dr’K(r,xr’)f(xr’) = f drf<(r). (2.12)
ot 2) |

a

Take the variation of (2.12) to get

as
§y[ drf(r)]
21 2

a a2 82
dr’K(r,r')f(r')+Yf dr6f(r)j dr'K(r,xr’ )f(r" )+
a a

1 1

a

az as 2
v/ “drf(r)] dr'R(r,r’)sf(r’) = [ dr2f(r)éf(r). (2.13)
a1 21 a)

Noting that K(r,r’) is real and symmetric yields

az a2 a 22

f drf(r)j dr'K(r,r’)6f(r’) = f dr'Gf(r')f drk(r,r’)f(r)

| 2 a) a1
az az

= f erf(r)f dr'K(r,r’)f(r’). (2.14)
a 2

Now for (2.8) to be a variational principle, 6y must vanish. Thus,

through the use of (2.14), (2.13) becomes

as as as
2y[ dréf(r)[ dr’KR(r,r’)f(r’) = [ dr2f(r)éf(r) (2.15)
2 a4 |
or
as 22
f erf(r)[f(r)—Yf dr'K(r,r’)f(r')] = Q. (2.16)
al al

This can be true 1iff




a

£(r) = v/ dr'k(r,r’)f(r’) (2.17)
a
1

which is (2.4), and, therefore, (2.8) is a variational principle for
(2.4).

In order to obtain an estimate of the eigenvalue for a system of a
given size, insert a trial function for the flux containing adjustable
parameters into (2.8) and minimize (2.8) with respect to the parameters.
Algebraically determine the parameters from the resulting system and
reinsert them into (2.8) to estimate the eigenvalue. To estimate the
critical size for a given eigenvalue, guess the size, insert the para-
metric trial function, and determine the eigenvalue estimate for that
size. If the estimate is larger than the desired eigenvalue, increase
the size. If the estimate is less than the desired eigenvalue, decrease
the size., Iterate upon the size until the eigenvalue estimate converges

satisfactorily to the eigenvalue for which the critical size is desired.

C. Variational Results

The procedure outlined in Section B above has been implemented in
the three common one-dimensional geometries. Trial functions of the Vo
type (called quadratic trial functions) as in (2.18), and of the V4 type

(called quartic trial functions) as in (2.19), were used in each

geometry:
o(r) = 1-a1r2, (2.18)
o(r) = l-alrz-azra. (2.19)
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It should be noted that the trial functions given above, with the
exception that a, and a, are variable parameters and not fixed
constants, have the same form as the leading terms of the expansion of
the asymptotic solution to the transport equation. This holds true for
the cosine spatial flux distribution in slab geometry, sine divided by r
spatial flux distribution in spherical geometry, and the zero order
Bessel function of the first kind spatial flux distribution in
cylindrical geometry.

The critical size estimates, for various values of the neutron
multiplicity, are compared to other methods in Table 1T for slabs, Table
III for spheres, and Table IV for cylinders. Appendix D contains
details of the implementation of the variational technique for the slab,
Appendix E for the sphere, and Appendix F for the cylinder. Appendix G
contains details of the minimization of the variational principle for
both quadratic and quartic trial functions. The V, cylindrical results
are unique and are among the best cylindrical critical radii estimates
available. The V, results for slab and sphere differ by no more than
one fortieth of a percent from the "benchmark" values of Kaper, Leaf,
and Lindemanlo. Therefore, it will be assumed that the scalar fluxes,
(2.19), resulting from the variational techniques, are very precise and
any error in the leakage operator calculations must result from the
leakage operator formalism itself and not from inadequate initiating

fluxes.
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1.6

1.4

1.2

1.1

1.05

1.02

Table 11

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

.5120

.7366

1.2894

2.1134

3.3010

5.6706

vy

.5120
.7366
1.2894
2.1134
3.3005

5.6661

EEP4

.5152
.7384
1.2898
2.1133
3.3002

5.6655

4
Py

.6796
.9191
1.4850
2.3087
3.4878

5.8391

Py
.5590
.7793

1.3185

2.1354

3.3191

5.6828

4
Py

.5299
.7501
1.2985
2.1210
3.3073

5.6723

5,%
.6197
.8455

1.3896

2.1984

3.3718

5.7262
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1.6
1.4
1.2
1.1
1.05

1.02

5,4
.5223
7435

1.2949

2.1198

3.3078

5.6747

sg
.5138
.7383
1.2912
2.1155
3.3032

5.6702

Table II
continued
4 10

S16 Case’s

.5125 .5120

.7372 .7366
1.2902 1.2894
2.1146 2.1133
3.3023 3.3003
5.6694 5.6655

11
IT,

«5120
.7366
1.2894
2.1134
3.3010

5.6708

11
IT,

«5120
«7366
1.2894
2.1134
3.3004

5.6660
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Table III

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

¢ V2 V4 EEPY Pyt 2N Pg* 8p%

1.6 1.4768 1.4761 1.4759  1.8504 1.5502 1.4969 1.4197
1.4 1.9870 1.9854 1.9853  2.3530 2.0394 1.9994 1.9198
1.2 3.1785 3.1723 3.1720  3.5129 3.2041 3.1813 3.0963
1.1 4.8934 4.8733 4.8727  5.1766 4.8953 4.8805 4.7960
1.05 7.3326 7.2784 7.2772  7.5435 7.2961 7.2842 7.2084
1.02 12.1835  12.0305  12.0270 12.2520  12.0450  12.0340  11.9780




]

1.6

1.4

1.2

1.1

1.05

1.02

1.4613

1.9685

3.1530

4.8535

7.2591

12.0120

1.4716
1.9801
3.1659
4.8659
7.2699

12.0200

Table III

continued

4
S16

1.4742
1.9830
3.1690
4.8688
7.2723

12.0210

Case’slO

1.4761
1.9853
3.1721
4.8727
7.2772

12.0275

11
1T,

1.4768
1.9870
3.1785
4.8935
7.3327

12.1845

11
IT,

1.4761
1.9854
3.1721
4.8728
7.2775

12.0289
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Table IV

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Infinite Cylinders as a Function of c

c v, v, EEP4 5, s,4 sg 1T, 11

1.6 1.0209  1.0209  1.0253 1.0647  1.0230  1.0194  1.0209
1.4 13971 1.3970  1.4004 1.44611  1.3958  1.3950  1.3970
1.2 2.2882  2.2873  2.2802  2.3297  2.2824  2.2850  2.2872
1.1 3.5819  3.5776  3.5784  3.6211  3.5725  3.5757  3.5774
1.05 5.4265  5.4119  5.4118  5.4654  5.4097  5.4108  5.4115
1.02 9.0960  9.0445  9.0433  9.1351  9.0495  9.0454  9.0446




32

D. Eigenvalue Controversy

The technique created by Syros and TheocharopOuloszo, if it
performed as claimed, would obviate the need for the leakage operators
derived in this thesis. As noted before, Syros and Theocharopoulos20
have published a neutron transport technique based upon expansion of the
angular flux in a series of polynomials. These polynomials can be made
to satisfy exactly homogeneous boundary conditions for any order of
angular approximation. Presumably such an approximation would not be
subject to the boundary perturbations caused by poor satisfaction of
boundary conditions and would, therefore, be able to calculate leakages
accurately. There 1is, however, reason to doubt the accuracy of their
technique,

Syros and Theocharopoulos published a criticism?! of Dahl and
Sjc'istrand14 questioning the accuracy of the eigenvalues in Ref. 1l4.
Syros and Theocharopoulos claim that the expansion of the scalar flux in
Ref. 14 is an integral of a specified angular flux expansion. The
specified angular flux expansion is shown not to satisfy homogeneous
boundary conditions and, therefore, Syros and Theocharopoulos state that
the eigenvalues of Dahl and Sjostrand are inaccurate. Dahl and
Sjéstrand’s counter criticism3 is that their approximation is made on
the scalar flux in an equation that already contains the homogeneous
boundary conditions, namely, the integral transport equation. Splawski,
Ziver, and Galliara25 have commented upon this controversy but present
only one eigenvalue. Since their eigenvalue is less accurate than the
other eigenvalues to be presented here, it will not be tabulated. In

addition to the eigenvalues of Dahl and SjGstrand there are at least two



other sets of neutron multiplicity eigenvalueé which are relevant to
this controversy. Such eigenvalues are the Case’s Method eigenvalues of
Kaper, Leaf, and Lindemanl® and the V, eigenvalues obtained by the
techniques developed in this chapter. Since the V4 techniques do not
involve the angular flux, they are not subject to the criticisms of
Syros and Theocharopoulos. Since the controversy over eigenvalues has
pertained, so far, only to the infinite slab geometry, only slab
geometry eigenvalues will be listed in Table V. Close examination of
the eigenvalues in Table V reveals that Dahl and Sjostrand agree exactly
with Kaper, Leaf, and Lindeman and that the V4 slab results are only
just slightly higher. The eigenvalues generated by the V4 slab code

were used as input data for a critical size search utilizing the direct
leakage operator. These sizes are a check upon the V, slab variational
eigenvalues and are very close to the initial dimensions. Note that the
eigenvalues of Syros and Theocharopoulos are consistently lower. It is
for this reason that the accuracy of their transporé techniques seems

questionable.

33



123

half
thickness

in mfp

e5
1.0
1.5
2.0

2.5

Syros and
Theochar-

opoulos20

1.61384
1.27625
1.16257
1.10799

1.07724

Dahl

Sjostran

1.6153785
1.2771018
1.1631293
1.1084678

1.0775728

ql4

Table V

Kaper, Leaf

and Lindeman

1.61537852

1.277101824

1.1084678323

Neutron Multiplicity Eigenvalues for the

Infinite Slab as a Function of Half-Thickness

vy

1.61538482
1.27710861
1.16313622
1.10847459

1.07757921

direct leakage
operator criti-
cal half thick-

ness in mfp

«4999999996
.9999999988
1.4999999970
2.0000000014

2.5000000065



III. DIRECT LEAKAGE OPERATOR

A. Introductory Remarks

A system with no external sources is just critical when the neutron
production rate equals the neutron absorption rate plus the neutron
leakage rate. This balance condition 1is normally reflected in an
empirical system eigenvalue known as the effective multiplication
factor, or Keff’ which is the eigenvalue by which the fission source
term would have to be divided to yield a critical system. For this

reason Keff is defined as38

_ production rate

K 3.1
eff = Zbsorption rate + leakage rate ¢ )

Obviously, from (3.1), the balance condition is satisfied and the system
is just critical when K.eff equals unity.

Alternatively, and more convenient for this chapter, is a balance
condition defined as follows; neutron production rate plus neutron
scattering rate equals neutron absorption rate plus neutron scattering
rate plus neutron leakage rate. This leads to an alternative
eigenvalue, namely, the gamma eigenvalue39 defined by

production rate + scattering rate

= . 3.2
Y absorption rate + scattering rate + leakage rate ( )

Gamma also goes to unity when the system is just critical. The

definition of v, (3.2), has a different off-critical value for a given

39
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set of parameters than (3.1) but is just as useful for determining the
critical size.

Equation (3.2) also does not have the physical interpretation that
(3.1) has, namely, that division of the fission source term by (3.1)
will yield a critical system (or, more accurately, will cause the
mathematical model involved to look ecritical). For a steady state
system with monoenergetic neutrons, isotropic fission, isotropic
scattering, and spatially constant cross sections, the following

definitions apply:

production rate = voffv¢(r)dv; (3.3a)
scattering rate = osfv¢(r)dv; (3.3b)
absorption rate = oajv¢(r)dv; (3.3c)
O, = 0, + 0g; (3.4)
and
Vo + O
c=_f 8 (3.5)
Ot

The total macroscopic cross section is Op» the macroscopic fission cross
section is ©Og, the macroscopic absorption cross section is 0,, the
macroscopic scattering cross section is Ogy C is the neutron
multiplicity, and v is the mean number of fission neutrons produced per

fission. Substituting (3.3), (3.4), and (3.5) into (3.2), and dividing

both numerator and denominator by o_ yields

t



y = cfo(xr)dv . (3.6)

[é(rydv +-j}leakage rate
t

To obtain a critical size estimate for a given neutron
multiplicity, say Cos requires, as input to (3.6), a scalar flux shape
and a leakage rate., In this chapter, the leakage rate is determined
from the scalar flux shape through the use of the direct leakage
operator. The procedure used to determine the critical size for a given

neutron multiplicity, c is as follows. First a size guess is used to

g?
determine a scalar flux approximation from an appropriate Vn technique.
This scalar flux is used to estimate Y from (3.6). If Y is 1less than
unity, an increment in the size guesé is made; Y greater than unity
requires a decrement in the size guess. Once Y has converged to unity,
the critical size is known. From Chapter Two it is known that the vy
scalar fluxes (which implicitly correspond to Ly equaling unity in
(3.1)) are the 1lowest eigenfunctions for a system of.a given size and
correspond to a definite neutron multiplicity eigenvalue, say c,-

Therefore, it 1is obvious that Cgs the eigenvalue for which a critical

size is sought, and c_, the eigenvalue corresponding to the current V

v n

scalar flux guess, should not be equal unless (3.6) predicts Y is
identically unity. Once Y is identically unity, then cg should equal
Cys and any difference is a measure of the accuracy of the direct
leakage operator. A more straightforward accuracy comparison 1is to
compare the critical size estimates for a specified ¢ as calculated by

both the V. method and by (3.6) through the use of the direct leakage

operator,
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B. General Direct Leakage Operator
Let V be a convex region of space for which it is desired to know
the number of neutrons leaking out per unit time, N(t), given by

~

N(e) = Ip s(z,8,8,0- $22) (3.7)

where S(r,Q,E,t- is the number of neutrons created from

d(g,g))
v
collisions or inhomogeneous sources within dV of position r, within d{

of direction @, within dE of energy E, at time t-

M,visthe
v

velocity of a neutron of energy E, and d(EAE) is the distance along

from r to the surface of region V. The direct leakage operator Ly 1is

written as

- ®  —1(Ejr_-d(r,Q)0+r
Lp= 14 dszfvdvjodEe (EiZg (—’—)——S), (3.8)
L

where T is the optical depth,

d(r,)

T(E;r ~d(r,Q)0+r_ ) = ds’ ‘o, (r.-s’’'Q,E), (3.9)

Is

and r, is the position vector at a point on the surface of V where it is

penetrated by a ray along { from r. The source, S, can be written as

t’'=t ©
S(r,R,E,t) = Q(r,R,E,t) + [ a’J dt’ [ dE’
- - bn — “t'=—= "0

L [vi(E")oy(xr,E")E4(t",Q,E +t,Q,E) J¥(x,2",E",t"), (3.10)
i

where Q is the inhomogeneous source term, the sum over i is a sum over

all interactions, vi(E’) is the mean number of secondaries for an




interaction of type 1 at energy E’, Oi(EﬁE') is the macroscopic
interaction cross section for an interaction of type i at position r and
energy E’, f4(t",2°,E°+t,Q,E) is the transfer probability of an
interaction of type 1 from the primed coordinates to the unprimed
coordinates, and ¥(r,2°,E’,t’) is the angular flux of neutrons within dV
of r, within dQ° of 2, within dE’ of E’, at time t’. Now assume steady

state, integrate (3.9) and (3.10) from Eg to E , and use the following

g-1
multigroup definitions;

E,_

Sg(E.2) = [ ° dES(z,2,E), (3.11a)
Eg
E,_
g-1

Q(r,2) = [~ dEQ(z,8,E), (3.11b)
g
Eg_
g-1

¥o(r,Q) = f dE¥(x,%,E), (3.11¢)
Bg

G

g%=1 E Vig’O1g’+g(D) g (WY, (r,8%)

3 E -1
= fodE'/Eg dEE [v{(E")o;(x,E" )E{(Q°,E +R,E) [¥(r,2°,E’), (3.11d)
8

Eg_p  d(r,®)

g a4 ’r e
Tg(remd(m,Mrg) = [ 7 B[ T ds”’oy(rgms”9,E)
g
d(r,2)
= fO ds"otg(zs-s'tg). (3.11e)

Then it follows that

39




N = iDsg(gxg), (3.12)

. ¢ ~To(rg=d(r,2)2>r,)
= g —s it el bt -3
Ly 51 anqngdv e )

(3.13)
g
and
G
Sg(I,@) = Qp(z, @) + 1 Ivigeoy00,,(x)
g'=11
fandg.fig,(g )Y, (,07). (3.14)

Now consider only monoenergetic neutrons, isotropic scattering,
isotropic fission, spatially constant cross sections, and no external

sources. Then (3.12), (3.13), and (3.14) reduce to

N = LS(x), (3.15)
~ =0 d(r’n)
L, = Q == 3.16
D f4“q_fvdVe ( )
and
- .1 .
s(x) = E vi0gf, 42~ ¥(r, ), (3.17)

If only fission and elastic scattering are taken into account, then
N = Ly s(x), (3.18)

- -otd(r,Q)
= - = 3.19
Ly = ], d0f ave , (3.19)
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S(x) = (vog + OS)ZI;NL)» (3.20)
and

o(r) = [aa’¥(x,8%). (3.21)

Equations (3.18) and (3.19) are used to calculate the leakage from three

one-dimensional systems in Sections C, D, E, and F of this chapter.

C. Direct Leakage Operator in Slab Geometry

The geometry of interest is shown in Fig. 1. This geometry is a
semi-infinite slab, which is infinite in the y and z coordinates and of
half-thickness b in the x coordinate. The angular coordinates in this
system are the polar angle O, which is the angle the neutron makes with
the positive x-axis, and the azimuthal angle x, with respect to which
there 1is symmetry. A convenient notation is to take p=cos®. In this

geometry, (3.18), (3.19), and (3.20) combine to yield

vog + 0 2m

b 1
s
N= —— dx®( d du
ib x x)f0 xil e

-otd(x’U)
4 *

(3.22)

For u>0 the neutron can only leak through the right hand side, and for
p<0 the neutron can only leak through the left hand side. Therefore, it

follows that

d(x,p) = P%x, for w0, (3.23a)

and

4]



a2

Figure 1.

Cne-dimensional slab geometry.




d(x, 1) =EL:, for 1<0. (3.23b)

Using (3.22) and (3.23), and noting the azimuthal symmetry, yields

b+x
_ Vog + og b 0 +otL___)
N lb dx &(x) [[1 d e M
I g (bx
+ fo dye o m )]. (3.24)

Some additional definitions will provide convenience and insight.

Therefore, let

P;(x) = the probability that a neutron emitted isotropically at
position x escapes through the right hand side with n

additional scatterings inside; (3.25)

P%(x) = the probability that a neutron emitted isotropically at
position x escapes through the 1left hand side with n

additional scatterings inside. (3.26)

Now note that isotropic emission in the geometry of Fig. 1, which has

azimuthal symmetry, implies that
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%;-= the probability that a neutron emitted isotropically ends up
within dpy of u. (3.27)

Combine (3.23), (3.25), (3.26), and (3.27) to get

£ du o2

=l e v, (3.28)
0 b+x

W TR sy

P il e THRGR (3.29)

or, by using (A.2) and setting p=-u in P% above, it follows that

PE = 2 Ey[op(b-0) ], (3.30)

and

P% séEzl_Ot(b‘}'x)]o (3031)

Use of (3.28), (3.29), (3.30), and (3.31) reduces (3.24) to

b
N = (\)Of + OS) ib dxd(x) [PB(X)'*'P%(X)], (3.32)
or
vog + g5 P
N — [, ax%(x) (Ep[op(b=x) ] + Ep[op(bx) ]). (3.33)




Combine (3.5), (3.6), and (3.33), and normalize 0, to unity to obtain

b
Y = cfb dx®(x) +

b b
[lb dx0(x)+ - I dx®(x) (E(b-x)+E,(b+x) ) ]. (3.34)

The scalar flux, ®(x), used in (3.34) is taken from variational theory.
Since the form of the V2 scalar flux is the same as the form of the V4
scalar flux, except that- a, equals zero, the terms in (3.34) need be

determined only once. The production term in the numerator of (3.34)

leads to
b b
prod. = cfb dxd(x) = cfb dx(l-alxz-a2x4), (3.35)
prod. = c(2b- %-alb3- %-azbs). (3.36)

Similarly, the collision term in the denominator of (3.34) is

coll. = 2b- %.a1b3- %-azbs. (3.37)

The leakage term in the denominator of (3.34) is

b
leak. = g.fb dx(l—a1x2~a2x4)[Ez(b—x)+E2(b+x)]. (3.38)
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To do this integral, use (A.2), the definition of En(x), and interchange
the order of integration. Perform the integration over x, collect
terms, and then perform the integration over u by using (A.2). This

leads to

4
leak. = o [1-2E3(2b)-a} (1~ o b+b2-2b2E3(2b)~4bE,(2b)

8 48
~4E5(2b))-ay (b~ = b3+6b2- 12 b+8-2b"Eq(2D)

-8b3E,(2b)-24b2E5(2b)~48bE,(2b)-48E,(2b)) . (3.39)

Now that all the terms in (3.34) are known for a V2 or V, scalar flux
shape, some calculations will be performed using the iterative technique
outlined in Section A. The results are presented in Table VI. Note
that the direct 1leakage approach yielded the exact same critical
half-thickness as the appropriate Vn technique. This 1is positive

verification of the accuracy of the direct leakage operator. More

comparison values will be found in Chapter Two, Table 1II.




LY

Table VI

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

c v, V4 Direct leakage Direct leakage 5164 Case’sl0 IT411
with V, scalar with V, scalar
flux flux
1.6 .5120 .5120 .5120 «5120 .5125 .5120 .5120
1.4 .7366 .7366 .7366 .7366 .7372 .7366 .7366
1.2 1.289% 1.289%4 1.2894 1.2894 1.2902 1.2894 1.2894
1.1 2.1134 2.1134 2.1134 2.1134 2.1146 2.1133 2.1134
1.05 3.3010 3.3005 3.3010 3.3005 3.3023 3.3003 3.3004
1.02 5.6706 5.6661 5.6706 5.6661 5.6694 5.6655 5.6660
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D. Direct Leakage Operator in Spherical Geometry

The geometry of interest is a one~dimensional sphere of radius b.
This geometry 1is shown in Fig. 2. The position coordinates are «, §,
and r, and p and w are angular (direction) coordinates; u is the cosine
of the polar angle, the angle the neutron makes with the position
vector, and w is the azimuthal angle with respect to which there is

symmetry. Therefore, (3.18), (3.19), and (3.20) combine to yield

(vog+ag) b 2w 1 -0,.d(r,u)
N=__> 5" [ dr4mr2e dw/ dpe ©t 3.40
799 1 arbmeZece)(au] ave , (3.40
which reduces to
b 1
~o,.d(r,u)
N = 2n(vof+os)f0 drr2¢(r)£1 due t 777, (3.41)

Now, due to the azimuthal symmetry, the distance to the surface can be

calculated from Fig. 3. Note the following identities;

d(r,u)sin(®) = b sin(¢); (3.42a)
B=0-¢; (3.42b)
b = r cos(®)+d(r,u) cosB; (3.42¢)
u = cos (0). (3.43)

Use (3.42b) to remove B from (3.42¢c) and subsequently remove ¢ through
the use of (3.42a). Multiply through by b, divide through by

(bz—dz(r,u) sinz(e))'s, and square the result to get




Figure 2.

One-dimensional spherical geometry.

Figure 3.

Geometry of a plane formed by the position and

direction vectors of a neutron in spherical geometry.
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a2(r,u) + d(r,u)2r cos(®) + rZ - b2 = 0. (3.44)

Use (3.43) and solve to obtain

d(r,u) = -rp + (b2-r24r22)+3 | (3.45)

The positive root was taken because d(r,u) is a distance and must,

therefore, be positive. Equation (3.45) leads to

b 1
N = 2n(vof+os)fo drr2¢(r)f1 du

2_.2,.2.2\.5
=0, | —ru+(b“-r“+r<u<)
e el ¢ ] . (3.46)

Now introduce the definition,

Pn(r) = the probability that a neutron emitted isotropically at
position r escapes from the system with n additional

scatterings inside, (3.47)

and note that isotropic emission in the geometry of Fig. 2, which has

azimuthal symmetry, implies that

E£.= the probability that a neutron emitted isotropically ends wup

within dp of u. (3.48)
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Combining (3.45), (3.47), and (3.48) yields

1 2_.2,.2 2.5
=0, | —rpt(b -rc+r<u‘)
Po(r) = %,j due el I (3.49)

To integrate (3.49), use the substitution

a = ot[(bz-r2+r2u2)'5-ru], (3.50)
where
o%(bz—rz)—a2
u o= (3.51)
Oy 2ar
and
2/3.2_.2 2
1 ot(b -r¢)+a
du = - [ Jdu (3.52)
2ro, " a2 ’
to get
(btr)oy  (p2-r2)o2+a?
Po(r) = ——f da L les, (3.53)
I‘rot (b—r)ot a2
or
. d
Pn(r) = [oz(bz-rz)(f ga -a
0 4rot t (b—r)ot a2



Integration and the use of (A.3) yield

1

Po(r) B 4rot

(ot(b+r)E2[ot(b-r)]-ot(b-r)Ez[ot(b+r)]

e-(b+r)ot . e—(b—r)ot)

Po(r) = i%{(b+r)E2[ot(b—r)]—(b—r)Ezlot(b+r)]

—(b+r)ot —(b-r)ot
Ot t

From (3.46), (3.49), and (3.56),

b
N = An(vcf + os)fo drr2¢(r)P0(r).

Combine (3.5), (3.6), (3.57), cancel the 4m, and normalize Op

to find

b
Y = cfo drre(r) +

52

to

(3.54)

(3.55)

(3.56)

(3.57)

unity




b b
[fo drr2¢(r)+cfo drr2e(r)py(r)]. (3.58)

The scalar fluxes to be used in (3.58) are conveniently taken as the
variational scalar fluxes. Since the form of the Vo scalar flux is the
same as the form of the V, scalar flux, except that a, equals zero, the
terms in (3.58) need be done only once. The production term in the

numerator of (3.58) is:

b b

prod. = cfo drr2e(r) = cfo drrz(l—alrz-a2r4); (3.59)
3 a a

prod. = c(bT - _5_1 bd - 72 b7). (3.60)

Similarly, the collision term in the denominator of (3.58) is

3
coll. =_3_—__b5 - 2. (3.61)
The leakage term in the denominator of (3.58) is

b
= 201-a.p2-4. 00y 1
leak. = cfo drr©(l-a;r©-a,r )Z;{(b+r)E2(b—r)

~(b-r)E,(b+r)-e " (PFT) 4 o=(b-T) ], (3.62)

To do this integral, use (A.2), the definition of En(x), and interchange

the order of integration. Perform the integration over x, collect

vJ
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terms, and then perform the integration over p by using (A.2).

leads to

leak, = %{bz - %.- bE, (2b)~2E5(2b)+(b+1)e™2b]

ajc 4 3
- _Z_[b4- §.b3+ 7.b2-2-b3E4(2b)-6b225(2b)

~18bE¢(2b)-24E (2b)+e~ 2P (b3+3b2+6b+6) |

anc
- _%—[b6- g.b5+.%; b4—16b3+20b2—3o-b5E4(2b)

~10b%E5(2b)-60b3E¢(2b)~240b2E, (2b)-600bEg(2b)

~720Eg(2b)+e~ 2P (b+5b*+20b3+60b2+120b+120) ] .

Now that all the terms in (3.58) are known for a V2 or V4

This

(3.63)

scalar

flux shape, some calculations will be performed using the iterative

technique outlined in section A, The results are presented in

Table

VI1I. Note that the direct leakage approach yielded the exact same

critical radii as the appropriate Vn technique. This 1is, of course,

justification for considering the direct leakage operator exact.

comparison values will be found in Chapter Two, Table III.

More
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c V)

1.6 1.4768
1.4 1.9870
1.2 3.1785
1.1 4.8934
1.05 7.3326

1.02 12.1835

Table VII

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

Yy

1.4761
1.9854
3.1723
4.8733
7.2784

12.0305

Direct leakage

Direct leakage

with V2 scalar with V4 scalar

flux

1.4768
1.9870
3.1785
4.8934
7.3326

12.1835

flux

1.4761

1.9854

3.1723

4.8733

7.2784

12.0305

4
S16

1.4742
1.9830
3.1690
4.8688
7.2723

12.0210

Case’slO

1.4761

1.9853

3.1721

4.8727

7.2772

12.0275

1.4761

1.9854

3.1721

4.8728

7.2775

12.0289
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E. Direct Leakage Operator in Cylindrical Geometry

The one-dimensional cylindrical geometry of interest is shown in
Fig. 4, The position coordinates are ¢, r, and z, while p and ¥ are
angular (direction) coordinates; u is the cosine of the polar angle, the
angle which the neutron makes with the 2z vector, and x is the azimuthal

angle. This azimuthal angle is the angle between the planes formed by

“the r and z vectors and the £ and z vectors. Therefore, (3.18), (3.19),

and (3.20) combine to yield

(vog+o,) b 2m 1 =0.d(r,x,u)
= _Mj_jo dr21rr<b(r)f0 dx{l dpe °© , (3.64)
which reduces to
(vog+o.) P 2r 1 -0,.d(r,x,u
N = —__%T_E_fo drr¢(r)f0 dxf1 due °© (rsx, ). (3.65)

Now d(r,x,u) can be determined from two projections of Fig. 4. 1In Fig.
5, Fig. 4 1is projected onto a plane perpendicular to the axis at z
equals zero. In Fig. 6, Fig. 4 is projected onto a plane parallel to
the cylindrical axis and containing Q, the direction vector.

Obtain from Fig. 5 the following identities:

B = x- &3 , (3.66a)
a = 90+ &-yx; (3.66b)
b = r cos(®)+ ZLD sin(a); (3.66c)




Figure 4.

One~dimensional cylindrical geometry.

v/
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Figure 5.

A plane perpendicular to the cylinder axis.

§3:
L= ya

2L0
Figure 6.

A plane parallel to the cylinder axis.




ZLD sin(x) = b sin(¢). (3.66d)

Begin with (3.66c) and use (3.66b) to remove a. Use (3.66d) to remove
¢, multiply through by b, divide through by (bz—ZLDzsinz(x))’S, and

square the result to get

ZLD2+2rcos( x)ZLD +r2-b2 = Q. (3.67)

Solve (3.67) and note that ZLD is a distance and must, therefore, be

positive:

ZLD = -rcos( x)+(b2-r2+r2cos2(x)) 5. (3.68)

Noting that uy=cos@, and using Fig. 6, yields

d(r,u,x) = —rcos(x)+{b2-—r2+r2cosz(x))'5 . (3.69)

(1_u2) 05

With (3.69), (3.65) becomes

27 1

vof+cs b
drrd(r) d du
jo jo le

2

N =

- [-rcos(x)+(b2-r2+r2c082(x))'s]
e © (1-12)*5 . (3.70)

Now introduce the following definition;
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P (r) = the the probability that a neutron emitted isotropically at
position r escapes the system with n additional scatterings

inside, (3.71)

and note that isotropic emission in the geometry of Fig. 4 implies that

%;”%% = the probability that a neutron emitted isotropically ends up
within dp of p and within dy of x. (3.72)

Combining (3.69), (3.71), and (3.72) yields

1 27 s [—rcos(x)+(b2-r2+r2cosz(x))‘5

d dx =~
Po(r) = ll Tufo _TX? e t (1_u2)05 Py (3073)

or, upon using the symmetry in p and y,

1 T - [—rcos(x)+{b2-r2+r2c052(x))'5
Po(r) =.% fo dufo dy e © (1-12) -5 . (3.74)

Interchange the order of integration and make the transformation

sinh(a)
cosh(a)

=

to yield

[ -]
da

m
1
Po(r) == [ dx/
0 T 0 "0 cosh2a

T 2_r24r2c082( x))* 5 Jcosh
O [reos(OHbBE-T 4 c0s%(x)) *2 Jeos (2) (3.75)



The definition

® _-xcosh(a)

Rinx) = [ S da, (3.76)

cosh®(a)

from Bickley and Naylor“o, is used upon (3.75) to obtain

w
Po(r) = = I, axkgy[(-reos+(b2-rPrleos(0)) o ] (3.77)

This integral can be done by making a transformation from x to ¢ (see
Fig. 5), which is a transformation from a local to a central coordinate

system. From Fig. 35,

ZLD = -rcos(x)+(b2-r2+r2cosz(x))'5, (3.78)
and from the law of cosines,
ZLD = (b2+r2-2brcos(¢))'5. (3.79)

From (3.66d) dy is found to be

bz-brcos(¢)

dyx = d¢
zLD?

(3.80)
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With (3.78), (3.79), and (3.80), (3.77) becomes

2—brcos(d?)

™
1 b
Pn(r) = = de K;»(ZLDo,). (3.81)

From Bickley and Nayloréo, KiO(x) = Ko(x), where Ko(x) is a zero order

modified Bessel function of the third kind, and

Kin(x) = fx dtk _;(t). (3.82)

From (3.82),

K;,(0, ZLD) = f°c 5 dtft Ko(y)dy. (3.83)

Make the transformation y=tx to get

K;5(0,ZLD) = fo 5 dttfl dxKg(tx). (3.84)

¢ZL

Make the transformation t=0,ZLDt’ to get

Kip(0p2LD) = [ o%ZLth'dt'fl dxKg(0,ZLDt “x). (3.85)

Drop the primes, t’=t, and interchange the order of integration:



K;,(0,ZLD) = o%ZLszldxjldttKo(otZLDtx). (3.86)

Therefore, (3.81) becomes

Lt
Po(e) = | d¢(b2-brcos(¢))j1 dxf  dttRq(o 2LDtx), (3.87)

A o

or

o © T

Po(r) = __.fl dxf1 dttfo d¢(b2—brcos(¢))

(a4 %

Koo tx(b2+r2-2breos(¢))+5] . (3.88)

Using (B.20), (3.88) becomes

2 « ® o
o
Po(r) = 7§.j1 dx] deef de(bZ-breos(4))

(12 Ky (o txb) I (o txr)cos(ke) ), (3.89)

k==

which upon integration and application of L‘Hospital’s rule yields

2 o

g
t
Po(r) = o J, axf dtt[nb2Kk (0, txb)Iy(o, txr)
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-3 brK_(ogtxb)I_j(optxr)= = br;(optxb)I;(optxr) J. (3.90)

Use (B.7) with (3.90), and let y=txo, to find

Po(r) = [ S [ dyy[bZKy(yb) Lo(yr)-brK (yb)I;(yx) ] (3.91)
1 2 “xo,

Integration by parts of the first term in the integrand of (3.91), so as
to raise the order of the K5 term to K;, and application of the

asymptotic series (B.6) will produce
[ -]
P(r) = o,bf X K (xbo,)I 3.92
ofr) = op ! xbo, ) Ig(xro,), (3.92)

which is far simpler than (3.73).

With (3.92) and (3.73), (3.70) becomes

b
N = 2n(vof+os)fo drré(r)Py(r). (3.93)

Combine (3.5), (3.6), (3.93), cancel the 2w and normalize o, to unity to

obtain

b
Y = cfo drrd(r) %

b b
[fo drr¢(r)+cf0 drr@(r)PO(r)] . (3.94)
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The scalar fluxes to be used in (3.94) are conveniently taken as the
variational scalar fluxes. Since the form of the V, scalar flux is the
same as the form of the V, scalar flux, except that a, equals zero, the
terms in (3.94) need be done only once. The production term in the

numerator of (3.94) is

b b

prod. = cfo drré(r) = cfo drr(l-alrz-a2r4); (3.95)
2 4 6
_ b b b

prod. = c(7?.- arjr - aZ?T)' (3.96)

Similarly, the collision term in the denominator of (3.94) is

2 4 6
b b b
coll., = (._2_ - alT - az?). (3.97)

The leakage term in the denominator of (3.94) is

b ©
leak. = cbfodr(r-a1r3-a2r5)f1 %;.Kl(bx)lo(xr). (3.98)

To do this integral, interchange the order of integration, make the

transformation rx=y, and integrate over y by parts. This will produce

3 5

aib 4a b asb

leak. = bef del(bx)[Il(bx)LlL o 1T 2
1 9 2 R S

b5
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3 2 4 2
l16a,b 64a,b 2a;b 4asb 32a,b
- L T (A 2+ 72 (3.99)

x? xb x3 x3 X2

The worst case in the numerical integration of (3.99) for large x, can

be seen to be Kl(bx)Il(bx)l%, which asymptotically goes as L

3

[1+0(x'1)] for large x. T;e numerical integration of (3.99) wi?l
therefore have an error on the order of about 1078 if the upper limit in
(3.99) is 100,000 instead of infinity. This should be quite acceptable.
Now that all the terms in (3.94) are known for V, and V, scalar

flux shapes, some calculations will be performed using the iterative
technique outlined in section A. The results are presented in Table
VIII. Note that the direct leakage approach yielded the exact same
critical radii as the appropriate Vn technique. This is, of course,

justification for considering the direct leakage operator exact. More

comparison values will be found in Chapter Two, Table IV.




L9

1.6
1.4
1.2
1.1
1.05

1.02

Table VIII

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Infinite Cylinders as a Function of ¢

vy

1.0209
1.3971
2.2882
3.5819
5.4265

9.0960

Yy

1.0209
1.3970
2.2873
3.5776
5.4119

9.0445

Direct leakage
with V2 scalar

flux

1.0209
1.3971
2.2882
3.5819
5.4265

9.0960

Direct leakage

with V4 scalar

flux

1.0209
1.3970
2.2873
3.5776
5.4119

9.0445

4
Sg

1.0194
1.3950
2.2850
3.5757
5.4108

9.0454

11
S16

1.0231
1.3991
2.2891
3.5795
5.4140

9.0494

1.0209

1.3970

2.2872

3.5774

5.4115

9.0446
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F. Direct Leakage Operator and Diffusion Theory

A diffusion theory scalar flux initiation for the direct leakage
operator is a good test of the operator’s ability to calculate leakage
accurately. Diffusion theory 1is easy to use and gives fairly good
answers for 1large systems without strong sources or sinks.
Traditionally, for one-group, one-region critical size problems, the
diffusion theory criticality condition is that the materials buckling

equals the geometrical buckling,. The geometrical buckling, B2, is

g’
determined from the solution of the scalar Helmholtz equation, (3.100),

subject to conditions that.the flux is positive and goes to zero at the

extrapolated boundary:

v2e(x) + B2e(r) = 0. (3.100)

The extrapolated boundaries are discussed in Appendix H. The materials
vag + 0g -~ ©

buckling, Bé, is 5 ¢ where D= 3%_ for isotropic scattering.
t

If o, is normalized to one, the materials buckling reduces to (3c-3).

. This procedure, which results from a neutron balance condition similar

to that which led to (3.1), is used to calculate the diffusion theory

critical sizes appearing in Tables IX, X, and XI. The asumption that D=

§é— leads to the most accurate results available from diffusion theory
t

leakages. Readers interested in more detail should refer to Henry38.




1. Slab Geometry
In a one-dimensional slab symmetric about x equals zero, the

solution of (3.100) is COS(ng), subject to the condition that the flux
vanish at a distance equal to the physical boundary plus the

extrapolation distance. This yields

d(x) = cos(ng); (3.101a)
L
B, = —— 3 (3.101b)
B 2bgy
bey = btextrapolation distance. (3.101c)

The production rate for use in the numerator of (3.6) is

b
LLp’s
d. = d 3 3.102
pro c{b xcos(Zbex), ( )
4¢cb
prod. = — X gin(-12 ), (3.103)
b 2bex
The collision rate for use in the denominator of (3.6) is
4b
coll. = X gin(, ™2 ), (3.104)
m 2bex

The leakage rate for use in the denominator of (3.6) is, after o, 1is

normalized to unity,
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X )[Ey(b=x) + Ep(btx)], (3.105)

or, rewriting (3.105) using (A.5), and noting symmetry,

b
N = (vog + o)/ dxcos (X ) [e~(b=x) 4 =(b+x)
5770 2b, .
=(b=x)E; (b-x)~(b+x)E (b+x) | . (3.106)

Using (3.103), (3.104), and (3.106) will produce from (3.6)

b3 -(b-x) -(b+x)
+cf0 dxcos(is;;)(e + e

~(b=x)E (b-x)-(b+x)E;(b+x) )] . (3.107)

The integral in (3.107) is done numerically, and b is iterated until Y
is unity. The results are tabulated in Table IX. Comparison of the
results in Table IX reveals that the direct leakage operator moves
diffusion theory into competition with such transport techniques as
P3—P5 spherical harmonics expansions and §, discrete ordinates! The

error from V4 values varies from .92 percent to 1.75 percent.




2. Spherical Geometry
In a sphere, the solution of (3.100) is l.sin(Bgr), subject to the
Y
condition that the flux vanishes at a distance equal to the physical

boundary plus the extrapolation distance. This yields

1

(r) = ;.sin(Bgr); (3.108a)
n
Bg =5 (3.108b)
ex
b, = btextrapolation distance . (3.108c)
The production rate for use in the numerator of (3.6) is
b 1
prod. = cf dr4nr? 2 sin(— r); (3.109)
0 T boy
rod. = heb__ [L€X g1 L b)-bcos (b 3.110
prod. c exL‘;‘ s n(bex - cos(bex )]. (3.110)
The collision rate for use in the denominator of (3.6) is
11. = 4b [bex in(-"b) - beos(-b)] (3.111
coll. exi—— sin b cos bon . . )

The leakage rate for use in the denominator of (3.6) 1is, after o is

normalized to unity,

b

| 1 1
N = (vos + os)fo dré4mr? = Sin(FS;r)Z?
[(b+r)E,(b-r)=(b-1)E,(btr)- e (P¥T) 4 o=(b-T) ], (3.112)
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or, rewriting (3.112) with (A.5) gives

b
N = (vog + os)njo drsin(sf_x)[(bz-rz)(El(b+r)-E1(b-r))
ex
+(b+r+1)e"(b-r) -(b-r+1)e'(b+r)]. (3.113)

Using (3.110), (3.111), and (3.113) will produce from (3.6)

b -~
Y = I‘Cbex[—:—x' Sin(bLb)—bc()s(,b_“__b)] +
ex ex
bex ™ m b T
[4bgy(—2 s1n( L b)-beos(-Lb)) + enf drsin( Tr)
n bex bex 0 bex

[(b2-r2)(E, (b+r)-E (b-1) J+(b+r+1)e~(P-T)

~(b-r+1)e~(b¥r)]] | (3.114)

The integral in (3.114) is done numerically, and b is iterated until Y
is unity. The results are tablulated in Table X. Comparison of the
results in Table X indicates that the direct leakage operator makes
diffusion theory comparablé to P3 spherical harmonics expansion and
82-84 discrete ordinates! The error from V& calculations ranges from

1.27 percent to 1.64 percent for the direct leakage operator diffusion



theory calculation. 1In contrast, the Serber~Wilson error from V, ranges

from ~1.84 percent to -4.13 percent.

3. Cylindrical Geometry
In a cylinder, the solution of (3.100) is JO(Bgr)’ subject to the
condition that the flux vanishes at a distance equal to the physical

boundary plus the extrapolation distance. This yields

o(r) = JO(Bgr); (3.115a)

By = 2.405, (3.115b)
bex

b, = btextrapolation distance. (3.115¢c)

The production rate for use in the numerator of (3.6) is

b
prod. = cfo dr2er0(3%§92r); (3.116)
X
2nbcb
d P ex 2.405 . . 7
pro TGS Iy ( - b) (3.117)

The collision rate for use in the denominator of (3.6) is

/3
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27bb
ex 2.405b
coll. = Iy ( . )

.11
2.405 ex (3.118)

The leakage rate for use in the denominator of (3.6) 1is, after o, 1is
normalized to unity,
b 2.405r dx
= (vog + os)fo dr2nrJ0( ]bf — Ky(bx)Ig(rx), (3.119)
ex
which becomes after interchanging the order of integration
2.405
N = (vog + 0 )2nbf Kl(bx)f drrdo(S—r)Tp(rx). (3.120)
Pex
Use (9.6.3) from Abramowitz and Stegunal, which is
I,(z) = e V™ J (e*7™2). (3.121)
Then (3.121) reduces to
Use (3.122), and make the transformation a= — to reduce (3.120)
ex

to




© b
N = 2wb(vof + cs)fl %;-Kl(bx)fo drrIO(ar)Io(rx). (3.123)

This can be integrated through the use of (B.4) to

N = 2mb(vop + os)f1 %;‘Kl(bx) 1

-Q

2o

[~abI(bx)1;(ba)+bxIg(ba)I;(bx) ]. (3.124)

2.405b

2.405b
Note that Io(ba)=J0( bex ), and Il(b°)= -iJl( bex ), to get

2ab( f“ dxK,(bx)
N = 27b(voe + o)
£ s

1 x3+x(2.405)2
bex
[21f°5b J1(2;f°5b)10(bx) + bxd (2249301 (bxy ] (3.125)
ex ex ex

Using (3.117), (3.118), and (3.125) will produce from (3.6)

2mbcbey  2,405by; ., [2™Pbey (2.405b)
1

Y = J #
2,405 "1V 2,405 By
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®  dxK,(bx)
+ 2mbe 1 [2:405b ; (2:405b); s
I B (2405)2 By .
bex
+ beo(_z'_l:‘ES_‘l)Il(bx)]] . (3.126)

€ex

The integral in (3.126) is done numerically and b is iterated until Y is
unity. The results are tabulated in Table XI. Comparison of the
results in Table XI reveals that the direct 1leakage operator moves
diffusion theory into competition with such transport techniques as S2
discrete ordinates. This still represents a substantial improvement in
that diffusion theory scalar fluxes are easier to obtain numerically

than 32 fluxes.
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1-6

1.4

1.2

1.1

1.05

Table IX

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of ¢

.5120
-7366
1.2894
2.1134
3.3005

5.666!

Diffusion

theory

.7253
.9255
1.4355
2.2219
3.3791

5.7162

Direct leakage
operator with
dif fusion theory

scalar flux

.5167
«7450
1.3084
2.1490
3,3586

5.7652

4
Py

.5590
.7793
1.3185
2.1354
3.3191

5.6828

4
Py

<5299
.7501
1.2985
2.1210
3.3073

5.6723

Sy

.6197
.8455
1.3896
2.1984
3.3718

5.7262

.5223
.7435
1.2949
2.1198
3.3078

5.6747
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1.6
1.4
1.2
1.1
1.05

1.02

1.4761
1.9854
3.1723
4.8733
7.2784

12.0305

Table X

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

Diffusion

theory

1.8961
2.3595
3.4634
5.0897
7.4349

12.1290

Direct leakage
operator with
diffusion theory

scalar flux

1.4948
2.0125
3.2202
4.9509
7.3970

12.2272

4
Py

1.5502
2.0394
3.2041
4.8953
7.2961

12.0450

swh

1.4152
1.9059
3.0570
4.7213
7.0930

11.8090

Sy

1.4197
1.9198
3.0963
4.7960
7.2084

11.9780

1.4613
1.9685
3.1530
4.8535
7.2591

12.0120
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1.6

1.4

1.2

1.1

1.05

1.02

Total Mean Free Path, for Infinite Cylinders as a Function of c

1.0209
1.3970
2.2873
3.5776
5.4119

9.0445

Diffusion

theory

1.3471

1.6871

2.5124

3.7449

5.5330

9.1219

Table XI

Direct leakage
operator with
diffusion theory

scalar flux

1.0327
1.4152
2.3217
3.6355
5.5016

9.1939

4
Py

Critical Radii Estimates, in Units of the

4
Py

)

1.0647
1.4411
2.3297
3.6211
5.4654

9.1351

5

1.0230
1.3958
2.2824
3.5725
5.4097

9.0495
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IV, INDIRECT LEAKAGE OPERATOR

A. Introductory Remarks

As noted previously, the chief difference between the direct and
indirect leakage operators is that the indirect leakage operator uses a
fission source distribution for initiation and handles internally the
transport of all neutrons which eventually leak out. The result of an
indirect 1leakage calculation 1s a spatial 1leakage probability
distribution for neutrons born in fission. It can be expected that the
indirect 1leakage calculation will yield different critical size
estimates than the Vi techniques even though the scalar fluxes are the
same. This, of course, is due to the internal transport of neutrons and
the numerical solution of the equation involved.

The kernel of the inhomogeneous singular Fredholm integral equation
of the second kind, whose solution is the spatial leakage probability
distribution, 1is shown to be identical to the kernel of the integral
transport equation for each geometry. 1In order to emphasize that PC
eigenvalues are all the result of a neutron balance condition, an
eigenvalue different from (3.1) or (3.2) will be used. Take as the
neutron balance condition, production rate minus leakage rate equals

absorption rate. This leads to the eigenvalue defined by

- production rate — leakage rate

A
absorption rate

(4.1)



In what follows, assume steady state, monoenergetic neutrons,
isotropic fission, 1isotropic scattering, spatially constant cross

sections, and no external sources. Also note that o, 1is normalized to

unity, and that dimensions of length are in units of the total mean free
path., The indirect leakage operator, as presented in this chapter, is
the volume integral of the spatial leakage probability distribution and

operates upon the spatial fission source distribution.

B. Indirect Leakage Operation in Slab Geometry
The following definitions and identities are repeated from Chapter

Three:

Pg(x) = the probability that a neutron emitted isotropically at
position x escapes through the right hand side with n

additional scatterings inside; (4.2)

P%(x) = the probability that a neutron emitted isotropically at

position x escapes through the 1left hand side with n

additional scatterings inside; (4.3)
1 dy - (b-x) )
r = - ) .
Po(x) = IO Tf'e u §'E2(b X); (4.4)
0 (b+x)
ooy o [ du F—— _1
P5(x) llTe M 5 E(b+x). (4.5)

Now define:
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[--]
PT(x) = Z P;(x) = the total probability that a neutron emitted

n=0
isotropically at position x escapes through the

right hand side; (4.6)

-]
Pl(x) = Z P%(x) = the total probability that a neutron emitted
n=0
isotropically at position x escapes through the

left hand side. (4.7)

Obviously (Pl(x)+Pr(x)) is the spatial leakage probability distribution
for neutrons born in fission. From Chapter Three, %;.is the probability
that a neutron emitted isotropically ends up within du of u.

Note that

(x-x’
e M = the probability that a neutron leaving x arrives at x’,

where x’< x (i.e., w<0), (4.8)
_(x'-x
e U = the probability that a neutron leaving x arrives at x‘,
where x’> x (i.e., wW0), (4.9)
and
dx'oS

= the probability that a neutron suffers a scattering

lul
collision in dx’ about x’. (4.10)

With (4.8), (4.9), (4.10), and (4.2), the following identity is obvious:



’

x O (X—X

d
o - [, 1, %

) dax’ .
er uw C %P (x")

—u

4

b1 -x
du - (=) ax‘0 .
[ [ 5e v Ts PT_ (x"). (4.11)

The first integral term 1in (4.11) 1is the integral over neutrons
commencing at positon x which initially head left, scatter at x’, and
then leak through the right hand side with (n-l1) more interactions
inside. The second integral term in (4.11) 1s the integral over
neutrons commencing at position x which initially head right, scatter at
x’, and then leak through the right hand side with (n-1) more

interactions inside. Replacing u with -p in the first integral term of

(4.11), and collecting terms, results in

og P Ly - Ix-x‘|
PRCR) = [ axt [ _uﬁ e w PI_ (x), (4.12)

or, after using (A.2),

b
g
PR(x) = = J % E i’ DR (x7). (4.13)

Equation (4.13) 1s a recursion relation for the P;(x) and, since
Ps(x) is already known, PY(x) can be constructed through the repeated
application of (4.13). It will be more convenient to have an equation

for P'(x), and this can be obtained by operating upon (4.13) with
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Pa(x) + Z . (4.14)
n=1

Interchange the order of integration-summation and use (4.6) to obtain

b
PY(x) = PB(X) +.;; lbdx'El(lx—x’l)Pr(x'). (4.15)

The equation for Pl(x) is similarly obtained:

b
PL(x) = P(x) + 0_25. lbdx'El(lx—x’l)Pl(x'). (4.16)

Note that the kernel in (4.15) and (4.16) is the same as in (2.1),
the integral transport equation for slab geometry. Solution of (4.15)
and (4.16) by analytic means has not proved possible, and, therefore,
the following numerical scheme was employed. Note that, due to physical
symmetry, PT(x) is equal to Pl(-x), and that only one of (4.15) and
(4.16) need be solved. Place N points on the interval from -b to b with
a point on each boundary. Equally space the points such that each point
is associated with an equal volume, namely A&x , except the boundary

points, which are assoclated with half size volumes (i.e. Ax1 = Axy =
%Axn). Discretize (4.15) as follows:
1

i{-
(s}
PT(xy) = P{(xy) + _25 T A PT(x )E (Ix4=%1)
n=1



N
o -
ST+ 2 L AxpPT(x)E (lxymxy 1), (4.17)
n=i+l

where ST in (4.17) corresponds to x = x’ in (4.15) and is the point

where the singularity in the integrand occurs.

Ax.
Xt _Ei o
ST = [ ax, dx'— PT(x'DE Uxg=x"1). (4.18)
N

If P¥(x’) is assumed smooth and slowly varying, and 4x; is small, then

Ax
i
+
OS r Xi 2 ’
ST = T P (Xi)f Axi dx El(lxi'X'l)- (4.19)
N

Now use (A.2), interchange the order of integration, integrate over x’,

and integrate over u, again using (A.2), to obtain
r Axi
ST = o_P (xi)[1-E2(__2_)]. (4.20)

Rewrite (4.20), using (A.3), the recursion formula for exponential

integrals, as

ST = o P¥(x;)[1-e 2 + _“21 g, (&%)]r, (4.21)

In (4.21), Ax is a full sized volume even when i is a boundary point.
The variable, T, takes on the value one half on the boundaries and one

elsewhere. Then it follows that
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o. 1i-1
Pr(xi) = Ps(xi) + TS E Aanr(xn)El( |xi'xn|)

n=1
og N r r
t 1 A PT(X)E (Ixg=x,1) + 0 PT(%4)
n=1+1]
_ Ax
[1-e 7 + 2% (5)]r. (4.22)

Solve (4.22) by guessing Pr(xi) as Ps(xi) and using (4.22) to generate a
new Pr(xi). Use this new Pr(xi) in (4.22) to obtain another Pr(xi).
Stop the iteration when the Pr(xi) have converged to some stable values.

The leakage term for use in (4.1) is

b
leak, = voffbdxd?(x)(Pl(x) + PY(x) ) (4.23)
or
N
leak. = vog ) Axn(l-alxg - azxg)[Pr(xn) + Pl(xn)]. (4.24)
n=1

The production term for use in (4.1) is
prod. = vog(2b- é.alb3- %-albs). (4.25)

The absorption term for use in (4.1) is




absorp. = oa(Zb- _.a1b3 - é.albs). (4.26)

Iterate (4.1) upon the size b until the eigenvalue A becomes unity.
Note that the scalar fluxes used in (4.24), (4.25), and (4.26) are Vi
scalar fluxes. To run the test problems in Table XII, 05 was taken as
0.4 of the total cross section. A different value of o, would produce
slightly different values of critical half-thickness (see, for example,
Section C). Five hundred spatial points were used. Note that the
critical half-thicknesses predicted through the wuse of the indirect
leakage operator differ by no more than a tenth of a percent from the V

calculations. More comparison values will be found in Chapter Three,

Table VI, and Chapter Two, Table I1I.
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1.6

104

1.2

1.1

1.05

1.02

Table XII

Critical Half-Thickness Estimates, in Units of the

Total Mean Free Path, for Infinite Slabs as a Function of c

V2 Va Indirect leakage Indirect leakage 3164 Case’s10

with V, scalar with Vv, scalar

flux flux
-5120 .5120 .5119 .5119 .5125 «5120
.7366 .7366 .7365 .7365 .7372 .7366
1.2894 1.2894 1.2891 1.2891 1.2902 1.2894
2.1134  2.1134 2.1128 2.1127 2.1146 2.1133
3.3010 3.3005 3.3010 3.2988 3.3023  3.3003
5.6706 5.6661 5.6761 5.6610 5.6644 5.6655

11
IT,

.5120
.7366
1.2894
2.1134
3.3004

5.6660




C. Indirect Leakage Operation in Spherical Geometry

Recall the following definitions and identities from Chapter Three:

P (r) = the probability that a neutron emitted isotropically at
position r escapes the system with n additional
scatterings inside; (4.27)

1 - ~(b-
Po(r) = - [(bH)Ep(b=r)=(b-T)Ey(btr)= e T¢PFE) 4 e~ | (4.28)
Now define

-]
P(r) = ) P (r) = the total probability that a neutron emitted
n=

0
isotropically at position r escapes. (4.29)

Obviously, P(r) 1is the spatial leakage probability distribution for
neutrons born in fission. Also from Chapter Three, it is known that du
is the probability that a neutron emitted isotropically ends up within

du of u. The distance from a spherical shell at r to another spherical

shell at r’, r’>r, is

dpryye = —rt(r’ 2-r24r22) 5, (4.30)

This is (3.45) modified by replacing b with r’,

To complete the derivation of an equation for P (r), the

corresponding dr'(r will be needed. Fig. 7 1s a drawing of a plane

containing the point of emmission, the geometrical center of the sphere,
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Figure 7.

Geometry for inward traveling neutron

in spherical systems.




and the direction vector along which the neutron 1is traveling. Note
that for a neutron going from r to r’, r'<r, there are two places where
the neutron can interact within dr’ of r’, namely, when entering and
when 1leaving the spherical volume defined by r‘. From Fig. 7, the

following identities are obvious:

Sy = rcos(180-0) = -ru, (4.31)

aS = [r’2-(rsin(180-0))2]*3 = (r’2-r24r2u2)-3, (4.32)

Therefore, the distance from r to r’, if r’'<r, is

d_. = -rui(r’z-r2+r2u2]'5. (4.33)

It is possible for a neutron leaving r to hit a spherical shell at r’>r
for all angles of emission, However, it can be seen from Fig. 7 that
only angles greater than a certain limit can hit a spherical shell at

r'<r, viz.

rsin(180-0) < r’, (4.34)

which yields

2_.02
w < =(E75 -3, (4.35)
)
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The remaining detail needed to complete the derivation of P (r) is
the probability that a neutron reaching r’ scatters within dr’ of r’.
The distance traveled along u while traversing dr’ is multiplied by the

probability per unit path length that the neutron scatters, namely,

ogr’dr’
probability of scattering = . (4.36)
within dr’ of r’ (£72-r24r2p2)+>

Now Pn(r) can be written as

b 1 o
P(r) =] | ge[ru_(r'z_rzﬂ.zuz).s] ogr’dr @
’ 12 | 52 7...5 ol
’ (r’é-rc+rp®)"
r -[Effr'z) 5
+f %;.e[ru+(r'2—r2+r2u2)-5]
r’2
I‘
ogr’dr’ jr }( )
() + r2
(r’2-r24r2)2)> Fn-1
'2 - o r'drl
du [ru-(r’2-r24r242) "] s P,_y(r’) . (4.37)
? (r’2-r2+r2,2) >

The first integral term in (4.37) is the integral over all possible
occurences that the neutron leaves r within duy of y, travels to r’(r’>r)
from r without incident, scatters within dr’ of r’, and then leaks out
of the system with (n-1) more scatterings inside. The second integral
term is identical except that it accounts for neutrons which interact

upon reaching the spherical shell at r’<r. The third term 1is also




identical except that it accounts for neutrons which interact in the
spherical shell at r’<r after having penetrated that shell once. Upon

rearranging terms, (4.37) becomes

o b 1 du
P (r) = Tf{frdr'r’Pn_l(r’)f

21 (pr2-p24r2,2y.5

r

02..2,.2,2y.5
e[r“-(r ~ré+rép)-?] + fodr'r'Pn_l(r')

(rz-r'z).s
/ 2 du e[ru—(r'z-r2+r2p2)'5]
[ (27 2-22422,2y:5
2_..2
- r —r .5
r ( 2 ) du

r
+ [ ar'rp i (xf
[ge e 20 e [ (2 2-72472,25 5

e[mut(z 2-r2ar2u?y 3]y (4.38)

To do the integration over u in the first term of (4.38), make the

transformation
a = (r'2-r2+r2,2)+5 —pry, (4.39a)
where

_ (r2-r2-a2)
- |

T (4.39b)

and
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2_.2,,2
dy = - gi(f___i;ii_), (4.39¢)
r a2

to get
1

f dy e[ru-(r’z-rz-f-rzuz)'s]
21 (27 2p2372,2)45

(r’+r) da

-a 1 ’ ’
= —e ¢ = _|E;(r'-r)-E;(r+r . (4.40)
I(r’_r) ra r[ 1 1( )]
The exponential integral functions in (4.40) come from application of

(A.3). The same transformation, (4.39), is made in order to perform the

integration over p in the second term of (4.38). It is found that

2_.-2

i
f r2 du e[ru_(rlz_r2+r2u2)05] -
(r+r’)

[z pe2ye5 §§-e'a = %{El((rz'r'z)‘sJ - Ey(r+r) ], (4.41)

In order to perform the integration over p in the 1last term of
(4.38), use the following transformation,
a = -ru-(r'2~r2+r2u2)'5, (4.42a)

where

(rl 2_r2_a2)
2ar ’

p o= (4.42b)
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and

12_ 2 2
we s %%(r r2 = ) (4.42¢)
a
to get

_(rz'r'z).s

f r2 du e[ru+(r:2_r2+r2u2).5]

(rz_r'2)-5 da 1

(e-xry  Ta S T EELTE) - Ey((r?-x"2)+3)]. (4.43)

Substitute (4.40), (4.41), and (4.43) in (4.38), rearrange terms, and

multiply through by r; then

(]
P (r) = T;Jodr'[El(lr—r'|)-E1(r+r')]r’Pn_1(r'). (4.44)

Equation (4.44) can be simplified if the following conventions are made:
r>0, r’ in the interval of -b to b, P (-r’) = P,(r’). Rewrite the
second term in the integrand of (4.44) by making the transformation

4

r’ = -r’:
g. b
s ’ 4 , ’
- fodr Ej(x+r)xr’Py_(x")

-b
o
s ’ , ’ r
=T fodr Ej(r-r’)r'Py_(-xr")
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g
= [ 4T B (r-rt DRy (). (4.45)

Using (4.45), (4.44) becomes

b
[+)
P (r) =.TSlbdr'El(lr-r'l)r’Pn_l(r'). (4.46)

Operate on both sides of (4.46) with rPo(r) + Z » interchange the order

n=]
of integration - summation, and use (4.29), to obtain

b
rP(r) = rPO(r) +.;; lbdr'El(lr-r'l)r'P(r'). (4.47)

Equation (4.47) is the same as (4.16) if P(x) is replaced by rP(r).
For criticality estimates, a solution for rP(r) is just as useful as a

solution for P(r), due to the 4mrldr volume term. The discretized

equation analogous to (4.22) is

i-1
o
s
ryP(ry) = ryPy(ry) +.7r z . Ar Ey(irg-t ) P(r,)
n=
o. N
s
+ TT'Z Ar Ey(lry-r, 1) P(ry)
n=1+1
- AE A A
+o ryP(ry)[l-e 2 +-7;.E1(7;)]r, (4.48)

96




where the r; are spaced equally by distance. The solution of (4.48) is
identical to that of (4.22) except that: riP(ri) = ~Tyy1-iP(TR+1-1) for
i in the interval 1 to (E%l), N must be odd, and only the information
stored in the interval (E;l] to N is relevant. These restrictions are a

consequence of the assumptions made to reduce (4.44) to (4.46). The

leakage rate for use in (4.1) is

N
leak. = vog X -~ AnriAri(l-alr%-azré)rip(ri). (4.49)
i

S

2

The production rate for use in (4.1) is

b3 B> b/
prOd' = l‘nvof(—3— _al? —32—7—)' (4050)

The absorption rate for use in (4.1) is

absorp. = 470 (-_ alb5 "32'—') (4.51)

Iterate (4.1) upon the size b until the eigenvalue A becomes unity.

Note that the scalar fluxes used in (4.49), (4.50), and (4.51), are Vn

scalar fluxes. To run the test problems in Table XIII, o, was taken to
be 0.2, 0.4, and 0.8 of the total cross section. The critical size, in

the problems solved here, should depend only upon the value of c. There

0
s .
is, however, some dependence upon the ratio — in the indirect

St
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calculation. This 1s probably due to the fact that the size of the
numerical mesh becomes less adequate as the scattering transport
increases (i.e., as the size increases or the ratio of %i.increases).
Due to the internal transport, the critical radii predizted by the
indirect 1leakage calculations differ from the V, calculations. This
difference is in no case greater than one half of a percent. One
thousand and one spatial points were used, and this resulted in 501
useful data points. As the number of points was increased, the answers
monotonically approach the Vn values. As the value of Og was increased,
the answers decreased (errors increased). This indicates that more
spatial resolution than 501 points is needed for large values of Og .

More comparison values will be found in Chapter Three, Table VII, and

Chapter Two, Table III.
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1.6
1.4
1.2
1.1
1.05

1.02

1.4768
1.9870
3.1785
4.8934

7.3326

12.1835

Table XIIIL

Critical Radii Estimates, in Units of the

Total Mean Free Path, for Spheres as a Function of ¢

vy Indirect Indirect Indirvect Indirect
leakage, V, leakage, V, leakage, V, leakage, V,
scalar flux, scalar flux, scalar flux, scalar flux,
Og= «40y gs= .20, Og= .40, 0g= .80,
1.4761  1.4768 1.4760 1.4759 1.4746
1.9854 1.9873 1.9853 1.9850 1.9830
3.1723 3.1810 3.1719 3.1713 3.1675
4.8733  4.9039 4.8723 4.8709 4.8632
7.2784  7.3641 7.2759 7.2725 7.2570
12.0305 12.2778 12.0226 12.0118 11.9695

Case’sl0

1.4761
1.9853
3.1721
4.8727
7.2772

12.0275
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D. Indirect Leakage Operation in Cylindrical Geometry

Recall the following definitions and identities from Chapter Three;

P,(r) = the probability that a neutron emitted isotropically at
position r escapes the system with n additional scatterings

inside; (4.52)
> dx
Po(r) = bfl ~ K1 (bx)Ip(rx). (4.53)
Now define

-]
P(r) = Z P,(r) = the total probability that a neutron emitted
n=0
isotropically at position r escapes. (4.54)

The quantity, P(r), obviously, is the spatial leakage probability
distribution for neutrons born in fission. Also, from Chapter Three, it
is known that EE. 25

2 2=

isotropically ends up within dp of p and within dx of x. The distance

is the probability that a neutron emitted

from a cylindrical shell at r to another cylindrical shell at r’, r’>r,

is

- '2_ 2 2 05
dr'>r - rcos(x)+[t r¢sin (x)) . (4.55)

(1-u2)+3

This is (3.69) modified by replacing b with r’.



Figure 8.

Geometry for inward traveling neutrons

in cylindrical systems.
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To complete the derivation of an equation for P (r), the
corresponding dr'(r will be required. Fig. 8 is a drawing projecting
the geometry of a one-dimensional cylinder upon a plane perpendicular to
the axis. As in spherical geometry, a neutron going from r to r’, r’<r,

’

can interact within dr’ of r’ in two places, namely when entering and
leaving the cylindrical volume defined by r’. From Fig. 8, the

following identities are obvious:

Sp = rcos(180-x) = -rcos(x); (4.56)
AS = [r’2-(rsin(180-x))2]*3 , (4.57a)
88 = (r'2-r2sin2(yx))*> . (4.57b)

Therefore, the distance from r to r’, r’<r, is

4., - -rcos(x)i(r'z-rzsinz(x))'5
r'<r (1-p2)->

’ (4.58)

where the denominator in (4.58) accounts for the z coordinate. For all
angles of emission, a neutron can hit a c¢ylindrical shell of greater
radius than that of the point of emission. However, from Fig. 8, it
can be seen that only angles in x within certain 1limits can hit a

cylindrical shell at r’<r, viz.

r sin((180-x)) < r’, (4.59)




which yields

’ ’

2_) < x < ﬂ+arcsinL%r). (4.60)

w-arcsin(

For the derivation of P, (r), one more detail is needed, namely, the
probability that a neutron reaching r’ scatters within dr’ of r’. The
distance traveled along u and x while traversing dr’ is multiplied by

the probability per unit path length that the neutron scatters, namely,

ogrdr’
probability of scattering = . (4.61)
within dr’ of r’ (r'z—rzsinz(x))'s(l-uz)'5

With (4.52), (4.55), (4.58), (4.60), and (4.61),

- du dx
P_(r) f f fo o

[rcos(x)-(r'z-rzsinz(x))'5]

csr'dr'Pn_l(r’)
e (1-u?)*3

(r'2_r281n2(x)).5(1_u2).5

ot [rcos(x)+(r'2—rzsin2(x))'5]

r
du dy 2y.5
+ - =2 1-
IO {1 f“_ 5 5x © (1-u®)

osr'dr'Pn_l(r')

r 1 =+ du dy
+ —_— -2
IO I-1 fﬂ—

[rcos(x)—(r'z-rzsinz(x))’5]
e (l-u )'
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ogr’dr’P,_(r")

(r'z-rzsinz(x))'s(l-uz)'5 '

(4.62)

where n+ and 7- come from (4.60). The first integral term in (4.62) 1is
the integral over all possible occurences that the neutron leaves r
within duy of u, within dx of x, travels to r’ (r’>r) from r without
incident, scatters within dr’ of r’ and then leaks out of the system
with (n-1) more scatterings inside. The second integral term is
identical except that 1t accounts for neutrons which interact upon
reaching the cylindrical shell at r’{r. The third term is also
identical, except that it accounts for neutrons which interact in the
cylindrical shell at r’<r after having penetrated that shell once. Upon

rearranging terms and using symmetry in p and Y,

G b n
> [frdr'r'Pn_l(r') f dx

P (r) = —
n w 0 (rlz_rzsinZ(x)).S

1 I’COS( x)—(r'z—rzsinz( X)).S
du [ ]
—_— € (1_u2).5

r m

+ fodr'r'Pn_l(r') f dx

- (rIZ_rZSiHZ(X)).S

1 [rcos(x)-(r'z—rzsinz(x))’5
e (1_u2)-5

—




r L
4 ’ 4 dx
+ [ dr'c’P__ (r ) |
0 n-l "= (' 2-r2sin2(x)) 5

[rcos(x)+(r'2—r2sin2(x))'5]

LI (1-u2)-5 ] (4.63)

0 (l_uZ).S

sinh(a)

Make the substitution p = 2/
cosh(a)

in (4.63), and note that all integrals

over U take the form

da -Bcosh(a)
fo cosh(a) © . (4.64)
From Bickley and NaylorAO,
" da -Bcosh(a) _ - z
fo cosh(a) € Ki1(B) IBKO(t)dt- (4.65)

Use (4.65) with (4.63), operate upon the result with Po(r)+ Z , and use

n=1
(4.54) to obtain
P(r) P()Os[fbd @ ) -
r) = r)+ — r'r’P(r’
0 T r 0 (r'2-r2sin2(y))-5
;e r
Ko(t)dt + [ dr'z’B(r’)
0
[—rcos(x)+(r'2-r281n2(x))'5] 0
T [--]
dx | Rp(r)dt +

m= (r’2-r2sin2(y))-> [-rcos(x)+(r'z-rzsinz(x))'5]
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r T
Jdr'e'p(x’) | dx
0 L (r'z_rzsinz(x)).s

i Ro(£)dt ]. (4.66)
[~rcos(x)=(r’2-r2sin2(y))*7]

The reduction of (4.66) will now proceed. Make the transformation

t = y[-rcos(x)+(r’2-rzsin2(x))’5] (4.67)
in
T dx oo
INTL = | / (t)dt (4.68)
0 (r*2-r2sin?(y))*> [-rcgg(x)+(r'2-rzsin2(x))'5]
to obtain

INT1 = j“ dx(-rcos( )+’ 2-r2s1n?(x))*)
0 (r’2-r2sin2(x))*>

fldyKo[y(-rcos(x)+(r'2+r281n2(x))'s)]- (4.69)

This integral can be done by making a transformation from y to ¢ (see
Fig. 5), which 1s, of course, a transformation from a local to a
central coordinate system. Use (3.78) through (3.80), with r’ replacing

b, in (4.69) and reduce to

w ]
INT1 = fod¢fldy Ko (y(r’2+r2-2rr'cos(9))*>). (4.70)



Interchange the order of integration, note that r‘>r, and compare to

(C.12), where the integral has been done, to obtain

INT1 = nfldYKo(yr')Io(yr). ' (4.71)

Make the transformation (4.67) in

m - -]
d

INT2 = [ X J (t)de (4.72)

1= (r’2-r2s1n2(y) )*5 [-rigs(x)+(r'2-rzsin2(x)]'5]
to obtain

INT2 = f"+ dx[-rcos(x)+(r’2—rzsin2(x))'5]

- (rcz_rzsinZ( X))-S
fldy Ko[y(-rcos(x)+(r'2—rzsin2(x))'5)]. (4.73)

Equation (4.73) can be integrated if a transformation to a central

coordinate system is used (i.e., from x to ¢). From Fig. 9,

ZLD = -rcos(x)+(r’2-r2sin2(y) )3, (4.74)

ZLD = (r'2+r2-2rr'cos(¢))'5, (4.75)

r’sin® = ZLDsin(x), (4.76)
and

r’cos® = ZLDcos( x)+r. (4.77)
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Figure 9.

Central vs local coordinates for use with INT2.

Figure 10.

Central vs local coordinates for use with INT3.
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From (4.76) and (4.77), it is found that

12 ’
dx = dé (r’%-rr’cos(9)) . (4.78)

zLp?

Therefore, after transformation from X to ¢ and suitable reduction,

(4.73) becomes

® 7
INT2 = [ dyf , d¢K0[y(r'2+r2—2rr’cos(¢))'5]. (4.79)
1 cos™1(Z

r

Make the transformation

t = y[-rCOS(x)-(r'z-rzsinz(x))'5] . (4.80)
in
" dx T Kg(t)a (4.81)
INT3 = Ko(t)dt .81
I“- (r*2-r2sin2(x))*5 ~[-reos(x)-(r’2-r?sin?(x))*3]
to obtain

INT3 = fﬂ dx[—rcos(x)-(r'Z_rzsinz(x)).5]
= (r'z—tzsinz(x))'5
fldy Ko[y(—rcos(x)—(r'2—rzsin2(x))-5]. (4.82)

Equation (4.82) can be integrated if a transformation to a central

coordinate system is used. From Fig. 10,
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ZLD = —rcos(x)—(r'z—rzsinz(x))‘s, (4.83)

ZLD = (r’2+r2-2rr’cost), (4.84)
r’sin® = ZLDsin( ), (4.85)
r’cos® = ZLDcos( x)+r. (4.86)

From (4.85) and (4.86), it is found that

'2 4
dy = do (r’4-rr’cos(9)) . (4.87)

ZLD2

Therefore, after transformation from x to ¢ and suitable reduction,

(4.73) becomes

~1(r’
@ cos

INT3 = fldyfo T d¢Ko[y(r'2+r2—2rr’cos(¢))'5]. (4.88)

It should be noted that in the steps leading to (4.88) a negative of a
square root was used. This was required in order that (4.88) be
positive and thus represent a contribution to the leakage probability as
(4.88) physically should.

With (4.68), (4.71), (4.72), (4.79), (4.81) and (4.88), (4.66)

becomes

b ©
P(r) = Po(r)+osfrdr'r'P(r’)fldyKo(yr')Io(yr)




o, T Li
- fodr'r’P(r’)fldyfod¢K0[y(r'2+r2-2rr'cos(¢>)J-5]. (4.89)

The integral over ¢ in (4.89), upon comparison with (C.12), and subject

to the condition r‘<r, is seen to be

m
fonKO[y(r’2+r2—2rr’cos(¢)]'5] = 7Ky (yr)Ig(yr’). (4.90)

Therefore, (4.89) reduces to

b
P(r) = Po(r)+osf0dr'r'P(r')K(r,r') (4.91)
where
K(r,r’) = fldyKo(yr)Io(yr'), r'<Lr; (4.92)
K(r,r’) = fldyKO(yr')IO(yr), r’>r. (4.93)

Equation (4.91) is an inhomogeneous Fredholm integral equation of the
second kind with singular kernel. The kernel in (4.91) is the same as
the kernel in the cylindrical integral transport equation. The solution
of (4.91) proceeds numerically along the same lines as the solution of
(4.22). Analogous to (4.22) is, with the r; equidistant, r; in the

center and ry on boundary,

n=i-1
P(ti) = Po(ri)""os Z ArnrnP(rn)Kn<i(ri,rn)
n=1
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N

+°S 2 ArnrnP(rn)Kn>i(ri,rn)
n=i+1

+°sArnrnP(rn)Kn=i(ri’rn)’

where

Knca(ry,ry) = J [dyKo(yrs)Iglyrn),

Kosi(ry,ry) = fldYKo(yrn)Io(yri),

and

Kn=1(ry>rn) = fldyKo(Yri)Io(Yri)-

(4.94)

(4.95)

(4.96)

(4.97)

The integrals 1in (4.95), (4.96), and (4.97) are done numerically. The

leakage for use in (4.1) is

N
leak. = vog 2 2ﬂriAri(l-alrﬁ-azrg)P(ri).
i=]

The production for use in (4.1) is

b2 4 b6
prod. = 2ﬂvof(7r —ayo- _aZ?r),
The absorption for use in (4.1) is

2 4 6
absorp. = 2"03(%T -ar%r —aZ%;).

(4.98)

(4.99)

(4.100)



Iterate (4.1) upon the size b until the eigenvalue A becomes unity.
Note that the scalar fluxes used in (4.98), (4.99), and (4.100) are v,
scalar fluxes. To run the test problems in Table XIV, o, was taken to
be 0.4 of the total cross section. A different value of os would
produce slightly different values of the critical radii. Five hundred
spatial points were used. The error, from V, fluxes, varies from 0.5%
to 3.0%. Since the indirect leakage answers monotonically approached
the V, answers as the number of points was increased, it is assumed that
the indirect leakage calculations showed the large error due to poor
spatial resolution. This does not necessarily mean that the answers
would coincide. In fact, due to internal transport in the indirect
leakage approach, the author does not believe they would. The answers
were not posted to greater precision due to the inordinately large
running times associated with the 500 point codes, as the running time

is proportional to the number of points squared.
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pLl

1.6

1.4

1.2

1.1

1.0209
1.3971
2.2882
3.5819
5.4265

9.0960

Total Mean Free Path, for Cylinders as a Function of c

1.0209
1.3970
2.2873
3.5776
5.4119

9.0445

Table XIV

Critical Radii Estimates, in Units of the

Indirect leakage

V2 scalar flux

1.0266
1.4065
2.3097
3.6318
5.5422

9.4358

Indirect leakage

V4 scalar flux

1.0265
1.4062
2.3079
3.6227
5.5098

9.3173

4
Sg

1.0194
1.3950
2.2850
3.5757
5.4108

9.0454

11

1.0231
1.3991
2.2891
3.5795
5.4140

9.0494

11
IT,

1.0209
1.3970
2.2872
3.5774
5.4115

9.0446



E. Components of the Indirect Leakage Operation in Spherical Geometry

An interesting aspect of the indirect leakage method of calculating
criticality 1is the ability to calculate the spatial leakage probability
distribution. Heretofore, this distribution has not been examined.
Sections A, B, C, and D have been devoted to proving that the indirect
leakage operation is a viable method of determining criticality. Now
that the 1indirect leakage approach has been proven, it is desirable to
examine the components of the indirect leakage operation. This
investigation will be 1limited to spherical geometry since spheres, of
the geometries so far considered, are the only finite geometries.
Remember that rP(r) 1is the continuous case, and r,P(ry) is the
discretized case. 1In what follows, P(ri) and its numerical Neumann
series components, P (ry), will be determined and plotted. The number
of terms 1in the Neumann series 1is determined by requiring 10-3
convergence of % P,(ry) to P(r;) for all points ry. The individual
Pn(ri) is, of course, the spatial probability distribution that a
neutron will scatter n times from its birth at r; and then leak out of
the sphere.

In Section C, the numerical solution for rip(ri) was achieved.
Subsequent division of riP(ri) by ry will yield the desired P(r;) except

at r; equal to zero. To determine P(0), reformulate (4.47);

b
P(r) = Po(r)+-;; lbdr’E1(|r-r'|)r'P(r'). (4.101)

1l
o
L]

Both terms on the right hand side of (4.101) are indeterminate at r
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Application of L‘Hospital’s rule to the inhomogeneous term in (4.101)

yields

Py(0) = e7>. (4.102)

Breaking the integration in (4.101) at r’=r will remove the absolute
value, Subsequently replace r’ by -r’ in the integral over r’<r, use

the fact that P(r’) = P(-r’), and apply L’Hospital’s rule to obtain

b
P(0) = e'b+osjodr'e‘r P(r’). (4.103)

The numerical equation corresponding to (4.103) is

N
=T
P0) = ePto, [ brie * B(rp). (4.104)

k= ——

2

s

Since P(0) is the only unknown term in (4.104), P(0) 1is guessed and
iterated until (4.104) is solved. Pog(ry) is already known for all ry,
and the subsequent P (ry) can be obtained from it through the use of the

numerical analog of (4.46), namely,

5
TiP(ry) = — E 1 AT E) (1Ty-13 1 )Ty Py g (Tg)
o. N
5
+.7r ) AryE (1rg-1) | )y Py g (1)
k=1+1
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+ osran_l(ri)[l-e -—-El( )] (4.105)

The Pn(O) are determined from an equation similar to (4.104), namely,

N
P.(0) = o5 ) N1

k=

-r
Aree € P (r). (4.106)

The P (ry) and P(ry) have been plotted for four cases in this
thesis. The first case, Fig. 11 to Fig. 32, is for a large, highly.
scattering system of low neutron multiplicity. The critical radius is
11.9695, c¢=1.02, and o = +80,. The second case is identical except the
critical radius is 12.0226, c=1.02, and Og= +20,« The second case 1is
plotted in Fig. 33 to Fig. 39. Fig. 40 through Fig. 46 cover the third
case which has a critical radius of 1.4746, c=1.6, and Og= «80,. The
final case, in Fig. 47 through Fig. 50, has a critical radius of 1.4760,
c=1.6, and o= .20,. Note that the Oth term is the direct Ileakage
probability, and the Oth partial sum is just the Oth term. Since only
scattering and absorption are considered here, one minus the total
leakage probability is the absorption probability.

In Case One, namely the large, highly scattering system of low
neutron multiplicity, it would be expected that a large number of the
terms P (r;y) would be required. However, no one foresaw that it would
require as many as 45 terms to approximate the total leakage
probability. The Oth and total leakage probability as in Fig. 11 are
shaped as expected, namely, that a higher probability of leakage is

predicted for each incremental step towards the boundary. Note that the
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total leakage probability on the boundary is almost entirely made up of
direct leakage. 1In Fig. 12 it can be seen that the first term of the
leakage probability, the probability that a neutron emitted at a certain
position scatters once and then leaks out, has changed shape from the
zeroth term. The downward turn in the first term near the boundary is
due to the fact that a large fraction of the neutrons born near the
boundary leak out directly, and thus are not available for the "once
scatter and out" scheme. This general shape-rising from the center,
peaking and then dropping toward the boundary-is retained with
diminishing magnitude and with the peak moving toward the center until
about the thirty-fifth term. At this time the scattering transport is
so large that only neutrons born near the <center contribute
significantly to the remaining terms, since neutrons born near the
boundary are likely to have leaked out. It is interesting to note that
neutrons born on the boundary have about a four in five chance of
leaking out, and that neutrons born in the center only have about a one
in five hundred chance of leaking out.

Case Two 1s essentially the same as Case One, except that the
critical radii are slightly different, as O; in this case 1is only one
quarter of the Os in Case One. The critical radii used are different,
since they were obtained from Table XIII which contains indirect leakage
critical radii estimates. Such estimates vary slightly with Oz The
shapes and trends in Case Two are essentially the same as those in Case
One, except that the total leakage probability curve is steeper. This
is accounted for by the much higher absorption in Case Two. In other

words, neutrons born near the boundary are still likely to leak out due




to their proximity to the boundary, but the neutrons born near the
center are much more likely to be absorbed than in Case One. Such high
absorption makes it possible to approximate the leakage with six terms
(plus the 1inhomogeneous term) of the numerical Neumann series, because
after a neutron scatters six times it doesn’t affect the leakage. In
Case Two, a neutron born near the boundary will leak about six times out
of ten. A neutron born near the center stands only about 1 chance in
80,000 of leaking out.

Case Three 1is plotted in Fig. 40 through Fig. 46. This is a very
small but highly scattering system. The large scattering cross section
requires that ten terms in the numerical Neumann series be considered.
The surprising element is that the leakage probability distribution 1is
virtually flat. A neutron born anywhere in the sphere stands about a 65
percent chance of leaking out, The general shape trends discussed
earlier apply here.

Case Four, 1in Fig. 47 through Fig. 50, stands in relation to Case
Three as Case Two does to Case One. The system considered in Case Four
has a slightly different critical radius and only one quarter the
scattering c¢ross section of Case Three. The general shape trends for
the three terms 1Iin the numerical Neumann series follow the previous
pattern. In Case Four, the total leakage probability follows the
expected pattern, namely that a neutron born near the edge is more
likely to leak out than one born near the center. The difference 1is
slight, since a neutron born near the center is about 25 percent likely

to leak out vs. 65 percent near the boundary.
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Figure 11.
Plot of the total leakage probability, Oth partial sum of the leakage
probability, and Oth term of the leakage probability versus fractional

radius for c¢=1.02, and os- '8°t'
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Figure 12.
Plot of the total leakage probability, lst partial sum of the leakage
probability, and 1st term of the leakage probability versus fractional

radius for c¢=1.02, and O = '8°t'
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Figure 13.
Plot of the total leakage probability, 2nd partial sum of the leakage
probability, and 2nd term of the leakage probability versus fractional

radius for c=1.02, and O = .Sot.
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Figure 1l4.
Plot of the total leakage probability, 3rd partial sum of the leakage
probability, and 3rd term of the leakage probability versus fractional

radius for c=1.02, and O = .Sot.
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Figure 15.
Plot of the total leakage probability, 4th partial sum of the leakage

probability, and 4th term of the leakage probability versus fractional

radius for c¢=1.02, and 0= '8°t'
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Figure 16.
Plot of the total leakage probability, S5th partial sum of the leakage
probability, and 5th term of the leakage probability versus fractional

radius for c=1.02, and o_= '8°t'
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Figure 17.
Plot of the total leakage probability, 6th partial sum of the leakage
probability, and 6th term of the leakage probability versus fractional

radius for c¢=1.02, and Og= '8°t'
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Figure 18.
Plot of the total leakage probability, 7th partial sum of the leakage
probability, and 7th term of the leakage probability versus fractional

radius for c¢=1.02, and Og= .Sat.
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Figure 19,
Plot of the total leakage probability, 8th partial sum of the leakage
probability, and 8th term of the leakage probability versus fractional

radius for c¢=1.02, and 0= '8°t'
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Figure 20.
Plot of the total leakage probability, 9th partial sum of the leakage
probability, and 9th term of the leakage probability versus fractional

radius for c¢=1.02, and o= ’8°t'
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Figure 21.
Plot of the total leakage probability, 10th partial sum of the leakage
probability, and 10th term of the leakage probability versus fractional

radius for c¢=1.02, and O = '8°t'
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Figure 22.

Plot of the total leakage probability, 1lth partial sum of

the leakage

probability, and llth term of the leakage probability versus fractional

radius for c=1.02, and o = .Sot.
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Figure 23.
Plot of the total leakage probability, 12th partial sum of the leakage
probability, and 12th term of the leakage probability versus fractional

radius for ¢=1.02, and Og= .Sot.
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Figure 24.
Plot of the total leakage probability, 13th partial sum of the leakage
probability, and 13th term of the leakage probability versus fractional

radius for c=1.02, and Oy = '8°t'

133




LEGEND
t = TCTAL LEAXAZZ PROSA3ILITY
o~ JTH PARTIAL SUM OF LEAKAESZ PRCSABILITY
a = JTH TERM CF LEAKPSE PROBASILITY

10° 10° 10°

-5
10
A0 1 aaatily

L. 2 02 130),

_LERKAGE PIRO(@HB ILITY

10

g1 s 2apssl

10°

1.1 1238

1 -7
L1 2t

-9

C.0 ot c.2 3.3 0.4 0.5 a6 0.7 0.8 3.9 1.3
FRACTIONAL RAJIUS

Figure 25.
Plot of the total leakage probability, l4th partial sum of the leakage
probability, and l4th term of the leakage probability versus fractional

radius for c¢=1.02, and o= ’8°t'
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Figure 26.
Plot of the total leakage probability, 15th partial sum of the leakage
probability, and 15th term of the leakage probability versus fractional

radius for c¢=1.02, and o_= '8°t'
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Figure 27.

Plot of the total leakage probability, 20th partial sum of

the leakage

probability, and 20th term of the leakage probability versus fractional

radius for c=1.02, and O = '8°t'
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Figure 28.
Plot of the total leakage probability, 25th partial sum of the leakage
probability, and 25th term of the leakage probability versus fractional

radius for c=1.02, and Og= ‘8°t'
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Figure 29.
Plot of the total leakage probability, 30th partial sum of the leakage
probability, and 30th term of the leakage probability versus fractional

radius for c¢=1.02, and O = .Sot.
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Figure 30.
Plot of the total leakage probability, 35th partial sum of the leakage
probability, and 35th term of the leakage probability versus fractional
radius for c¢=1.02, and o

s .8ot.
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Figure 31.
Plot of the total leakage probability, 40th partial sum of the leakage
probability, and 40th term of the leakage probability versus fractional

radius for c¢c=1.02, and o_= °8°t'
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Figure 32.
Plot of the total leakage probability, 45th partial sum of the leakage
probability, and 45th term of the leakage probability versus fractional

radius for c=1.02, and Og= '8°t'
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Figure 33.
Plot of the total leakage probability, Oth partial sum of the leakage
probability, and Oth term of the leakage probability versus fractional

radius for e¢=1.02, and Og= '2°t'
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radius for c=1.02, and Og= '2°t'
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Figure 35.

Plot of the total leakage probability, 2nd partial sum of the leakage

probability, and 2nd term of the leakage probability versus fractional

radius for c=1.02, and Og= .Zot.
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Figure 36.
Plot of the total leakage probability, 3rd partial sum of the leakage
probability, and 3rd term of the leakage probability versus fractional

radius for c=1.02, and o= .th.
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Figure 37.

Plot of the total leakage probability, 4th partial sum of

the

leakage

probability, and 4th term of the leakage probabllity versus fractional

radius for ¢=1.02, and Og= .Zot.
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Plot of the total leakage probability, 5th partial sum of

the leakage

probability, and 5th term of the leakage probability versus fractional

radius for c=1.02, and og= .Zot.
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Figure 39.

Plot of the total leakage probability, 6th partial sum of

the leakage

probability, and 6th term of the leakage probability versus fractional

radius for c=1.02, and O = .Zot.
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Figure 40.
Plot of the total leakage probability, Oth partial sum of the leakage
probability, and Oth term of the leakage probability versus fractional

radius for c=1.6, and Og= .Sot.
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Figure 41,
Plot of the total leakage probability, lst partial sum of the leakage
probability, and 1st term of the leakage probability versus fractional

radius for c=1.6, and Og= .Sot.
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Figure 42.
Plot of the total leakage probability, 2nd partial sum of the leakage
probability, and 2nd term of the leakage probability versus fractional

radius for c=l1.6, and O = '8°t‘
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Figure 43.
Plot of the total leakage probability, 3rd partial sum of the leakage

probability, and 3rd term of the leakage probability versus fractional

radius for c=1.6, and Og= '8°t’
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Figure 44.

Plot of the total leakage probability, 4th partial sum of

the

leakage

probability, and 4th term of the leakage probability versus fractional

radius for c=1.6, and o= .80t.
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Figure 45.
Plot of the total leakage probability, 5th partial sum of the leakage
probability, and 5th term of the leakage probability versus fractional

radius for c=l.6, and O = .sot.
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Figure 46.
Plot of the total leakage probability, 10th partial sum of the 1leakage
probability, and 10th term of the leakage probability versus fractional

radius for c=1.6, and og= '8°t'
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Figure 47.
Plot of the total leakage probability, Oth partial sum of the leakage
probability, and Oth term of the leakage probability versus fractional

radius for c=1.6, and Og= '2°t'
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Figure 48.
Plot of the total leakage probability, lst partial sum of the leakage
probability, and 1st term of the leakage probability versus fractional

1radius for c=1.6, and Og= .Zot.
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Figure 49.
Plot of the total leakage probability, 2nd partial sum of the leakage
probability, and 2nd term of the leakage probability versus fractional

radius for c=1.6, and Og= .Zot.
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Figure 50.
Plot of the total leakage probability, 3rd partial sum of the leakage
probability, and 3rd term of the leakage probability versus fractional

radius for c=1.6, and o_= '2°t'

-]

159




V. CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

A. Variational Techniques

Although extended in this thesis to cover V, slab and V, cylinder
calculations and standarized in form, the variational technique will
require additional work to exploit its precision. Currently, the vy
calculation will yield a critical radius estimate with a minimum of four
significant digits of precision. The V, calculation provides a minimunm
of two significant digits of precision. With these as a rough guide,
the variational technique would require a V8 calculation to match the
eight significant digits of precision claimed by Kaper, Leaf, and
LindemanlO {n their "benchmark" calculation. Such an extension would be
worthwhile for at least two reasons. First, an indepeundent check would
be provided for the work in Ref., 10, which 1s 1limited to slabs and
spheres, and, second, very accurate benchmark critical radii estimates
would be obtainable for cylindrical geometry. Currently, the V4
cylindrical critical radii estimates presented herein equal or exceed
the accuracy of any other results available.

In such an extension of the precision of the V, calculations,
further standardization would be of great utility. This standardization
would complete the process begun in Chapter Two by deriving a general
form for the coefficients of the parameters to appear in (2.8).
Currently, each coefficient is individually determined through tedious

and complex integration. Such a general term would enable the precision

of the Vn technique to be extended to an arbitrary degree.




Also of use to the proposed extension of the V, technique to higher
order would be a more efficient algorithm for the solution of the
algebraic equations resulting from the minimization of (2.8). The
current technique, while wusable, would result in large computational
penalties. Although such penalties are acceptable in order to extend
the accuracy of critical size estimates, an improved technique is

needed.

B. Direct Leakage Operator

The direct leakage operator has been shown to provide an efficient
method for calculating 1leakages. When used in a neutron balance
condition with a diffusion theory scalar flux, the direct leakage
operator resulted in a reduction of up to forty percent in the error in
the critical radii estimate with respect to V4 calculations. The next
obvious step would be to incorporate the direct leakage operator into a
neutron balance condition in an S, code. Such a step would enable the
quantification of improvements in criticality calculations. This, of
course, would require the reformulation of the direct leakage operator
in a discrete form rather than the current analytic form. Subsequent
extensions would incorporate anisotropic scattering, energy dependence,
multiregion spaces, and time dependence. These extensions, while time
consuming, can be carried through.

An interesting extension is the inclusion of the direct leakage
operator into the boundary conditions. The result of such an
application of the direct 1leakage operator would, hopefully, be a

reduction in the magnitude of the boundary perturbations caused by
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inadequate satisfaction of boundary conditions. S, techniques are
inherently underspecified, and such an inclusion would not necessarily
overspecify the system or replace boundary conditions. More likely, it
would reduce the wuse of artificial relations such as the diamond
difference scheme. There is, however, the possibility that the direct

leakage operator could replace some or all of the boundary conditions.

The work done at present does not justify the exclusion of any option.

C. 1Indirect Leakage Operation

Of most relevance to the extension of the indirect leakage
calculation is a more efficient algorithm for the solution of the
inhomogeneous singular Fredholm integral equation of the second kind.
In any large production code, namely, a code sophisticated enough to
handle several problems and initiated through the reading of an input
deck, it is almost certain that the equation will be solved numerically.
This implies a numerical kernel of 1large array size, 1i.e., 250,000
values. The input/output memory charges for such an array sustain large
time penalties and are the chief reason for the c¢ylindrical indirect
leakage codes being considerably less efficient than the slab and sphere
indirect leakage codes. Since, in general, inhomogeneous integral
equations are easier to solve than their homogeneous counterparts, and,
since the kernel for the indirect leakage equation is the same as the
kernel for the integral transport equation, the first choice for a more
efficient algorithm would seem to be in the S, neutronics schemes!9,

Subsequent extensions would 1include anisotropic scattering, energy

dependence, multiregion spaces, and time dependence. The extension to



anisotropic scattering could be of great significance to anisotropic

integral transport theory.

D. Summary of Thesis

To recapitulate, the work in this thesis can be divided into three
main sections. The first section standardized V_ computations,
increased their scope to include V4 slab and vy cylinder, and obtained
precise critical radii estimates heretofore unavailible in cylindrical
geometry. Also, a derivation of the cylindrical integral transport
equation was presented which will complement the derivations present in
the literature for slab and sphere. In the second section, a direct
leakage operator was derived and proved exact. Subsequent application
of that operator in eigenvalue problems resulted in substantial accuracy
improvements for diffusion theory eigenvalues. In the third section, an
indirect method of looking at the leakage was developed. The governing
equation was shown to have the same kernel as the appropriate integral
transport equation. The accuracy of the approach was proved, and
detailed calculations of the spatial leakage probability in spherical
geometry were performed. These calculations, unique to this thesis,
showed surprisingly high orders of the scattering multiplicity need to

be considered for accurate leakage calculations.
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APPENDIX A

THE EXPONENTIAL INTEGRAL FUNCTIONS

The exponential integral function is defined by Abramowitz and

St:egunl’1 as

Bq) = [

e—xt

- dt, (n=0,1,2,...). (A.1)
t

Making the substitution t= l into (A.l) yields
u

1 -x
E (x) = jou“‘2 eu du, (n=0,1,2,...). (A.2)

Making the substitution u=.§ into (A.2) yields

E (x) = x"1f a™® e™@ da, (n=0,1,2,...). (A.3)
X

For this thesis the most useful form is (A.2). The values of En(x) used
in this thesis were generated by using a system numerical quadrature
routine to evaluate (A.2). A separate test program was set up to

evaluate the accuracy of the quadrature routine against the values of
En(x) tabulated in Abramowitz and Stegun41. The quadrature routine was
accurate to the eight significant digits tabulated for all orders and
magnitudes of arguments. In addition, the system library contains El(x)

as a callable function.
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The derivatives of the En(x) can be deduced from (A.l) to be

d te
Ten(®) = jl

dt = ~E_;(x), (n=1,2,3,...). (A.4)

Also of use for the reduction of all higher order exponential
integrals 1s the following recurrence relation from Abramowitz and

Stegun41:

B0 = = [eFE (0], (1=1,2,3,..0). (A.5)



APPENDIX B

RELATIONS AMONG MODIFIED BESSEL FUNCTIONS

The following integral and derivative formulas among the modified
Bessel functions of the first kind (In) and of the third kind (K,, which

are alternatively known as modified Bessel functions of the second kind)

are from Erdélyiazz

[x (yax = <ML (x), (B.1a)
Jertlg (x)dx = xR (x); (B.1b)
(% ad;)m[xnln(X)] = x""L (%), (B.2a)
(%-é;Jm[ann(x)] = (~D)™X"TER (). (B.2b)

Also from Erdélyi42 are the following recurrence relations among
the modified Bessel functions of wvarious orders with identical

arguments:

2nx "I (x), (B.3a)

In-1(x)=Ip41 ()

-2nx"1K_(x). (B.3b)

Kn_l(x)—Kn+1(x)
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In the following integral formula,

Bessel functions of the first or third kind.

v, and Vu are any modified

The primes denote partial

differentiation with respect to the arguments42:

2_,2
f[(82—a2)x+££_;2_l]vv(ax)Vu(Bx)dx

= x|-aV, (Bx)v{(ax)+Bv,(ax)V/ (Bx) .

Asymptotic series for large values

crucial to portions of this thesis, are

(B.4)

of the arguments, which are

from Abramowitz and Stegun41.

X 4n2-1 -2
I(x) ~—2 [1- +0(x~%) ], (B.5a)
n (an).s 8x ]
o myeS , [1 4m2-1 -2y1, (B.5b)
K (z) = (E.) e 5 +0(z74) |; .
therefore,
-(z~x) 2_ 2_
. € 4bm“=1 _ 4n“-1
k(=) = 23 [+ =5 8%
_ Qen’nl—bn?—bn?+l) | oocp gy (B.6)

64zx
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Also from Abramowitz and Sr_egunz‘1 are the following relations among
the negative and positive integer order modified Bessel functions of the

first and third kind:

I_(x) = I,(x), (B.7a)

K_(x) = K, (x) (B.7b)

Frequently in this thesis integrals of the following form will be

required:

deKo[y(r'2+r2-2rr'cos(0))'5]. (B.8)

The only way the author has found to evaluate (B.8) is to expand Ky by

modifying the Graf’s addition theorem. The Graf’s theorem in (B.9) is

from Abramowitz and Stegun41.
P
Zu(w) $25(vx) =k2 ok (W I (VIE9S (ka) (B.9a)
=0
where
fve*® < quy, (B.9b)
w = (u2+v2—2uvcos(a))'5, (B.9¢c)
u-vecos(a) = wcos(x), (B.9d)
and
vsin(a) = xsin(x). (B.9%e)
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The L, are Bessel functions of the first kind (Jn(x)), of the second

kind (Yn(x) or Weber’s functions], or of the third kind (Hn(l)(x) and

Hn(z)(x) or first and second Hankel functions).

Rewrite (B.9) for a zero order first Hankel function with a=0 as

Ho(l)[(u2+v2—2uvcos(6))'5] = 2 Hk(l)(u)Jk(v)cos(kO).

Now substitute

«5im

u=yre , v=yr‘e*?iT  regr,

and

.Siﬂ’ «5im

u=yr‘e v=yre y r'or,

into (B.10) to get

Ho(l)[e.5iﬂy(r,2+r2-2rr'cos(@))-5] =7 Hk(l)(e'Si"yr)

k: -=C0

Jk(e'Si"yr’)cos(ke] for r'<r

and

Ho(l)[eoSi“y(rlz-f-rz_zrr'cos(o)).5] = z Hk(l) (e.Si‘n’yr/)

k=—co

Jk(e'Si"yr)cos(kO) for r’>r.
Multiply both sides of (B.13) and (B.l4) by

(%_“i)(e.Skin)(e—.Skin)

to get

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)




1

E.niHo(l)[e'Si"y(r’2+r2—2rr'cos(0))'5]

-3 i_"ie.SkinHk(l)(e.Sinyr)
2
k=—o
e"Sk"iJk(e'Si"yr')cos(kO) for r'<r (B.16)

and

1

> ﬂiHo(l)[e'Si"y[r'2+r2-2rr’cos(0))°5]

e"Sk“iJk(e'Si“yr)cos(kO) for r'>r. (B.17)

Now use the following relations*! between normal and modified Bessel

functions,

I (z) = e”*9KMy, (ze+3™) (B.18)

and

K(z) = 5 mies Sy (D (ze-5m1), (B.19)

to get from (B.16) and (B.17) to (B.20):
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Ko[y(r'2+r2—2rr'cos(0))‘5] = Z Kk(yr)Ik(yr’)cos(kO)

k=—

for r‘<r, (B.20a)

Ko[y(r’2+r2-2rr'cos(®))’5] =kz Ky (yr’) I (yr)cos(k0)

for r’>r. (B.20b)

The expansion in (B.20) will be used to perform integrals of the form of

(B.8) whenever they occur in this thesis.



APPENDIX C

CYLINDRICAL INTEGRAL TRANSPORT EQUATION

Start with the monoenergetic, steady state, general geometry
integral Boltzmann transport equation with spatially constant cross
sections, 1isotropic fission, isotropic scattering, no external sources,

and the total macroscopic cross section normalized to unityl, viz.,

o-R

o(r) = cf o(x’)dv’; (C.la)
V 4ar2

R=r-r1’l, (C.1b)

and insert the variables defined in Fig. C-1 and Fig. C-2, in which
the geometry of a one-dimensional cylinder is projected upon two planes.
One plane, Fig. C-1, is parallel to the cylinder axis ;nd contains the
endpoints of both the r and the r’ position vectors. The other plane,
Fig. C-2, is perpendicular to the cylinder axis at 2z equal to zero.

Note the following relations;

R2 = 52+22’ (C'z)
s = r2+r'2-2rr'cos(9), (C.3)
dV’ = r’d@dr’dz. (C.4)

Then, (C.la) becomes
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Figure C-1.
Projection of cylindrical coordinates

onto a plane parallel to the axis.

/)

Figure C-2.
Projection of cylindrical coordinates

onto a plane perpendicular to the axis.
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b © 27 -(r2+r'2—2rr'cos(0)+22)'5
o(r) = fodr'r’¢(r')cf dz]0 a9 £ . (C.5)

4n(r2+r’2-2rr’cos(0)+z2)

Noting the symmetry in z and © in (C.5), interchanging the order of

integration, and using (C.3), yield

2
z 5
-s{l+ —)°
b T e € ( sz)
o(r) =< [ dr'r’o(r’)/ doJ dz . C.6
,,fo fo I — (C.6)
s¢(1+ Z)
s2
With the transformation
z = s sinh(a), (C.7)
(C.6) becomes
b P B (a)
c v’ ’ - h(a
) == [d ¢ dof da =~ _ eTSCOS . C.8
(r) T fo ririe(r )fo fo @ s cosh(a) € ( )
From Bickley and Naylor40,
o 1 . -]
d -scosh(a) - g = [ K C.
fO a Sosh(a) e il(s) fs O(t)dt, (C.9)

where Kil(x) is the first order Bickley function. Therefore, (C.8)

becomes
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b L L
d(r) = % jodr'rrq;(r')jode_;_ szO(t)dc.

Now let

t = ys,

interchange the order of integration, and use (C.3) to

(C.10)

b o w

o(r) = %_fodr'r’¢(r')fldnydOKo[y(r2+r'2—2rr'cos(O))'5J.

(C.10)

(C.11)

obtain from

(C.12)

By using (B.20), the Graf’s addition formula adapted to modified Bessel

functions, (C.12) becomes

L T ©

0 ) K (yr)I(yr )cos(ko)

(o4 N
d
O k:—oo

r
o(r) = ;.fodr'r'Q(r')fldyf

b o L[4 -]
+.% J dr'r’@(r’)fldyfode ) K (yr’ ) (yr)cos(kO),
r

which upon integration over O becomes

r (-]
o(r) = cfodr’r'®(r')fldyKo(Yr)Io(yr')

<€

b -]
+ cf dr'r'¢(r')fldyKO(yr')Io(yr)
o

or
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(C.14)



b

¢(xr) = cfodr'r'¢(r')K(r,r'); (C.152a)
K(r,r’) = fldyKo(yr)Io(yr’) for r'<r, ‘ (C.15b)
K(r,r’) = fldyKo(yr')Io(yr) for r’>r. (C.15¢c)

This is the Boltzmann integral transport equation for the scalar flux in
infinite cylindrical geometry. From the starting equation (C.5) it can

be seen that the kernel in (C.15) is real and symmetric.
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APPENDIX D

VARIATIONAL IMPLEMENTATION IN SLAB GEOMETRY

The variational principle is

b
lbdxéz(x)

C
= = . D.1
2 b b ( )

[ dx00x)] dx"0(x")E (1x-x"1)

Trial functions of the form

o(x) = l-a,x%-a,x*, (D.2)

where a; and a; are adjustable parameters, will be used to rewrite (D.1)

as the generalized principle in (D.3):

TT1a$+TT2a3+TT3a,a,+TTha | +TT5a,+IT6

c
S. . (D.3)
2 BBla2+BB2a}+BB3a,a,+BB4a +BB5a,+BB6

The substitution of (D.2) 1into the numerator of (D.l) and

subsequent integration yield the following definitions;

TT1 = % b2, (D.4a)
T2 = % b9, (D.4b)
T3 = ; b/, (D.4c)



TT4 = - g-b3, (D.4d)
TT5 = - é.b5, (D.4e)
TT6 = 2b. (D.4f)

Furthermore, after substitution of (D.2) into (D.l), the

denominator of (D.l) can be rewritten as

b b b b
ibdx¢(x)£bdx’®(x’)El(|x-x'|) = ibdxibdx’El(lx-x'l)

b b b b
—al[ibdxibdx'x'ZEl([x—x’|) + ibdxlebdx'El(|x—x’|)J

b b b b
-az[Ibdxibdx'x’AEl(lx-x'|) + lbdxxélbdx'El(|x—x’|)]

b b b b
2 ’ '4 —_’ 4 v 22 ,
+a1a2[Ibdxx Ibdx x“*E; (1x-x I)+ibdxx ibdx x"2E (1x—=x"1)]

b b
+a%[fbdxx2fbdx'x'2El(|x—x'l)]

b b
+a%[fbdxx41bdX'X'4E1(lx-x’l)]- (D.5)

Noting that El(]x—x'l) is real and symmetric leads to the following

definitions:

b b
BBl = fbdxxszdx'x'zEl(lx-x'I), (D.6a)
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b b
BB2 = fbdxx4fbdx'x'4E1(|x-x'l), (D.6b)
b b
BB3 = 2fbdxx2fbdx'x'4E1(|x-x'|), (D.6c)
b b
BB4 = —2fbdxfbdx'x'2E1(ix-x'|), (D.6d)
b b
BB5 = -2fbdxfbdx'x'4El(lx-x'|), (D.6e)
b b
BB6 = fbdxfbdX'El(lx-X"l)- (D.6f)

In the integration of each of the definitions in (D.6) to closed

form some intermediate integrals will prove convenient. Start with

b
lbdx'El(lx—x'l),

and use (A.2), the definition of En(x), to obtain

b b 1 d ={x-x"|
fbdx'E1(|x-x'|) = fbdx'fo _uﬂ e U . (D.7)

Interchanging the order of integration yields

b ldu b —I1x-x"|
dx‘E, ([x-x’ = [ 28 [ dx’e u
lb (et = f s -‘[b

1 x -(x-x") p -(x’'=x)
= [ EE.[I dx’e W +[ dx’e W ]s (D.8)
0 ¥ "=b X
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therefore,

b I -(b+x) -(b-x)
ibdx'El(lx-x'l) = fodulZ-e U -e ¥ ]

Similarly

b b 1 =|x-x"|

1 du b ) -|x-x"|
= — | dx’'x’“e H
IO n Ib
1 X -(x-x’) p -(x"-x)

du 22 r 02
- dx'x’“e u + dx e u
fO H [ib Ix *
therefore,

b 1
fbdx'x'zEl(lx-x'l) = fodu[2x2+4u2

=(b+x) =(b=-x)
—(b2+2ub+2ul)(e W 4e ® )].

And again,
b . b 4 1 du —1x-x"|
dx’x’*E, (|x~x’ = [ dx'x’ — e u
I 1%t 1) = [ I
Ly, b =Ix-x"|
= [ il / dx’x’%e
0O ¥ <b
Ly X -(x-x") b -(x"-x)
= f _E.[f dx’x’%e oo+ dx’x e H
0O ¥ =-p X
therefore,

I8

1,

(D.9)

(D.10)

(D.11)

(D.12)
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b 1
fbdx'X"‘El( Ix-x") = [odu[2x“+24u2x2+48u"-(b‘*+4ub3

-(b+x) -(b-x)
+12u2b2424u3b+2404 ) (e ¥ +e W ). (D.13)

Start with the definition of BBl in (D.6) and use (D.11) to obtain
b 1
BBl = fbdxxzfodu[2x2+4u2

-(b+x) =(b-x)
-(b2+2ub+2u2)(e” W +e ®  )]. (D.14)

Interchange the order of integration and perform the integration over x
to obtain
4

1
BBl = fodu[g b5+§ uZb3-2ubh-8y5

-2b
+e ¥ (2ub%+8u2b3+16u3b2+16u4b+8u5)]. (D.15)

Now wuse (A.2), the definition of E (x), to perform the integration over

H i

4

BBL = - po-b4+ 8

4
5 b3~ ~3_.+2b4E3(2b)+8b3E4(2b)

+16b2E5(2b)+16bEg (2b)+8E5(2b) . (D.16)



Use the definition of BB2 in (D.6) and (D.13) to obtain

b 1
BB2 = fbdxx4jodu[2x4+24u2x2+48u4—(b4+4ub3+12u2b2

-(b+x) ~-(b-x)
+24u3b+24u4)(e U +e M )] (D.17)

Interchange the order of integration and perform the integration over x

to find

1
BB2 = fodu[g.b9+ é;.u2b7+.%? u4b5-2,b8-1613b6

-2b
—1152u%+e ¥ (11520u9+2304u8b+2304u7b2+1536u6b3

+768u7b%+288u4b3+80u3b0+16u2b7+2ub8) |. (D.18)

Now use (A.2), the definition of E (x), to perform the integrations over

p; then it follows that

= 4 p9-p84 16 p7 464 96 5 +2b8E

+16b7E, (2b)+80b%E5 (2b)+288b7E (2b)+768b%E; (2b)

+1536b3E8(2b)+2304b2E9(2b)+2304bE10(2b)+1152E11(2b). (D.19)
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Use the definition of BB3 in (D.6) and (D.13) to obtain
b 1
BB3 = 2fbdxx210du[2x4+24u2x2+48u4-(b4+4ub3+12p2b2

~(b+x) =(b-x)
+24u3b+2404) (e B +e B ). (D.20)

Interchange the order of integration and perform the integration over x

to find
18 96
BB3 = fodu[7.b7+.?f u2b 46 4u4b3-41b0-8u2b5-24 304
-2b
~32u4p3-192p7+e ¥ (4ubb+24u2b3+8813b4
+2241453+3841562+384u0b+192u7 ). (D.21)

Now use (A.2), the definition of E (x), to perform the integrations over

U to obtain

BB3 = 2 p7-268+ 22 p3-6b4+ 32 b3-24+4b0E5(2b)

+24b3E  (2b)+88b*Eg (2b)+224b3E¢ (2b)
+384b2E,(2b)+384bEg(2b)+192Eg(2b) (D.22)
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Use the definition of BB4 in (D.6) and (D.ll) to obtain
b 1
BB4 = -2jbdxfodu[2x2+4u2-(b2+2ub+2u2)

~(b+x) -(b-x)
(e ¥ +e w J]. (D.23)

Interchange the order of integration and perform the integration over x
to find
1
4

BB4 = -2fodu[§-b3+8u2b-2ub2-4u2b—4u3

-2b
+e B (2ubZ+4ub+ap3)]. (D.24)

Now use (A.2), the definition of E (x), to perform the integrations over

u;then

8

B = -
B4 3

b3+2b2- 3 b+2-4b28,(2b)-8bE,(2b)-8E5(2D) - (D.25)

Use the definition of BB5 in (D.6) and (D.13) to obtain

b 1
BB5 = ~2fbdxfodu[2x4+24u2x2+48u4-(b4+4ub3

—(b+x) —(b-x)
+12p2b2+2413b+2608 ) (e B 4w )]. (D.26)
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Interchange the order of integration and perform the integration over x;

then

1
BBS = J avl- g.bS— %? u2b3-19214b+4 ub4+1612b3+48y3b2

-2b
+96u4b+96u7=e B (4ub4+16u2b3+48u3b2+96u4b+9613) . (D.27)

Now use (A.2), the definition of E (x), to perform the integrations over

u to find
BBS = - g_b5+2b4— %; b3+12b2- %;.b+l6-4b4E3(2b)
~16b3E, (2b)-48b2E5(2b)~96bE¢ (2b)~96E; (2b) - (D.28)

Use the definition of BB6 in (D.6) and (D.9) to obtain

b 1 =(b+x) -(b-x)
BB6 = fbdxfodu[Z—e B o-e B ], (D.29)

Interchange the order of integration and perform the integration over x;

then

1 -2b
BB6 = fodu(Ab-2u+zue v, (D.30)



Now use (A.2), the definition of En(x), to perform the integrations over

u to find

BB6 = 4b—1+2E3(2b). (D.31)

All the coefficients appearing in (D.3), the generalized principle,
are now known. To minimize this principle see Appendix G. To obtain a
quadratic trial function estimate instead of the quartic in (D.2),

simply 1let a, in (D.3) go to zero. To minimize the resulting principle

see Appendix G.
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APPENDIX E

VARIATIONAL IMPLEMENTATION IN SPHERICAL GEOMETRY

The variational principle is

b
fbdrr2¢2(r)
c
2 b b )

{bdrr¢(r)£bdr'r'0(r')El(|r-r'I)

Trial functions of the form

@(r) = l—alrz"'azrl‘)

(E.1)

(E.2)

where a; and a; are adjustable parameters, when used to rewrite (E.1),

produce the generalized principle

TT1aZ+TT2a3+TT3a a,+TT4a |+TT5a)+TT6

ol 0

BBla}+BB2a$+BB3a,a,+BB4a,+BB5a,+BB6

The substitution of (E.2) into the numerator of

subsequent integration yield the following definitions;
TTI = £ b/,
TT2 = 2 pll,

TT3

H
| &
o
0

-

(E.3)

(E.1) and

(E.4a)

(E.4Db)

(E.4c)



TTS = - .‘5‘. b3, (E.4d)
TT5 = - ;-b7, (E.4e)
TT6 = %.b3. (E.4f)

Furthermore, after substitution of (E.2) into (E.1), the

denominator of (E.l) can be rewritten as
b b b b
fbdrré(r)fbdr’r'O(r')El(|r-r’1) = fbdrrfbdr'r'El(lr—r'l)

b b b b .
-al[ibdrr3£bdr'r’E1(lr-r'I)+lbdrribdr'r'3E1(lr-r'l)J

b b b b
—az[ibdrribdr'r'sEl(Ir—r'l)+ibdrr51bdr'r'El(lr-r'I)J

b b b b
+ala2[]bdrr3]bdr’r'5E1(|r—r’|)+derrsfbdr'r’3El(|r-r’|)]

b b
+a%[fbdrr3fbdr'r’3El(|r—r'|)]

b b
+a%[fbdrr5fbdr'r'5El(|r—r'l)]. (E.5)

Noting that El(lr—r'l) is real and symmetric leads to the following

definitions:

b b
BBl = fbdrr3fbdr'r’3E1(lr-r'I), (E.b6a)
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b b

BB2 = fbdrrsfbdr’r'5E1(|r-r'[), (E.6b)
b b

BB3 = 2fbdrr3fbdr'r'5E1(|r—r'l), (E.6c)
b b

BB4 = —2fbdrrfbdr'r'3E1(|r—r'|), (E.64d)
b b

BBS = -2]bdrrfbdr'r’5El(|r—r'|), (E.b6e)

b b
BB6 = fbdrrfbdr'r'El(|r-r'|). (E.6f)

In the integration of each of the definitions in (E.6) to closed
form, some of the intermediate integrals will prove convenient. Start

with
b
[ dr'r’E{(ir-r’1),
-b
and use (A.2), the definition of E (x), to obtain

b b ! dn =lr-r’j
{ dr’r’E;(|jr-x’ = [ dr'r’] — e W . (E.7)
Ly 1¢ D= Ll
Interchanging the order of integration yields

b 1 d b =lr-r’|]
fbdr’r'El(lr—r’l) = fo WF.Ibdr'r'e u
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Ly f —(r-r’) » -(r’-r)
=joT[£bdr'r'e u +frdr'r'e u I

therefore,

b 1 ~(b+r) -(b=-r)

lbdr'r'El(lr-r'l) = ]Odu[2r+(b+u)(e bo-e

Similarly,
b 3 b 3 1 du -lr-r’|
dr’'r’’E -r’ = dr'r’ —_
lb 1(lr D) ib r'r jO " e H
1 du b 3 =lr-r’]
— J ¢r'r’“e U]
IO M Ib
1 du | F -(r-r’) -(r’'-r)
IO'TT [lbdr’r'3e n +]rdt'r'3e u Js

therefore,

b 1
jbdr’r'3E1(|r—r'|) = fodu[2r3+12u2r+(b3+3pb2

=(b+r) ~(b-r)
+éulbtopd)(e W e W )].

And again,
fb >5 b 5 1 du -lr-r’|
dr’r’“E;(lr-r’|) = [ dr'r’ = "
b 1 D= [ ar' jo T

1 du b 5 -lr-r’|
= — | dr'r’ u
fo u lb €

)]

(E.8)

(E.9)

(E.10)

(E.11)
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= ___[jbdr'r'se v+ dr'r'e u ] (E.12)

therefore,

b 1
fbdr'r'sEl(lr—r'l) = fodu[2r5+40u2r3+240u4r

+(b3+5ub4+20u2b3+60u3b2+120u%b

~(b+r) -(b-r)
+12005)(e W +e ® )] (E.13)

Start with the definition of BBl in (E.6) and use (E.ll) to obtain
b 1
BBl = fbdrr3fodu[2r3+12u2r+(b3+3ub2

~(b+r) -(b-r)
+6ulbtud)(e ¥ +e w  )]. (E.14)

Interchange the order of integration and perform the integration over r

to find

1
BB] = jodu[; b7+ 22 12347207 -6u3p4- 2008

-2b
—e U (72u74144u0b+14415b2496u4b3+42)3p4

+12p2b5+2ub6) ). (E.15)
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Now use (A.2), the definition of En(x), to perform the integration over

p; then

BBL = 2 b7-b04+ 2 b3-1.56%49-72E9(2b)~144bEg(2b)~14457E; (2b)

-96b3E (2b)~42b%Eg(2b)-12bE, (2b)-2bPE4(2D). (E.16)

Use the definition of BB2 in (E.6) and (E.13) to obtain
b 1
BB2 = jbdrr5fodu[2r5+Aou2r3+2Aou4r+(b5+sub4

-(b+r) =(b-r) 4
+20u2b3+60u3b2+1201%b 412003 )(e” ¥ +e B )]. (E.17)

Interchange the order of integration ar.i perform the integration over r

to find

1
BB2 = fodu[{%-b11-2ub10+.%? u2b9—30u3b8+ f;g u4b7—80u5b6

-2b
+28,800ull-e w (28,800n114+57,600u10b+57,6001%b2

+38,400u8b3+19, 200u"b4+768010b7+2480u7b5

+640u4b7+130p3b8+20u2b%+2ub10) ]. (E.18)
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Now use (A.2), the definition of En(x), to perform the integration over

y; then

4

BB2 = = pll_p104 80 49 15

6424
27 2 7 b 00

15 8, 96 96 b7 40
3

~28,800E | 3(2b)~57,600bE, 5 (2b)=57,,600b2E, ; (2b)
~38,400b3E, ((2b)~19,200b%Eq(2b)~7680bEg(2b)-2480b°E, (2b)

-640b7E (2b)-130b8E5(2b)-20b%E(2b)-2b10E4(2D) . (E.19)

Use the definition of BB3 in (E.6) and (E.13) to obtain

b 1
BB3 = 2jbdrr3fodu[2r5+40u2r3+240u4r+(b5+5ub4

-(b+r) —(b-r)
+20u2b3+60u3b2+120u4b+12010 ) (- W 4e  ®  )]. (E.20)

Interchange the order of integration and perform the integration over r

to find

1
BB3 = fodu[g-bg—Aub8+-l$ﬁ 1n2b7-4413p0+961%b5-120u3b4

~2b
+2880u9-e ¥ (2880u9+576018b+5760u"b2
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+38401u563+180015b44624 1454164136432, 2b7

+4ub8)]. (E.21)

Now use (A.2), the definition of E (x), to perform the integration over

u; then

BB3 =.§ bI-2b8+ %gé.b7—llb6+.%? b5—20b4+288—2880E11(2b)

~5760bE, 4(2b)~5760b2Eg(2b)~3840bEg(2b)~1800b*E(2b)

~624b7E¢ (2b)-164bOE5(2b)~32b7E,, (2b)-4bBE4(2b). (E.22)

Use the definition of BB4 in (E.6) and (E.ll) to obtain
b 1
BB4 = -2fbdrrj0du[2r3+12u2r+(b3+3ub2+6u2b

-(b+r) =(b-r)
+6u3)(e” 1 +e © )]. (E.23)

Interchange the order of integration and perform the integration over r

to find

1
BB4 = f aul- 2 bornb-gu2bIr120%62-2003
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-2b
+e N (24p7+48u%b+36u3b2+16u2b3+4ubt ) |, (E.24)

Now wuse (A.2), the definition of En(x), to perform the integration over

u; then

BB4 = — 2 b3+2b4- 2 bH3b2-4+24E; (2b)+48bE(2b)

+36b2E5(2b)+16b7E, (2b)+4b*E4(2b) . (E.25)

Use the definition of BB5 in (E.6) and (E.13) to obtain
b 1
BB5 = —2jbdrrfodu[2r5+40u2r3+240u“r+(b5+5ub4

-(b+r) -(b-r)
+20u2b3+60u3b2+1201%b+12000 ) (e B +e B )]. (E.26)

Interchange the order of integration and perform the integration over r

to find

1
385 = ] du[- 2 b7+4ub5-16405+6043b4-1604b

~2b
+240p9b2-480u7+e U (480u7+960u6b+72017b2

+320u%b3+100u3b4+24u205+41b6 ) ]. (E.27)
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Now use (A.2), the definition of En(x), to perform the integration over

u; then

BBS = - o b7+2b8- 22 b+156%-325+40b2-60+480Eg(2b)

+960bEg(2b)+720b2E; (2b)+320b3E¢ (2b)

+100b%Eg (2b)+24b7E,, (2b)+4bOE4(2b) . (E.28)

Use the definition of BB6 in (E.6) and (E.9) to obtain

b 1 =(b+r) =(b-r)
BB6 = fbdrrfodu[2r+(b+u)(e b -e ¥ )] (E.29)

Interchange the order of integration and perform the integration over r
to find
1 -2b

BB6 = fodu[% b3-2ubZ+2p3-e 1 (2ub2+4u2b2u3)]. (E.30)

Now use (A.2), the definition of E (x), to perform the integration over

u; then

4 1
BB6 = - bI-b2+ - ~2b2E5(2b)-4bE,(2b)-2E5(2D). (E.31)
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All the coefficients appearing in (E.3), the generalized principle,
are now known. To minimize this principle see Appendix G. To obtain a
quadratic trial function estimate instead of the quartic in (E.2),

simply 1let a, in (E.3) go to zero. To minimize the resulting principle

see Appendix G.




APPENDIX F

VARTATIONAL IMPLEMENTATION IN CYLINDRICAL GEOMETRY

The variational principle is

b
fodrr¢2(r)

b

b
fodrr¢(r)/0dr'r'¢(r')K(r,r’)

K(r,r’) real and symmetric.

Trial functions of the form

¢(r) = l—alrz-azra,

where a; and a, are adjustable parameters, when used to rewrite

produce the generalized principle

.. TT1a$+TT2a3+TT3a 2 +TT4a | +TT5a,+TT6

BBlaj+BB2aj+BB3a,a,+BB4a +BB5a,+BB6

(F.1)

(F.2)

(F.1),

(F.3)

The substitution of (F.2) into the numerator of (F.l1) and

subsequent integration yield the following definitions;

[
o
o
-

TT1
112 = .1 pl0,

TT3 =

(F.4a)

(F.4b)

(F.b4c)
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TT4
TTS5

TT6

Fur

denomina

b
d
jO

fl
D] —
o
~
L]

thermore, after substitution of (F.2) into

tor of (F.l) can be rewritten as

b b b
rr¢(r)f0dr'r’¢(r')K(r,r') = fodrrfodr'r'K(r,r')

b b b b
-al[jodrrfodr'r’3K(r,r’)+f0drr3f0dr'r'x(r,r’)]

b b b b
‘az[fodrrfodr'r'SK(r,r’)+fodrr510dr'r'x(r,r')]

b b b b
+a1a2[f0drr3f0dr'r'5K(r,r')+fodrr5jodr’r'3K(r,r')]

b b
+a%[f0drr3f0dr’r'3K(r,r’)]

b b
+a%[fodrr5f0dr’r'5K(r,r')].

(F.44d)

(F.4e)

(F.4f)

(F.1), the

(F.5)

(F.6a)

Noting that K(r,r’) is real and symmetric leads to the following
definitions;
b b
BBl = jodrr3fodr'r'3x(r,r'),
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BB2

BB3

BB4

BB5
and

BB6
where

K(r,
and

K(r,

In the integration of each of the definitions in (F.6)

b b
fodrrsfodr'r'SK(r,r'),

b b
2fodrr3f0dr’r'5K(r,r’),

b b 3
=2) drrj dr'r’“’K(r,r’),
forfo (r,r)

b b
= —2f0drrfodr’r'5K(r,r'),

b b
fodrrfodr'r'K(r,r’),

L[]

r’) = fldyKo(yr)Io(yr')

r’) = fldyKo(yr')Io(yr)

for r’<r,

for r’>r.

(F.6b)

(F.6c)

(F.6d)

(F.6e)

(F.6f)

(F.7a)

(F.7b)

form

usable for numerical evaluation, some of the intermediate integrals will

prove convenient., Start with

b

fodr'r'K(r,r’) = fodr'r'JldyKo(yr)Io(yr')

r o

b -]
+frdr'r'f1dyKo(yr')Io(yr),

(F.8)
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interchange the order of integration, and make the following

transformation,
x" =r'y, (F.9a)
X = IY. (F.9b)
y

This yields

b =
fodf'r'K(r,r’) = fl ;%
X by
[Ko(x)fodx'x'Io(x')+Io(x)fx dx"x"Ky(x") ], (F.10)

which can be integrated, by using (B.l), to
b ®

[ dr'r'k(r,r’) = | dy
0 1 y2

[%XKo(x)T) (x)+xK] (x)To(x)=byK; (by)Io(x) ]. (F.11)
Similarly,

b r
fodr'r'3K(r,r') = fodr'r’3f1dyK0(yr)Io(yr’)

b o
+jrdr'r'3fldyxo(yr')10(yr). (F.12)

Interchange the order of integration and make the transformation in

(F.9) to obtain

206




b L d
f dr'r'3K(r,r') = f ay
4] 1 y4

x by
[xo(x)jodx'x'310(x')+10(x)fx dx’x 3Ky (x") ] (F.13)

This can be integrated, by parts, through the use of (B.l) and (B.2), to

b [
jodr'r'3x(r,r') = jl.g% [%3Kq (x) T} (x)-2%2K (x) T (x)+x3K | (x) I(x)

+2x2K2(X)Io(X)-IO(x)((by)3Kl(by)+2(by)ZKZ(by)JJ. (F.14)

Similarly,

b r
[ dr'r'sK(r r’) = dr'r’?[ dyKa(yr)I r’
I , fo fl YKo (yr)Ig(yr”)

b
+frdr'r’5f1dyKo(yr')Io(yr). (F.15)

Interchange the order of integration and make the transformation in

(F.9) to obtain

b o d
f dr'r’SK(r,r') = ] ay
0 1 y6

X by
[Ko(x)jodx'x'510(x')+10(x)fx dx‘x">Ky(x") ]. (F.16)
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This can be integrated, by parts, through the use of (B.l) and (B.2), to

b o
jodr'r'SK(r,r') = jl 3%{x5xo(x)11<x)—4x“xo(x)Iz(x)+ax3xo(x)13(x)

+x0T 5 (x)K (x)+4x3 T (%Ko (x)+8x3 T (x)K5(x)

=Io(x) ((by) K, (by)+4(by) *K, (by)+8(by)3K4(by))]. (F.17)

Start with the definition of BBl in (F.6), use (F.l4) and (F.9),

and interchange the order of integration to obtain

cod by
BBl = fl._% Iy dx [x6Kg (x) T, (x)=2%7Ky(x) T (x)+x 0K (x) I (x)
y

+2%9K, (x) I (x) %31 (x) ((by)3K, (by)+2(by) 2K, (by) ) ]. (F.18)

This can be integrated, by parts, through the use of (B.l1) and (B.2),

and reduced, through the use of recursion relations (B.3), to

BBl = jl S%'IO dx[x611(X)Ko(x)+X6K0(X)I3(X)]- (F.19)
y

Now make the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain
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b ©
BBI = [ e & [, Ry ()R T3(x) | (F.20)

The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by use

of the recursion relations (B.3), to

b
BBl = j drr [g -Il(r)Kl(r)L—— r+ g.lj—xo(r)lo(r)( + g,%J
14 8 1y 4
+1;(0OKo(0) (5 + 5 =)+ 5 Ki(0)Ig(n) ], (F.21)
10K (5 + 3 2 9 1770

which becomes

b
381 = g3 o7 Grl K (O (G T+ 3 P M) 1) (o

+ 2 21 R (G 18+ 3 r4)- 2 10k (10 ] (F.22)

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r Yas r
approaches zero, and is, therefore, easy to evaluate numerically.

Start with the definition of BB2 in (F.6), use (F.l1l7) and (F.9),

and interchange the order of integration to obtain

by
BB2 = f 12 Iy dxe [ %10k (x) T1 (x)=4x7K (%) T (x)+8xBK (x) T3(x)
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41010 (x)K | () +4x9 T4 (x)R,y () +8x81 ) (x)K4(x)

~x3T(x) ((by) Ky (by)+4(by) “Ky (by)+8(by) Ky (by) ) ] (F.23)

This can be integrated, by parts, through the use of (B.l) and (B.2),
and reduced, through the use of recursion relations (B.3), to
by

© dy
BB2 = —_— d
fl y12 IO *

[xloxo(x)13(x)+ xRy (0 T 0+ 2 > x10 (x)I5(x) ]. (F.26)

Now make the inverse transformation of (F.9), interchange the order of
integration, and use (F.9) to obtain

wdx[

b
B2 = [ drrl0f Ko (%) I (x)+Kq(x)I5(x)+ —-Ko(x)IS(x)] (F.25)
0 r

The above inner integrations can be done through the use of (B.4) and

the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

178

178 416 128
-+
225 )

-K 1
105, (r )(225 225t 55,3

b
BB2 = [ drr 100212 Ky (r)Io(r)

178 184 320 .
r+ + 4K
(225 75r 251.3J O(r)Il(r)(



314 + 608 + 640)+
225 75r2 25ra

136 64
1(1(r)10(r)(225 ?)J, (F.26)
which becomes
178 .11 b 178 416 9 128 7
BB2 = —— b*'-] drlK 270 P11y 320 9 2<%
2 = %73 ‘0 | 1(')Il(r)(225 75 Tt 55 T
178 A 184 9 320 £
+ + + -K
Ro(r) Ig(r) (55e TH1+ 2 5s T )Ko(r)1)(r)
314 10, 608 8 640 6
fadalnd + 0= %)k I
(Gzs =+ 75 = 55 TR L)
&
(136 1o+_fﬁ rs)] (F.27)

225 25

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r M as r
approaches zero, and is, therefore, easy to evaluate numerically.

Start with the definition of BB3 in (F.6), use (F.l1l7) and (F.9),

and interchange the order of integration to obtain

by
BB3 = 2f ‘?g f dx[ 8K0(x)Il(x)-4x7Ko(x)Iz(x)
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+8x0R ) (x) T3 (xI+x8T 5 GO (1) +4xT T (x)Kq (x)+8x8 L5 (x)K5(x)

-x314(x) ((by) Ky (by)+4(by) *K,(by)+8(by) 3K4(by) ) . (F.28)

This can integrated, by parts, through the use of (B.l1) and (B.2), and
reduced, through the use of recursion relations (B.3), to
by

BB3 = 2] j dx
y10

[2 1Bk 1 4Ry () T30+ 2 xRy (0 L5 () . (F.29)

Now make the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain

b o
dx 5 1
BB3 = fodrrSJr :;_Lg Ko (x) I} (x)+2Ky(x) I4(x)+ 3.xo(x)Is(x)]. (F.30)

The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

. b

—I K
10K (0) (555 7+ s 75c3

225

428 284 320
(=2 r+ + 3)+ Ko(r)I,(r)

~I K
0(T) o(r) 5 T




66 ¢ 2424y B0y Ry () (238 4 84 )], r31)
22502 25¢% 5 2522
which becomes
428 9 428 g 616 7. 384 s
BB3 = b + +
3 2025 fdr[ 1(1‘)1(1(1‘)(225 r 355 r 75 r )
428 9 284 4t 320 5
+Io(l‘)K0(r)(225 + =5 5 ) Ko(r)ll(r)

(664 8+ 2424 64 640 b
225 225 25

(236 .8, 64 6

225 25 )] (F.32)

)=1(r)K (r)

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r' M as r
approaches zero, and is, therefore, easy to evaluate numerically.

Start with the definition of BB4 in (F.6), use (F.l4) and (F.9),

and interchange the order of integration to obtain

B4 = -2 E%.jo dx [x%Kq(x) I} (%) -253K, (%) T (x)+x K () T (%)
y

+2%3K, (%) Io(x)~xI(x) ((by) 3K, (by)+2(by) 2Ky (by) ) ]« (F.33)

This can be integrated, by parts, through the use of (B.l1) and (B.2),

and reduced, through the use of the recursion relations (B.3), to

BB4 = -fl 3%.10 dx(3x4xo(x)Il(x)+x“x0(x)13(x)). (F.34)

1
w
y
!

213



214

Now take the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain

b ©
BB4 = —fodrr4fr ‘_ii’i (3K (x) T;(x)+Kg(x)I3(x) ). (F.35)

The above 1nner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

b
BB4 = jodn—“[ % +1 (r)Kl(r)(Z‘_s. r+§ r 1)+K0(r)10(r)

1R (2 + 2)- 2k g ], (F.36)

28 4
(5 1)-1
32 9

r+ — r
9 3
which becomes

b
_ 28 .5 28 8 3 28 3
BB4 = -~ = b2+ dr[ 1(r)K1(t)(jf'r5+ 5 )+K0(r)10(r)(

+ 2 )R (32 4 3 22)- 2 e g ] (F.37)

This equation has a well-behaved integrand, since Ko(r) has a

-n

logarithmic singularity as r approaches zero, and K (r) goes as r = as r

approaches zero, and is, therefore, easy to evaluate numerically.



Start with the definition of BB5 in (F.6), use (F.17) and (F.9),

and interchange the order ofrintegration to get

BBS = -2/, E%.jo dx [x6R (%) T) (x)=4xKo (1) 1y (x)+8x*Kq(x) T3(x)
y

+x610(x)K1(x)+4x5I0(x)K2(x)+8x410(x)K3(x)—on(x)

((by) K, (by)+4(by) *Ky (by)+8(by)3K4(by)) . (F.38)

This can be integrated, by parts, through the use of (B.l) and (B.2),

and reduced, through the use of the recursion relations (B.3), to

dy
BB5 = -2 — dx
) ¥8 o

[g-x611(x)Ko(x)+ %-x6K0(x)I3(x)+ %-x6Ko(x)15(x)]. (F.39)

Now take the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain

b 6 ® dx
BBS = -2} d =
fo rr fr ~

|3 1, GORQG+ 2 Ko(R)T3(0)+ 2 Ko(R)Ts(x) ] (F.40)
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The above inner integrations can be done through the use of (B.4) and
the asymptotic series (B.6). The resulting equation is reduced, by the

use of the recursion relations (B.3), to

b

BB5 = -2] drr [31

314 208 + 384 )
225

225 ©1 2257 15073

‘11( )Kl(r)(

314, 92, 32 382 , 304
~Io(r)Kp(r) + 2SR () I () (o + 222
o{r)Kg
225 T 75 530 0Tl 225 75¢2
64 32
+ 84 a1 ok, () (22 + 22)] (F.41)
0 1 ,
5ch 325 T 2502
which becomes
628 7 314 7+ 208 5 384 3
BB5 = - b/+2/ 4 K +
3 1575 f o1 ()R () (55 ™+ 552 55 T )

382 6

(kg (312 7+ 32 654 32 £3)ky(01) (0 (5 ¢

225 75 5

+32 4. (F.42)

too Tt T )- 0(r)Kl(r)(225 T

This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r®asr

approaches zero, and is, therefore, easy to evaluate numerically.

216




Start with the definition of BB6 in (F.6), use (F.l1l1) and (F.9),

and interchange the order of integration to get

@ by

dy
BB6 = hadl d

JyJadp o

[%2Ko(x) 1) (x)+x%K) (x) Ty (x)~xIy(x)byK, (by) ]« (F.43)

This can be integrated, by parts, through the use of (B.l1) and (B.2),

and reduced, through the usé of the recursion relations (B.3), to

. dy by 2
BB6 = 2 - dxx“Ka(x)I,(x). F.44
f1 4 IO o(x)I;(x) (F.44)

y

Now take the inverse transformation of (F.9), interchange the order of

integration, and use (F.9) to obtain
b © d
= 2 X
BB6 zfodrr fr — Ko(x)1;(x). (F.45)

The above inner integration can be done through the use of (B.4) and the
asymptotic series (B.6). The resulting equation is reduced, through the

use of the recursion relations (B.3), to

b
BB6 = 2f0dr[t2-t311(r)K1(r)-r3K0(r)Io(r)+r2K0(r)I1(r)], (F.46)

which becomes

b
BB6 = g.b3—2f0dr[r311(r)K1(r)+r3Ko(r)IO(r)—rZKO(r)Il(r)]. (F.47)
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This equation has a well-behaved integrand, since Ko(r) has a
logarithmic singularity as r approaches zero, and Kn(r) goes as r M as r
approaches zero, and is, therefore, easy to evaluate numerically.

All the coefficients appearing in (F.3), the generalized principle,
are now known. To minimize the principle see Appendix G. To obtain a
quadratic trial function estimate instead of the quartic in (F.2),
simply let as in (F.3) go to zero. To minimize the resulting principle

see Appendix G.
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APPENDIX G

MINIMIZING THE GENERALIZED VARIATIONAL PRINCIPLE

A. The Quadratic Trial Function
For the quadratic trial function case, the trial flux has the form

of (G.1), and the variational principle takes the form of (G.2);

&(r) = l-alrz, (G.1)
TT1a11’+TT4a 1+TT6

Y = 3 . (G.2)
BBla1+B84a1+BB6

The relation, (G.2), must be minimized with respect to the parameter ay
in order to determine 2; and, thereby, estimate the eigenvalue y. The

following conditions are necessary for the minimization of (G.2)43:

——a—(Y) = 0, (G.3a)
aal
32
—5 (y) > 0. (G.3b)
aal

The first of (G.3) leads to

ccla%+cc2a1+cc3 =0, (G.4)

where
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ccl = TT1BB4-TT4BBI1, (G.5a)
cc2 = 2TTIBB6-2TT6BBI1, (G.5b)
and

cc3 = TT4BB6-TT6BB4. (G.5¢c)

The solution to (G.4) is

- -cc2i(cc22-4cc1cc3)°5

. G.6
1 2ccl ( )

To choose the correct aj, physical conditions are used. These
conditions must be satisfied and have always resulted in the elimination
of one of the choices for aj. The first condition is that the flux must

have its maximum at the geometrical center. This requires

0
and
32
—_ ¢(r)|r=o < 0. (G.7b)
8r2

The first of (G.7) is trivially satisfied, and the second of (G.7) leads

to

al > 0. (G°8)



The second physical condition is that the flux Dbe everywhere

nonnegative. From (G.l) and (G.8) this leads to

1-a;p2 > 0 (G.9a)
orxY

a; < 2 (G.9b)

1 -b—2 * L]

With (G.6), (G.8), and (G.9), a physical a; has been selected which
extremizes the principle (G.2). Now this a; must satisfy the second of

(G.3) to qualify as a flux estimate. The second of (G.3) leads to

2TT1 _ 2(2TT1a)+TT4)(2BBla;+BB4) ) (TTla%+TT4a1+TT6)(ZBBl)
bott

bott2 bott2

2(TT1a+TT4a|+TT6) (2BBla+BB4)2 .
+ >0 (G.10)

bott3

where bott = BBla%+BB4a1+BB6.

The wvalue of a; which satisfies (G.6), (G.8), (G.9) and (G.10) is the
value which, in conjunction with (G.l), gives a flux estimate for the
system. In conjunction with (G.2), a; gives an eigenvalue estimate for

the just critical system of size b.

B. The Quartic Trial Function
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For the quartic trial function case the trial flux has the form of

(G.11), and the variational principle takes the form of (G.12);
&(r) = l-alrz—azra, (G.11)

TT1a2+TT2a2+TT3a,a,+TT4a +TT5a,+TT6
Y - 1 2 132 1 2 (6.12)
BBla%+BB2a%+BB3ala2+BB4a1+BBSa2+BB6

The principle, (G.12), must be minimized with respect to the parameters
a2, and a, in order to determine a; and a, and, thereby, estimate the
eigenvalue Y. The following conditions are necessary for the

minimization of (G.12)44:

2 (vy) =0, (G.13a)
aal

2 () =o0; (G.13b)
aa2

oty y2_ 221y a%y) o, (6.14)
dajda, 3a?” dal
2 2
Y L3 5 . (G.15)
aa% aa%

The equations (G.13) lead to




a%(c1+c2a2)+al(c3+c432+c5a%)+(c6a2+c7322+c8a%+c9) = 0, (G.16a)

and

af (e yte5a))Hay(egpadte) a e pq)

+(cjgatte; ad+e qateg) = 0, (G.16b)

where

¢y = TT1BB4-TT4BBI; (G.17a)
¢, = TTIBB3-TT3BBl; (G.17b)
cq = 2TT1BB6-2TT6BBI; (G.17¢)
¢, = 2TT1BB5-2TT5BBI; (G.17d)
cg = 2TT1BB2-2TT2BBI; (G.17e)
cg = TT3BB6+TT4BBS-TT6BB3-TT5BB4; (G.17f)
cy = TT3BB5+TT4BB2-TT5BB3-TT2BB4; (G.17g)
cg = TT3BB2-TT2BB3; (G.17h)
cg = TT4BB6-TT6BB4; (G.171)
o = TT3BBL-TT1BB3; (G.173)
¢y = TT3BB4+TTSBBL-TT4BB3-TT1BBS5; (G.17k)
¢y, = 2TT2BB1-2TT1BB2; (G.171)
cy3 = TT3BB6+TTSBB4-TT6BB3-TT4BB5; (G.17m)
cy4 = 2TT2BB4-2TT4BB2; (G.17n)
cys = TT2BB3-TT3BB2; (G.170)
Clg = 2TT2BB6-2TT6BB2; (G.17p)
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cyy = TT2BB5-TT5BB2; (G.17q)

cia = TTS5BB6-TT6BB5. (G.17r)
18

The physical conditions which apply to the solution of (G.16) are,
for a,, nonnegative flux and maximum flux at r=0. These conditions lead

to, from (G.11),

1
and
a; > 0. (G.18b)
1

The physical conditions which apply to the solution of (G.16) are, for
a,, nonnegative flux and first derivative of flux always less than zero.
The first condition is obvious; the second stems from the fact that, in
simple systems, the leakage depletes the neutron population near the
surface more than the population near the center. An analogy 1is to
compare the neutron flux with the temperature profile which occurs in a
heat source region surrounded by an infinite heat sink region and in
which the sources are linearly proportional to the temperature. These

conditions lead to, from (G.1ll),

1 2

. ) . (G.19a)

and
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32 > ~ —— (qugb)

The solution algorithm for (G.16) is to set a, to zero and
calculate the coefficients for the equation quadratic in a;. Solve the
equation quadratic in a; subject to (G.18). Now use this value of a) to
calculate the coefficients for the equation quadratic in a5. Solve the
equation quadratic in a, subject to (G.19). With this value of a,
return to the equation quadratic in a@;. This iteration is carried out
until a8, and a, are converged to some criterion. This then gives a set
of a8y and a, which extremizes (G.12) and abides by the physical

conditions (G.18) and (G.19). It must now be shown that this pair of

values, a, and a,, minimize (G.12). Let

~

VPT

TT1a+TT2a3+TT3a 2 +TT4a +TT5a,+TT6, (6.20)

and

VPB

BBlad+BB2a3+BB3a,a,+BB4a,+BB5a,+BB6. (G.21)

Then,

32Y - (ZTTI) _ 2(2TT131+TT3&2+TT4)(ZBBlal+BB332+BBA)

2a? VPB vpB2

2
2(2BBla,+BB3a,+BB4)“VPT
_ (2BB1)VPT + 1 2 : (G.22)

vpB2 vpa3
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TT3 (2TT1a1+TT3a2+TT4)(ZBBZaz+BB331+BB5)

_ BB3VPT _ (2BBla;+BB3a,+BB4)(2TT2a,+TT3a | +TT5)

vpB2 vpp2

2(2BBla;+BB3a,+BB4) (2BB2a,+BB3a +BB5)
+ VPT; (G.23)
vpB3

and

2
3a2

2
_ (2BB2)VPT _ 2(2BB2a,+BB3a+BB5) “VPT

5 (G.24)
VPB vpp3

The pair, ay and a,, determined above are Substituted into (G.22),
(G.23), and (G.24), which are in turn substituted into (G.14) and
(G.15). The values of a; and a, determined above satisfy (G.l4) and
(G.15). The values of a, and a, which minimize (G.12) subject to the

physical conditions (G.18) and (G.19) will yield an eigenvalue estimate
for the system of size b when used with (G.12), and a flux estimate for

the system when used with (G.1l1).



APPENDIX H

EXTRAPOLATION DISTANCES

In the diffusion theory scalar fluxes appearing in Chapter Three,
the boundary conditions applied are the so-called ex;rapolation distance
boundary conditions. These conditions require that the scalar flux
vanish at a specified distance, the extrapolation distance, beyond the
physical boundary. The extrapolation distance boundary conditions are a
mathematical approximation to the physical boundary conditions of no
incoming neutrons38, Ordinarily, due to diffusion theory being
restricted to ¢ approximately equal to one, only one extrapolation
distance 1s required. However, 1in this thesis, a wide range of the
neutron multiplicities are wused, and, therefore, more extrapolation
distances are required. The extrapolation distances usually used come
from the Milne probleml’7 and are strictly correct only for
semi-infinite slabs. Davison3 suggests that it is not unreasonable to
use the Milne problem extrapolation distances for all geometries and
sizes. From Table 2.5 of Bell and Glasstonel it can be seen that the
product cxo,.where Xg 1s the extrapolation distance, i1is smooth and
slowly wvarying. Linear interpolation from this table, rather than from
a table of extrapolation distances, is easy and yields the values in

Table H-1.
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1.02
1.05
1.10
1.20
1.40

1.60

TABLE H-1

Extrapolation Distances for Diffusion

Theory Scalar Fluxes

extrapolation distance
in units of the

mean free path

+6965
.6767
.6460
.5924
.5084

+4455



APPENDIX I

CODE LISTINGS AND COMMENTS

In essence, this appendix is just a repository for the codes used
in this thesis. An index to these codes appears as column four in
Table I-1. Code names were chosen according to a pattern which follows.
The leading t in the first twenty-one code names merely denotes that the
code 1s a thesis version. The next two alphanumeric characters denote
the type of scalar flux used in the code (dt=diffusion theory, v2=V2,
v4=V,). The fourth and fifth characters denote the geometry (sb=slab,
sp=spherical, cl=cylindrical), and the sixth character denotes the type
of critical size search carried on (l=variational, 2=direct leakage
operator, 3=indirect leakage operator). tvéeig, the twenty-second code
listed in Table I-1, is a modification of tvé4sbl which does not iterate
on the size but prints an eigenvalue estimate for a .specified input
size, tv4lop 1s a modification of tvé4sp3 which not only calculates the
total leakage probability distribution but also calculates each term of
the Neumann series which comprises the total leakage probability.
tvhlop does not iterate on size and, therefore, must be supplied with
the parameters which yield a critical system. =xplot takes the output of
tv4lop and plots it using the "disspla" plotting package.

The coding is in étandard Fortran suitable for use on the CDC-7600
computer, with the exception of tv2cl3, tvécl3, tv4lop, and xplot. The
excepted codes were written for the Cray-l computer because of the array
sizes or do-loop counters wused. There are several special callable

functions available at the LANL computer facilities which were used in
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the following codes. Included in these functions are the first order
exponential integral function (available as el(x)), and the zeroth and
first order modified Bessel functions of the first and third kind (i.e.,
Ko(x) is available as beskO(x)). The modified Bessel functions are also
available exponentially scaled (i.e., exKo(x) is available as
beskOe(x)). A system quadrature routine called “quad"”, as in (H.1), 1is

used frequently in this thesis’ coding. This routine,

LHS = quad(func,a,b,re,mxeval,kount), (H.1)

will dintegrate the function func, which is included as an external
function statement, from a to b subject to relative error re. This
routine has been extensively tested and is accurate so long as the
function being integrated is bounded.

Table I-1 contains a list of the codes and their ruaning times per
cycle, where a cycle 1s defined as ome Keff calculation. Times were
included for both the smallest and the largest critical radii used. The
difference in running time between different radil for the V, scalar
flux codes is due primarily to the time required in iteration to get the
a; and a, coefficients. The method three codes, indicated by the last
digit of code names, will also require longer times to converge to the
spatial leakage probability distribution for the larger systems. This
is due primarily to the fact that there 1s more scattering transport
before 1leakage in the larger systems. Times listed for all but two of
the codes are total times including compiler, CPU, in/out, and memory,

and are for the CDC-7600 computer. The exceptions to this are the times




for the tv2cl3 and tvé4cl3 codes which are Cray-l1 total times. The
Cray-1 computer runs at approximately twice the speed of the CDC-7600

computer,
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code

tv2sbl
tvésbl
tv2sb2
tv4sb2
tdtsb2
tv2sb3
tv4sb3
tv2spl
tvaspl
tv2sp2
tvbsp2
tdtsp2
tv2sp3
tvésp3
tv2ell

tvé4ell

TABLE I-1

Code Execution Times and Index

execution time
smallest radii

in seconds

.018
.038
.018
.038
.022
44.129
44.447
.022
.481
.022
468
.029
95.931
96.355
.039

.191

execution time
largest radii

in seconds

.018
2.390
.018
2.391
.026
101.963
159.191
.024
94.915
.024
92.868
.029
211.087
307.597
.071

22.197

pages

listed

232
234
237
239
242
243
246
250
252
255
257
260
261
264
268

270




code

tv2el2

tvéecl2

tdtecl2

tv2el3

tvécl3

tvéelig
tvélop

xplot

Table I-1

continued

execution time execution time

smallest radii largest radii

in seconds in seconds
.069 .077
«204 22.582
.059 .077

869.606 1430.628

1184.173 1490.040

pages

listed

273
275
279
280
283

288

291

294
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100

200

Los Alamos Identification No.

progrom tv2sbi{kout,tty,topeS=kout, topebmtty)
rea] keff

common rn,b,re,mxeval,vp
coll xsetf(0)

bbbe . 0001

b=.8120

e=1.6

kk=0

11=0

mxeavali=950

re=_000000001

contlnue

cal! flux

ke ffec—vp

write(6,200) b,bbb,keff
if(keff.1t.0.0) bw=b+bbd
1e(keff . 12.0.0) jj=1
1f(keff.gt.0.0) bmb-bbb
Pf(keff.gt.0.0) kk=1
Tf(jjtkk.1t.2) go to 100
format{1x,3f20.10)

call exit(2)

and

subroutine fiux
sxternal expt
common rn,b,re.mxevol, vp
bZ=bed

b3=b2eb

b4x=b3Ied

bSwb4ed

ttim, 4obS
ttdens /3. 0H3
tL6~Z . ob

ro=3.

e32b=quad(expi, .0000000000001,1.,re, mxovol ,kount)

ro=d,

942bmquad{expi, .0000000000001,1.,re,mxeval kount)

ra=S,

82bmquad(expi, .0000000000001,1.,re mxeval, kount)

rn=8,

#82b=quad{exp!, . 000000C000001,1.,re,mxeval kount)

ra=7.

e72b=quad{exp1, .0000000000001,1.,ra,mxeva| kount)
bblx Beb5-b4+8./9.0b3—4./3.4+2. . ebseaI2h+8,. eh3e042b

1+16.0b2ee52b+16.0bee52b+8.0e72b

bbéd=-B./3.0b3+2.0b2-8./3.eb+2.~4.0b2ee32b—8.0beecd2b-B8.0e52b

bb6=4,eb-1.+2.0032b
ocimttiebbd~bbietts
ccZm2.0tt1ebbB—2.0bb1et ts
ocImt t4abbB-bb4ettd
detugqri{cc2ecc2~4. eccisce3)
u11-$dot—ccz)/(2.'ccl)
q12«{—det—cc2)/{2.scc?)
flxck=1./b2

01e=-300.

1f{o11.gt. fixck) al=ai2
i1(a12.gt. fixek) ol=gii
l1§u11.lt.0.0) al=g12
11(a12.1t.0.0) a1=ai?
I11(a1.gt.fixck) cott exit(2)
1(a1.1%.0.0) call exit{2)

vpx2_e((tt1ealeal+tidenl+ttB8)/(bblealeal+bbssai+bb6))

1357



bott=bblealsqgi+bb4sci+bb6
x2ndder=2,ett1/bott—~2.2(2.sbblegl+bb4)e (2.0t t1sa1+tt4)
1/bottee2.—2. ebbls{tt1egleqt+ttdeal+tt6)/bottese2.
1+2.'(2.cbb1-o1+bb4)-(2.-bb1-u1+bb4)-(tt1-n1-o1+(t4-ul
148t6)/botteel.

Pf(x2ndder.1t.0.0) cali exit{2)

if(x2ndder.eq.C.0) colt exit{2)

return

and

function expi(u)

common rn,b,re,mxeval,vp
oxpimuee(rn~2.)eexp(~2.9b/u)
return

end
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grogrom *v4sb1(kout,tty.tope5—kout.(cpeB-tty)
rea!l keff
common rn,b,re,mxevol,vp
coll xsetf(0)
bbb=.0001
bw.5120
e=1.8
kk=20
1j=0
nxsval=950
ra=.000000001

100 contlnue
call flux
ke ffmc~vp
write{8,200) b,bbb,keff
T¢{keff.1t.0.G) b=b+bbb
{t(keff.1t.0.0) jj=1
if(keff.gt.0.0) bs=b—bbb
tf(keff.gt.0.0) kk=1
P€(jj+kk.1t.2) go to 100

200 format{1x,3f20.10)
eall sxIt(2)
and

subroutine flux

extarnol expi

common rn,b,re,mxeval vp

b2=beb

b3=b2eb

bé=b3ed

bSmb4eb

hE=bSeb

b7=bBad

bB=b7eb

b9=b8sb

ttim. 42b5

tt2=2./9.059

ttJms, /7. 067

ttdasd /3 ob3

tt5m—_ 80b5

t18=2.¢b

ra=3.

e32b=quad{expl, .0000000000001,1.,re, mxeval kount)
ra=4,
042b=quad{expi,.0000000000001,1. ,re, mxeval kount)
razS.
¢52b=quad{exp!,.0000000000001,1.,re,mxeval kount)
rn=8.

#B2b=quad(expi, .0000000000001,1. ,re mxeval kount)
row?,
#72b=quad{expi,.0000000000001,1. ,re,mxeval, kount)
rn=g,

e82b=quad(expi, .0000000000001,1,,re,mxeval ,kount)
ra=9.

992b=quad(expi, .0000000000001,1.,r8,mxeval,kount)
ra=10,

@102bmquad{expt, .0000000000001.1.,re,mxeval kount)
rneil,

®112b=quad(expi, .0000000000001,1.,re,mxevai kount)
bb1=.8eb5~h4+8./9.0b3-4./3.+2.eb40e32b+8.0h3ead2b
1+16.0b2e852b+15.0bea52b+8. ¢872b
bb2=4./9.eb9-bB8+16./7. 0074, ¢b6+96./25.¢65-115.2
142.0b80932b+16.9b70842b4+80 . 0b6ee52b+288 . eb50¢52b+768. eb4ee72b

236



1000

141535. sb32eB82b+42304 . vb2»e92b42304.abee102b+1152.22112b
bb3=8,/7.eb7-2.2b6+56./15.2b5-6.9b4+32./5,.2b3-24.+4. ebbee3I2b
1424 . 9b50e42b+88.3b4ep52b+224. e032e62bT384.2b27e72b+384.
{ebeeB2b+192.0e92b

bodare8. /3. 00342, 0528 /3. 0b+2.—4 eb2eeJ2h—8, sbeeddb—B. ee32b
0b5=—8_ /5. eb5+2.6b4—16./3.eb3+12.¢b2-G6./5.eb+16.
=4 _obdee32b~16_oh3eed2b—48 . eb2ep352b~96.000e62b-96.0272b
bbB=4. eb~1.+2.9232b

ci=ttlebb4—bbietts

c2=tttehb3~bbiett3

e3=2.ett1ebbB6-2.ebb1lettb
c4=2.9¢tt1ebb5-2.0bb1ettS
cS5=2,ett1ebb2-2.ebbTett2
cBmtt3ebb6+tt4ebb5~bb3ettb-bbdet tS
C7=tt3ebb5+tt4ebb2-bb3ettS5~bbdett2
cBmtt3edb2~bb3ett2

cOmtt4obb5-bb4ast 6

ciU=mtt3osbb1-bbJIet t
Cl11=mtt3abbd+ttSebb1—bb3Iatt4—tt1ebbdS
cl2wm2.stt2ebb1-2.9bb2att1

C13mt t3ebbb+tt5Ssbb4—bbIet t6—tt4sbb5

ci4m2 0t t2ehb4~2, . 0bb2ett4

c15mtiZebbI-bb2etty

C16m2 . ott20bbB~2. oph2e1tE

c17=tt2ebb5~bb2e t t5

e18=t15ebb6-ttEebbS

62=0.0

01==500.

continue

testizal

test2=a2

col=ci4+c2e02

002~c3+c4e02+c5002002
0c3=c9+cGea2+c7eg2e02+cBen2002002

CCdm=c 174c 15201

ccSmc184c14ea14cT12eg1e0)

CCBmc 18+t 132014c112g1201+c10s01=01»al
detaimsgqrt{cc2ecc2—4.%cclivcc3)
a11={detal~cc2)/{2.vcc1)
012=m(~detol-cc2)/(2.ece1)

flxckimi_/b2-a2eb2

iléa11.gt.flxck1) 01=012

11(a12.gt.fixck!) al=a11
lfza11.lt.o.0) 01=a012
1¢(a12.1t.0.0) ol=al1
deta2wmaqrt(cc5ecc5—4_eccdecch)
521a§dct02—c05)/(2.0cc4)
022=(-~deta2-cc5)/(2.ecc4)

fixckd=1./b4—al1/b2

!f2u21.lt.—q1/(2.0b2)) a2=q22
if{v22.1t.~01/(2.9b2)) c2=a21

{f{021.gt.fixck2) o2m022
11(a22.gt.fixck2) @2=a21
f obaégtest1—a1 /n1).gt..0000001; go to 1000
tf(obs((test2—02)/02).gt..0000001) go to 1000

if(at.gt.fixckl) coll exit(2)

11{a.1t.0.0) call exit(2)

1€(02.gt.fIxck2) call exit(2)

11(02.1t.~a1/{2.9b2)) call exit(2)
ypi=ttleateat+tt2e02002+tt3001002+tt4001+tt5e02+tt6
vpb=bbieoieal+bb2eg2en2+bb3egiea2+bbdeai+bbSea2+bbb
vpb2=vpbevph

vpb3=vpb2evpb

vp=2.evpt/vpb
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x2npoli=2. stt1/vpb~2.+(2.2tt1e0 1+t t3e02+t 14}
IEZ.-bbl-u1+bb3-a2+bb4g/vpb2—2.-bb‘l-vpt/vpb2+2. .
1{2.2bb1»014bb3Iva24bb4 -(2.-b01'01*bb3'02+bb4)
1svpt/vpbd

x2npa12=tt3/vpb—(2.ett1eal+tt3ec2+tt4)e (2. ebb2e02
1+bb3ea1+bb5)/vpb2—-bb3evpt/vpb2~(2.ebb1eat+bh3ea2+bb4)e(
12.6tt2002+1130014+8t5)/vph2+2.e(2. . obhieo1+bbIeo2+bb4)
tevpte(2.ebb2ea2+bb3eal+bb5)/vpb3

x2n9022=2.ottZ/vpb—2.0(2.ot12002+t130c1+tt5)0(2.~bb2002
1+bb3eal+bb5)/vpb2—2.ebb2evpt/vpb242.e(2. . ebb2ea2
1+bb3eai+bb5)e (2. ebb2ea2+bb3eat+bb5)evpt/vpb3
detr=x2npai2ex2npal2—x2npaliex2npa22
1£({x2npe22+x2npal11).1t.0.0) call exit(2)
1 f{{x2npa22+x2npal1).eq.0.0) cail exit(2)
1f(detr.gt.0.0) call exit(zg
if(detr.eq.0.0) cul! exit(2
return
end

function expi{u)

common rn, b, re mxevol,vp
expimuse{rn—2. )eexp(-2.oh/u)
return

end
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progrom tv2sb2(kout, tty, topeS=kout,topebutty)
real keff

common b2,b3,e32b,e42b,e52b,rn,b,re,mxevol 01
coll xsetf(0)

bbb=.0001

b= 5120

c=1.6

kk=0

]i=0

mxevoi=850

re=.000000001

continue

cal!t flux

colim2.e(b-01/3.eb3)

xprodmcecol |
xlegk=.5ece(1.-014+4./3 . egleb—gleb2
14+(2.%010b2-2. Jse32b+4.sa1sbved2b+4.2a12e52b)
keffmxprod/(coli+xieak)

write(6,200) b,bbb,keff

16(keff.1t.7.0) bmb+bbb

it keff.lt.1.0§ jj=1
1f(keff.gt.1.0) bmb~hbh
T1(keff.gt. 1.0} kkmi
Te(jj+kk.1t.2) go to 100
format(1x,3£20.10)
eall axIt{2)
end

subroutine fiyx

external expl!

common b2,53,e32b,e42b,e52b,rn,b,re, mxeval,al
b2=bed

blmb2eh

bdm=bh3eb

bS=h4s=b

ttim, 4005

ttém—s,/3,0b3

tt6=2. b

ram3.
832b=quad{expi,.0000000000001,1.,re, mxeval ,kount)
raz4,
#042h=quad(eaxpi,.0000000000001,1.,re, mxeval kount)
[£ 1

#52b=quad{expl, .0000000000001,1. ,re,mxaval, kount)
rn=6.

#82b=quad(expi, .Q000000000001,1. ,re, mxsval ,kount)
ra=7.
e72b=quad(expi,.0000000000001,1.,re, mxeval, kount)
Bbim. 8eb5~b4+8./8.0b3~4./3.+2.ebden32b+B.eb3eec42b
1418, eb2ee52b+16.ebee62b+8.0072b
bbém—8./3.2b3+2.002-8./3.0b4+2.—4,eb2ee320-8.0beed2b-8 ee52b
bbGmd, eb~1.42.0832b

ccimtttebbd-bbistte

cc2a2.8tt1ehbb~2.0bb1et S

ccl=tt4sbbb—bbaetts

det=gqrt{cc2ecc2—4.ecclecc3)
atin(det—cc2)/{2.ecct)

012m(~dat-cc2)/(2.ecc1)

fluck=1./b2

a1e=500.

lf§a11.gt.1lxck) a1=012

Tf(a12.9t.fixck) al=a11

1¢(a11.1t.0.0) oi=a12
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if§u12.lt.0.0) ofmg 1t
ifler.gt.fixck) coli exit(2)

if(01.1¢t.0.0) coll exit(2)
vpm2.s((tt1ea(saT+tt4sai+¢46)/(bblsntl=al+bbhea1+bbb))
bott=bbleateal+bbdegi+bbb .
x2ndder=2.ett1/bott—2.e(2.ebbieal+bba)e(2. et tieai+tt4)
1/bottee2 ~2 ebble(tt1epleqi+ttdegl+ttB)/botteel,
142.0(2.ebbieal+bhd)e(2.sbbieai+bba)e(ttiealeai+rttesal
1+tt6)/botteel,

if{x2ndder.1t.0.0) coll exit(2)

if{x2ndder.eq.0.0) call exit(2)

return

end

function expi(u)

common b2,b3,e32b,e42b,e52b,rn.b,re,mxeval,al
expimuse(rn-2,)sexp{—2.sb/u)

return

end
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200

progrom tv4sb2{kout,tty,topeSwkout, tapeb=tty)
reg! keff
common /one/ rn,b,re.mxevai,al,a2

common /two/ b2,b3,b4,b5,e32b,e42b,e52b,e62b,e72b

cal! xsetf{0)

bbbe 0001

b=.5120

e=1.6

kk=0

j]=0

mxeva =850

re=.000000001

continue

call flux

collm=2, e(b—-01/3.eb3~02/5.eb5)
xprodwcecol! -

x{egke. Sece(1.-01+4./3.=q1eb-012b2
14+(2.0g18b2~-2_)ee32b+4. . salsbeed2b+4.sqlse52b)
x{eakex{egk—.5ecea2s(b4~B./3.2b345.ab2
1—48./5.94+8.-2.sb4se32b—8.sb3se42b-24.2b2se52b
1-48.2bse62b~48.=072b)
keffuxprod/(coli+xieak)

write(8,200) b,bbb,keff
Tf(keff.1t.1.0) b=b+bbh
lféke'f.lt.l.og ji=1
1f(keff.gt.1.0) b=b-hbb
Tf(kaff.gt.1.0) kk=1

T£(jj+kk.11.2) go to 100
format(1x,3120.10)
catl ex1t(2)
end

subroutine flux
external expi
common /ong/ rn,b,re,mxevai,o0l,a2

common /two/ b2,.03,b4,b5,e32b,e42b,e52b,862b,072b

h2=heh
b3wb2eb
bd=b3Ieh
bb=h4eh
b6=bSed
h7=b8eb
b8=b7eb
bo=b8ed
tti=_40b5
tt2=2,/9.069
tt3=4._ /7. 007
ttdoa. /3. 003
ttSm-,8ebS
t88=2.0b
ros3.

#32b=quud{expi, .0000000000001,1.,re, mxeval kount)

riim4,

e42b=quad(expi, .0000000000001,1..re,mxevat, kount)

ra=3,

e82b=quad{exp!, .0000000000001,1.,re, mxaval ,kount)

rn=§.

862bmquad{expi,.0000000000001,1.,re,mxeval kount}

ra=7.

872b=quad{expl,.0000000000001,1.,re,mxeval ,kount)

rna8.

882b=quad{expi,.0000000000001,1. . ra.mxeva!, kount)

en=9.
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1000

292b=quad{expi, .0D00000000001,1.,re,mxeval ,kount)
rne=il.
e102b~quad{expi,.0000000000001,1.,re, mxeval ,kount)
ra=11,
e112bwquad{expi,.0000000000001,1.,re, mxeval , kount)
bhim BebS~b4+8./9.4b3~4_/3 _+2_ eb4ee3I2b+8.eb3ee4ld
1+16.0b202520+16_0beab2b+8_ee72b
bb2=4./9.¢b9-b8+18./7.9b7-4.eb6+96./25,.eb5-115.2
142.0b80a32b+18.eb70942b+80.0b50052b+288. eb5ee62h+768. eb4ee72b
141538, 0b3¢082b+2304 . 0b20992b+2304.00es 102b+1152. 08112
bb3=8./7.0b7-2_ eb6+56./15.0b5~6.0b4+32./5.eb3-24.+4 . en69032b
1424 . 0b50¢42b+B8. eb4ee52b+224. eb30e62h+384. 0b2ee72b+384.
1ebeeB2b+192.0e92b

bbdm-8 /3.eb34+2.002~8./3.eb+2.-4_ eb2ee32b-B.ebee42b—8.0¢52b
bbS=—8./5.eb5+2,0b4—1B. /5. eb3+12.052-98./5.eb+18.
1—4.0b4ec3I2b—18.0b30€42b-48.eb20e52b-36.ebeeB2b-86.0e72b
bbB=4 . eb—-1_+2.2832b

cimttiedbd-bbistts

c2=tt1sbb3-bb1et td

cIm2, wtt1obpp6—2.2bb1sttb

c4m2  stt1abb5—2.ebb1sttS

c5w2_ettiebb2~2.0bbh1ett2

c8mt t3ebbB+tt4ebb5-bh3et t6~bb4etts
c7mtt3ebbS+tt4ebb2~bb3ettS5~bb4ett2
e8=tt30bb2—-bbIett2

cQ=tt4ebhfi-bb4aett6

ci0=tt3ebbi-bblett?

c11=t13ebbatt tSebb1—bb3ettd—tt1ebbs

c12=2. ett2ebb1-2. ebb2e tt1
€13=tt3ebb64+115ebba—bbIet 16—t t4ebbDS
014=2._ett2ebb4—~2.ebb2et t4

015=tt2ebb3-bb2ett3

c18mZ . 0t t2ebh8—2.0bb2e t t8

017mtt2ebhS5—bb2et ¢S

€18wt tSebhB~tt6ebbS

a2=0.0

a1=—500,

continue

festimgl

test2=a2

celemcitc2e02

ec2=c3+cdeo2+c5002002
¢e3=c9+c66a2+c7002002+c80a200202

ccdec174+c1500a1

0¢S5cc16+c14ea1+c 12010t
ccb=c18+c13egi+citoalenl+ciQealegiegt
dotal=eqri(ccecc2-4.ecclece3)
ati=(detal—cc2)/(2.ecc1)

012=(—-detal—cc2)/(2.ecct)

fixckiml,/b2«a2eb2

if(oll.gt.fixckl) al=a12

if(o12.gt. fixckt) ot=ald

1f(a11.1t.0.0) oi=012

if(012.1t.0,0) at=oii
deta2esgrt{ccSscc5~4.sccascch)
021-idutuz—cc5)/(2.-cc4)

022={~deta2—cc8)/{2.%cc4)

flxck2mi./bé—a1/b2

lf(021.lt.-c1/(2.-b2§; a2=g22
11(022.1t.~a1/(2.o02)) a2=a21

ff{021.gt.f1xck2) 02=022

114 aZZ.gt.flxckzg 062=021
if(abs{(tegti-a1 /01).91..0000001; go to 1000
Tf(abe({test?-02)/a2).g9t..0000001) go to 1000




if{atl.gt.fixckt) coll exit(2)

if(01.11.0.0) colt exit(2)

if(e2.gt.fixck2) col!l exit{2)

if(g2.1t.~a1/(2.982)) call exit(2)
vptmttiegleqi+tt2ealeg2+ttIealen2+tt4e01+tt5eq2+ttH
vpb=bblealeai+bb2ea2eq2+bb3eq1eg2+bb4eni+hb5en2+bbé
vpb2=vpbevpb

vpbI=vpbevph

vp=2_.evpt/vpb
x2npa11=2.et11/vpb=2.e(2. e tt1eal+tt3ea2+tt4)e
1(2.Ohb1On1+bb3002+bb4;/vpb2—2.Obblovpt/vpb2+2.0
1(2.0ebb1eal+bb3ea2+bb4)e (2. ebbleal+bb3ea24bb4)
levpt/vpb3
x2npa12=tt3/vpb—{2.0tt1ea1+t 13002+t t4)e(2. ebb2eq2
1+bb3ea1+bb5) /vpb2~bb3evpt/vpb2—(2.ebblea1+db3ea2+bb4)e(
12.0tt20a2+t t30a1+tt5)/vpb2+2.0(2. ebbleai+bbIea2+bb4)
1avpt=(2.+bb2s02+bb3ea1+bb5)/vpb3
x2npa22m2.et12/vpb-2.9(2.ett202+tt3s01+tt5)=(2.ebb2sa2
140b3=a1+bb5)/vpb2-2. sbb2evpt/vpb2+2.2(2.=bb2sa2
14+bb32a1+bb5)» (2. ebb2ea2+bbIsal+bb5)evpt/uphl
detr=x2npal2ex2npai12—x2npolisx2npa22
If$(x2np022+12npa11).It.o.o) col! exit{2)
16({x2npa22+x2npo11).2q.0.0) caoll exit(2)
11(datr.qt.0.0) catl exit{2)

if(detr.eq.0.0) col! exit{2)
return
end

function expt{u)

common /one/ rn,b,re,mxevai,al, 02

common /two/ b2,.b3,04,.b5,e32b,e42b,e52b,e62b,e72b
sxpimyee(rn-2.)eexp{-2.eb/u)

return

end
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program tdtsb2(k0ut,tty.tapeS-kout.tapeS-tty)
external fleok

rea! keff

conmon xpi,b,re.mxeval, bex

cal! xsetf(0)

bhbe . 00001

b=,51686

c=i. 60

kk=0

Ji=0
xpl=3.1415926535898
nxevg =950
re=.000000001

100 continus
bex=b+. 4455
colim4. /xplebexesin(xpieb/(2.ebex))
xprod=cecoi!
xyim=b-, 0000000000001
x{egk=caquad{fleak,0.0,xut,re.mxeval,kount)
keffmxprod/{cot1+xleak)
write(8,200) b,bbb,keff
Pf{keff.1t_1.) bmb+bbh
T(keff 1t 1.) jjmt
Tf(ksff.gt.1.) beb-bbb
lf(ke”.gt.hg kk=1
11(]j+kk.1t.2) go to 100

200 format(1x,3720.10)
call exit(2)
snd

function fleak(x)

cormon xpi,b,re,mxevai,bex
fleak=cos(xpiex/(2ebex))e{exp(—{b-x))+exp(—(b+x))
1—(b—x}se1(b=x)~{b+x)se1(b+x))

return

snd
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100

350
400

progrom tv2sb3(kout,tty,tapeS=kout,tapeb=tty)

dimension xterm){5000)
dimension x?riSOOO)
dimension xit1{5000)

real keff

common b3,rn,b,re,mxeval,al
co!l xaetf{0)

jdIm=500

bbb=.0001

b=.5120

e=1.6

agt=1.0

sgs=.4

sgo=sgt—sga
sgfu=cesgt-ags

k=0

}i=0

mxevg (=950

re=_,000000001

continue

call flux
coljm2,e(b—~a1eb3/3.)
xprode=sgfuecol |
xcbsesgascotl
deixx=2.eb/float{jdim—1)
do 400 1=1,]dim
1t(i.eq.jdim) xtarmi(i)=.5
lf(l.oq.jdimg go to 350
xx=float{i—1)edelxx—b

xterm1{i)=.5e{exp(~{b—xx})—(b-xx)se1{b-xx))

contlinue

xir{i)=xtermi(i)

continue

continue

do 1000 i=1,jdim

ao=0,

bb=0,

fumi=-1

1f{iu.29.0) go to 700

do 600 J=i,iu

delxmdel xx

1¢(j.eq.1) detu=_Sedatxx
xxx:(loatéi-])odalxx
oo=ag+x!ir{j)eel{xxx)edeix
continue

continue

=141

1£(i1.eq.jdime1) go to 900
do 800 j=il,jdim

de | xwdeixx

1f(j.eq.jdim) deix=. Sedelxx
xxx-floutéj—i)-delxx
bbmbb+xir{j)ee1(xxx)edeix
continue

continue

yy=1.0

11{1.eq.1) yy=.5
1£(i.eq.)dim) yy=.5
eps=_5edelxx

at=sgsexir{i)e(1.-exp(~eps)+epsvet(eps))eyy

x11{T)=(aa+bb)esgse. S5+at+xterm1 (i)
continue

1ee=0

do 1100 i=1, jdim
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if{obs{{xit{i)=xir(i))/xir(i)).ge..00001) lccml
xir{i)exit{i)
1100 continue
if(lcc.eq.1) go to 500
do 1200 i=1,jdim
xil(i)mxir(jdim+1-i)
1200 continue
xieak=0.
do 1300 i=1, jdim
detx=delxx
if{i.eq.1) delx=_5edelxx
ff(i.8q.jdim) doix=.5edelxx
xx=float{i—1)edeIxx—b
xleak=agfue(1.-alexxexx)e(x11{i)+xir(1))edelx+xleak
1300 continue
koff={xprod—xteak)/xabs
write(5,1500) b,bbb, keff
ifékeff.lt.1.0) b=b+bbb
iflkeff.1t.1.0) jjmi
if(keff.gt.1.0) bmb-bbb
1t{keff.gt.1.0) kk=1
if({jjokk.1t.2) go to 100
1500 formot(1x,3120.10)
call exit(2)
end

subroutine flux

oxternc) expl

common b3,rn,b,re,mxeval,cl

b2=heb

b3=b2eb

bdd=b3eb

bS=b4eb

tt1w, 49bS

tt4emedt /3. 903

ti6=2.5b

ro=3,
e32bw=quad{expi,.0000000000001,1.,re, mxeval ,kount)
ram4,
e42b=quad(exp!,.0000000000001,1.,re mxeval ,kount)
ra=S,

#52b=quod{expl, .0000000000001,1.,re,mxeval, kount)
rn=6.

#62b=quad{axpi, .0000000000001,1.,ra mxeval, kount)
rn=7,

#72b=xquad{expl, .0000000000001,1.,re, mxeval, kount)
bbi1=.8eb5-04+8./9.0b3~4./3.42.0b4ee32b+8.0b3Jee42b
1416, 0b20652b+18. ebeeb2b+8. ve72b

bham-8. /3. 0b3+2.0b2-8. /3. 0b+2. 4. 0b20e32b~-B.ebee42b-B.0e52b
bbBm4 . eb-1,+2.0e32b

ocimttiebba-bbiletts

CC2m2 . stt1sbbb6-2.sbb1st t6

cc3mt t4obbb-bb4stts

dote=sqrt{cc2ecc2—4.scclsccd)
ol1-§dnt—cc2)/(2.-cc1)

a12m(~det—cc2)/{2.9ct1)

fixckmi./b2

Q1==500.

if(c11.gt.fixck) ni=al2

ff(012.q9t.flxck) al=a11

1£(c11.1t.0.0) at=012
!féaiz.l!.o.o) a1=011
T¢(01.gt. fixck) coll exit(2)
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if{e1.1¢.0.0) coll exit(2)
vo=2.s((tt1eale0i+ttaegi+tt6)/(bblvoleal+bbdeal+bb6))
bott=bbleal=sgi+bbdegl+bdb
x2ndder=2.ett1/bot{-2.s(2.2bbleat+bbd)s (2. st t1sgl+tt4)
1/bottee2 -2 ebbie(ttiealegitttseai+tt6)/bottes,
142.0(2.ebb1eai+bb4a)e (2. ebhiea1+bbe)e(tt1ealeai+tideat
14488)/bottes3.

Ff(x2ndder.1t.0.0) coli exTt(2)

Tf{x2ndder.eq.0.0) cal! exit(2)

return

and

function expi(u)

common b3,rn,b,re,mxevatl,al
expimyoe(rn-2_)eexp(-2.eb/u)
return

ond
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248

190

g8 §

700

900

progrom tvdsb3(kout,tty, topeS=kout, topebmtty)
dimension xterm1({5000)
dimension xirssooog
dimension xi!(5000

reai keff

common b3,b5,rn,b,re,mxeval,o0l,02
col! xsetf(0)

jd im=500

bbb=.0001

b=.5120

cx1.8

sgt=1.0

sgs=.4

sga=sgt-ags

sgfu=cesgt—~ags

k=0 .

j)j=0

mxevol=950

re=, 000000001

continue

catl flux

collm2. e{b~a1eb3/3.~02eb5/5.)
xprodwsgfuecol |
xchs=sgoecol!l
delxxx=2.ebh/float(jdim1)

do 400 i=1,jdim
lfg?.tq.jdim; xtermi(i)=.3
11{1.e8q.jdim) go to 350
xx=floot{i—1)edelxx-b
xterm1{1)=.5e(exp(~(b~xx))~(b-xx)eel(b—xx))
continue

xir(1)=xtermi(i)

continye

continue

do 1000 i=1,jdim

ag=0.

bb=0,

fymi—1

if(iu.eq.0) go to 700

do 500 Jw=1,lu

delxmde!xx

Tf(j.eq.1) delx=_Sedelxx
xxx=float{i—j)ede!lxx
aa=go+xir{])eet{xxx)odeix
continue

continus

=141

11(it.0q.jdim+1) go to 800
do 800 j=11,}dim
deixwmde ! xx

if(j-eq.jdim) delxm. Sedeixx
xxx=ffoat({j—i)ede!xx
pbmbbexir{j)eei(xxx)edeix
continue

continue

yy=1.0

11(1.2q.1) yy=.5
if(i.eq.)jdim) yy=.5

epa=, Sedelxx
at=ggsexir(i)e(1.~exp(—eps)+epasei(eps))oyy
x11(i)=(ac+bb)esgse.5+st+xtarmi{i)
continus

{ec=0

do 1100 i=1,jdim




1100

1200

1300

1500

Il(cbs((xiI{;)—xir(i))/xir(i)),ge..00001)

xir(i)mxil(i

continue

if{lcc.eq.1) go to 500
do 1200 i=1,jdim
xP1(i)mxic{jdim+1-i)
continue

xleak=0.

do 1300 i=1,)dim
delx=delxx

if(l.0q.1) dalx=.5edelxx
Tf(7.0q.]dim) deix=_5edelxx
xx=float{i-1)edeixx—b

xieak=agfue(1.—alexxexx—~a2exxexxexxexx)e{xil(i)+xir{(i))

feds | x+x|eak

continue
koff-éxprod-xleuk)/xubs
write(5,1500) b.bbb,keff
if(keff.1t.1,0) bwb+bbd
if(keff. (t.1.0) jjmi
if(keff.gt.1.0) b=b~bbb
Tf(keff.gt.1.0) kkmi
if{jj+kk.11.2) go to 100
format(1x,3f20.10)

coll exit(2)

end

subroutine flux
externa! expi

gommon b3,b5,rn,b,re,mxeval,al,02

b2=beb
bI=b2ed
bA=b3eb
bS=b4ep
bE=hSeb
b7=b6st
bB=b7eb
bE=b8et
tilm, 4eb5
tt2=2_ /9. b8
tt3=4./7.0b7
tt4=—a /3 _ob3
t {50~ _8ebS
tt6=2.eb
m=3.

#32b=quad(expi,.0000000000001,1.,re mxeval ,kount)

rn=4.

942b=quad{expi,.0000000000001,1.,re,mxaval koynt)

rn=53.

852b=quod{expi, .0000000000001,1.,re mxeval kount)
rn

¢62b=quad{expi,.0000000000001,1.,re, mxavai,kount)

rn=7,

e72b=quad{expi,.0000000000001,1.,re.mxeval kount)

ro=8,

882b=quad{expi, .0000000000001,1.,re, mxeval ,kount)

rnmg .

a§2b=quod(expi, .0000000000001,1.,re, mxeval ,kount)

rn=10.

6102b=quad(exp!,.0000000000001,1.,re,mxaval ,kount)

rn=11.

#112b=quod(exp!,.0000000000001,1. .re . mxeval, kount)
Bb1=.8eb5-b4+8./9.0b3-4./3.42.0b4ea32b+8_eb3ee42b

tcom?
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250

1416.0b2we52b+16.0bee52b+8.2¢72b

bb2ed . /G . ob9-DB+16. /7. 2b7—4.4bb+36./25.05-115,2
1+2.ebBee32b+16.0b7ee42b+80.ob62e525+288 . eb50e52b+768 . sb4we72b
141536 . ep32€82b+2304 . #b 22292542304 . ebee 102b+1152.22112b
bb3w8./7.007-2.sbB+55./15.¢b5—6.0b4a+32./5.0b3-24 . +4_ebEep32b
1424 ob5eed2b+88 . eb4ee52b+224 . eb30e620h+384 . 0b2ee72b+384.
1ebeeB82b+192. 02920

bb4=—38./3. eb3+2.0b2~B./3.eb+2.-4.eb2ee32b—8.epee42b—8.0a52b
Bb5~8./5. 0b54+2.0b4~16./3.eb3+12.¢H2-96 . /5. eb+16.
1-4.0b40@32b-16.0h30042b-48.0b20e52b-96.ebeab2b-96.90872b
bbG=4.eb~1.4+2,.9032b

ci=ttlebbd—bblett4

c2=ttlebb3-bbiettd

c3=m2.0tt1ebb6-2. obbletts

Ch=2 ott1ebb5~2.ebb1et S

05w2 . ettiebb2-2.ebblett2

cB=tt3ehb6+tt4ebbS—-bbIet t6-bb4sttS

c7=ttIsbb5+t t4sbb2-bb3et t5—bhaett2

cB=t t3abb2-bb3Is t 2

c9=tt4abbb-bb4sttb

c10mttIsbbi~bb3ettt
clitmtt3obb4+ti5ebbi~bbIett4~tt1ebb5

ci2m2 ott2ehbi-2.ebh2ett1
c13mtt3ebb6+ttSebb4—~bbIett6-tt4ebb5
cld4=2.ett2ebb4—2. ebb2ett4

1St t2ebb3=bb2et t3

c18=2.4tt2ebb5-2.ebb2et 16

817=t t2ebb5~bb2e tt5

c18=tt5ebbB~tt6ebbS

¢2=0.0

a12~500.

continue

teati=gi

test2=g2

celmci4c2ea2

cc2=c3+c4e02+c5e02s02
ccI=cSHcbea2+c7s02ea2+cBsa2vu2eal

¢cA=c17+c15+a1

ccS=c16+c149g1+c12eaieal
ccbme18+c13eal+c11eateal+c10eateatent
detaimsqrt(cc2ecc2-4.0cc1eccl)
011=(detat—cc2)/(2.ecct)

a12=(~detal-cc2)/(2.ecct)

fixcki=1./b2-g2eb2

if(ati.gt.fixck!) at=a12

1f(a12.gt. flxckl) al=all

1¢{a11.1¢t.0.0) al=c12

[€(a12.1t.0.0) ai=al1
deta2=aqrt(ccS5eccS5—4.eccéecct)
021=(deta2-cc5)/(2.ecc4)

022=(~-detaZ-cc5)/(2.ecc4)

fixck2=1./b4-a1/b2

if 021.11.—01/§2.-b2;g 02=022

ff(a22.1t,~a1/(2.2b2 g2=a21

if 021.gt.flxck2§ a2=022

it(a22.gt. fixck2) 02=021
r1{obs{{test1-a1)/a1).gt..0000001) go to 1000
1f(abs((test2-02)/02).9t..0000001) go to 1000
Pf(ol.gt.fixck1) caltl exit(2)

Tf{c1.1t.0.0) call exit(2)

Tf(02.gt.flxck2) call exit(2)

if(a2.1t.-01/7(2.b2)) call ex1t(2)
vptxttlegleal+tt2ealea2+tt3entea2+ttdes)+tt5ep2+118
vpb=bbtealeal+bb2en2e02+bbIealea2+bb4eai+bbSe02+bbb



vpb2=vpbevpbd

vpb3=vpb2evph

vp=2.evpt/vpb

x2npait=2. 2tt1/vpb—2.e(2.vtt1sgt+t13s02+tt4)s
1{(2.ebb1ect1+bb3ea2+bb4)/vpb2—2_ebbilevpt/vph2+2. e
1(2.9ebbieat+bb3ea2+bbs)e(2. ebbieai+bb3eq2+bb4)
tevpt/vpb3
x2npa12=tt3/vpb~(2.ett1ea1+tt3e02+tt4)e (2. ebb2en2
1+bb3ea1+bbS)/vpb2-hb3evpt/vpb2—(2.ebbleq1+bbIea2+bb4)e(
12.0tt2eg2+tt30al+tt5)/vpb2+2_e(2.ebbleqi+bb3ea2+bb4)
tevpte(2.ebb2ea2+hbIeat+bb5)/vpb3
x2npa22=2.9tt2/vpb—2.e(2.0tt2ea2+tt3e01+tt5)e (2. ebb2ea2
1+bb3001+bb53/vpb2—2.Obbzovpt/vpb2+2.0(2.Obbzouz
14bb3eqi+bb5)e(2. ebb2ea2+bb3eal+bb5)evpt/vpb3
detr=x2npci2ex2npa12—x2npailex2npa22
i((§x2npazz+x2npa11).lt.0.0) catl exit{2)
T£({(x2npc224x2npa11).eq.0.0) caltl exit(2)
if detr.gt.o.og call exitgz
if(detr.eq.0.0) caoll exit(2
return
end

function expi(u)

common b3,b5,rn,b,re, mxevoi, 01,02
expi=uee{rn—2.)eaxp{—2.2b/u)
raturn

ond



progrom tvZspi(kout,tty, tapeS=kout,topeS=tty)
real keff§
common rn,b,re.mxeval.vp
call xsetf(0)
bhb=.0001
b=1.476
c=1_6
% &k=0
ji=0
mxeval=950
re=_000000001
100 continue
eall flux
ke ffemc—vp
writs(B,200) b,bbb,keff
ff(koff.1%.0.0) bwb+bbd
if(keff.12.0.0) jj=1
if(keff.gt.0.0) bmb-bbb
ff(keff.gt.0.0) kk=1
Tf{kk+jj.1¢.2) go to 100
200  formot{1x,3f20.10)
coli exit(2)
and

subroutine flux

externcl expi

common rn,b,re, mxeval,vp

rneg.
e92b=quad{expi,.C000000000001,1.,re, mxeval ,kount)
rn=8.

e82bm=quad(exp!, .0000000000001,1.,re mxeval ,kount)
rnm=7.
972b=qucd(expi,.0000000000001,1.,re, mxeval kount)
rnmb

s52b=quad{expi, .0000000000001,1.,re . mxevo! , kount)
ro=5.
a52b~qucd{expi,.0000000000001,1.,re, mxeval kount)
ro=4,

242b=quad{expi, .0000000000001,1.,re, mxeval ,kount)
=3,
#32b=quod(expl,.0000000000001,1.,r¢e,mxeval, kount)
b2=beb

b3=b2eb

84=b3eb

bS=b4eb

b6=bSeb

b7=bBeb

bb1x=4_ /7. eb7-b6+8./5.005—1.50b4+9.-72.0692b—144.9bee82b
1~144 . eb2ea72b-98 . eb3e082b—42_ebsee52b-12.eb5ee42b-2 . eb6ee32b
bb4=—8_/5.eb5+2.6b4~8./3.003+3. 0024 . +24 . 0872b+48.0beeb2b+36.
1ebZee52b+18.eb30e42b+4. sb4eec32b

bbGw4 . /3. eb3-b2+.5-2.eb2ee32b—4 . sb=e42b-2.9e52b
tt1m2,/7,0b7

ti4=— 8ebS

tt6=2./3,.9b3

cclmttiobb4-hilett4

cc2m2 . ott1ebbb~2.ebbietts

cc3mtt4ebtB—bbset ts

detoaqrt{cc2ecc2—4. escclieced)
011=(det—cc2)/(2.ecct)

a12=(~det—cc2)/(2.ecc1)

flxck=1./b2

a1=~500.
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if(at1.gt.fixck) otegl?

if(a12.gt.fixck) ol=all

if{e11.11.0.0) ol=g12

if{012.1t.0.0) ol=g11

if{o1.gt.fixck) catl exit{2)

1£(a1.1t.0.0) coil exit(2)
vp=2.e((tt1ectegl+ttdeol+tt5)/(bblealeat+bbseg1+bbB))
bott=bblealegt+bbseni+bbb
x2ndder=2.ett1/bott—~2.e(2.ebb1eai+bb4)e(2. ett10al+t t4)
1/bottee2 —2 obble(ttlegleal+ttdeal+ttB)/bottes2.
142.9(2.ebb1eal+bb4)e(2. . ebblegi+bba)e(ttlegleai+ttiegt
1+tt6)/botteel.

if(x2ndder.1t.0.0) call exit{2)

1f{x2ndder.eq.0.0) cail exit(2)

return

end

function expi(u)

common rn,b,re,mxeval,vp
expi=uy=e(rn—-2.)eexp(-2.sb/u)
return

end
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progrom tvaspi(kout,tty,topeS=kout, tapeb=tty)

rec) keff

common rn,b,re,mxevol,vp

coll xsetf(0)

bbb=_0001

be1.4761

e=1.6

kk=0

i}=0

mxavo =950

re=.000000001
100 continus

oall flux

ke f fmo-vp

write(8,200) b,bbb, keff

if(kaff.1t.0.0) bwb+bbb
Ifékeff.lt.o.o) ji=1
if(keff.gt.0.0) b=b-bbb
ifékcff.gi.o.o) Kiom1
16(kk+}j.1t.2) go to 100
200 format{1x,3¥20.10)

calt sxit{2)

and

subroutine filux
external expl
copmon rn,b,re,mxeval, vp

::;;:;quad(axpl..0000000000001.1.,re.mxevol.kount)
::;;i;quad(cxpi..0000000000001.1..re.mxeval.kount)
:::;é;quud(e!pi,.0000000000001.1.,re.mxcvul.kount)
rm=10.

©102b=quud(expi, .0000000000001,1. ,re, mxevai kount)
::;:;quud(nxpi..0000000000001,1.,ru,mxovol,kouni)
:g;:;quod(axpl..0000000000001,1.,re,mx|va|.kount)
:;;Z;quud(expf,.0000000000001,1..re,mx:vol,kount)
::;g;quud(expi,.0000000000001,1.,re,mxnvol.kount)
:gég;qund(oxpi..0000000000001,1..ra,mxaval.kount)
rn=d,

e42b=quad{expi,.0000000000001,1.,re . mxeval kount)

r .
832b=quad(exp !, .00000C0000001,1,,re mxoval ,kount)

b2wbeb

b3=b2et

bdm=bIet

bSmbéeb

b6=b5eb

b7=bbed

bBmb7eh

h9=h8eb

b10=h9eh

b11=b10eb

b12=b11eb

b13xb 12eb

bbic=4,/7.0b7~b6+8,/5.0b5~1.5eb4+3.~72.0692b

1=144 obesB82b-144.0b20872b-96.0b30662b~42.0b40652b~12. eb5e042b
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1000

1-2.vh8ee32d

bb2=4./11.eb11-010480./27 . b9-15./2.«b8+96./7. b7~
140./3.*b6+2400.-28800.+2132b-57600. ebse 122b—
157600.0b29e112b—-38400.253261026—15200.2b42e92b—7680. ¢
1b5ee82b—2480.eb6ee72b—640.0b70e62b—130.eh8ee52b—-20.

tebgeed2b-2. eb10ee32Db

0b3=8./9.0b3-2.eb8+104./21.0b7-11.0b6+96./5.b5-20.eb4
14288 .-2880.00112b—5760.ebea102b—-5760.eb2ee92b-3840.
Teb3esB2b~-1800.eb4ea72hb—-524. eb50062b—164.eb6e852b

1-32.0b7e842b-4.058e332b

bbé=—8_/5.005+2 _ebh4~8./3 . eb3+3.eb2—4.+24 e072b

1448 .0p0062b4+36.eb20e52b+16. eb3eed2b+4. obdee32b
bb5=-8./7.4b7+2.0b6—16./3.6b5+15.0b4-32.eb3+40.0b2
1-60.4480.0692b+9360. ¢bee82b+720.0b20e72b+320.eb3ee62b

14100. eb4ee52b+24 . obSeed2b+4. obbee32b

bbB=4./3.0b3—-b2+.5-2.0852b—-4, ebes42b-2.  eb2ee32b

tt1=2./7 . .ab7

tt2w2./11. b1

te3=4. /9. #b9

tt4m— . 8epS

LS54, /7. 207

ttB=2./3.9b3

cl=sttiobha—bhiettse
c2ettiebb3—~bb1ett3

e3m) ottiobbb~2.ebbtetts

c4x2 ott1ebbS5~2.ehb1ettS

0562 .0ttt 1ebh2-2 ebblett2
cButtIebbb+ttaebb5—bbIett6—bb4ettS
c7mt {3ebb5+tt4ebb2-bbIett5—bbdett2
c8=tt3ebb2-bb3ett2

o=t t4ebb6-bb4et 6
c10=tt3ebb1-bbIet t?

91 1mtt3ebbasttSedb1-bbIett4~tt1ebbS
012m2 et t2abb1-2,.abb2ett1
C13=tt3ebbB4ttSebb4~bbIet tb~tt4sbbS
Cl4=2 0t t2ebbd-2 . ebb2ett4
c16wtt24bb3~bb2ett3
c18m2.0tt2ebb6~2.ebb2et t8
c17=tt2ebb5—bb2et t5
c18wttSebbb~ttBebbS

02=0.0

o1=500.

continue

testi=al

test2=a2

oc =g 14c2e02
ce2=c34c4eg2+cBealea
063=c9+c6ea2tc70a2002+c89a2602002
ood=c17+c 1501
ceS=c18+ci14eui+ci2eaieal
ocluc18+c13eai+clienieai+c10ealenlen?
detalwagrt{ccZecc2—~4.scclacc3)
o!1-§detul—cc2)/(2.-cc1)
ai2«(~-deta1-cc2)/{2.ecct)
fixcki=t./b2~q2eb2
ffgol‘l.gl.flxck‘lg ol=g12
11{012.gt.Tixck1) 0lmgll
1#{a11.1t.0.0) at=gi2
i1(012.1t.0.0) olwal1
deta2=sqrt(ccSeccS5~4.scc4ecch)
021=(deto2—cc5)/(2.0cc4)
a22=(-deta2~cc5)/(2.0cc4)
fixck2=1,/b4~q1/b2
1¢(a21.1t.—a1/{2.eb2)) a2=a22
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(022.1t.-01/({2.b2)) o2=a21

aZl.gt.flxcng 02=a22

g22.9t.flxck2) c2=021
cbsﬁ?lestl-oi)/n1).q(..0000001) go to 1000
éabs test2~02)/a2).gt..0000001) go to 1000
at.gt.fixckt) call exit{2)

11§a1.|z.o.o) cot ! exit(2)

1f
if
if
if
it
if

Tf(a2.gt.fixck2) call axit(2)

Tf(o2.1t.—a1/(2.eb2)) call exit{2)
vpt=ttieoleal+tt2eg2eg2+tt3enleq2+tt4eal+ttSeg2+tt6
vpb=bbleoleal+bb2en2ea2+bb3ealea2+bbéeqi+bbS5ea2+bb6
vpb2=vpbevpb

vpb3=vpb2evpd

vp=2.evpt/vpb

x2npall=2.ett1/vpb-2.e(2. ettieal+ttIeq2+tt4)e
1(2.0bbleai+bb3ea2+bb4)/vpb2-2.ebblevpt/vpb2+2.e
1(2.s8b1201+bb3202+bb4)= (2. =bb12u1+bb3I=a2+bb4)
tevpt/vpbd

x2npu12=t t3/vpb~(2.stt1eai+tt3eq2+t t4)= (2. sbb2ea2
148532a1+bb5)/vpb2-bb3evp t/vpb2—(2. ebb1sg1+bb3=a2+bb4)e{
12, 8tt2002+t 13201+t £5)/vpb2+2.9(2.sbbisal+bbIsaZ+bb4)
tovpte(2.ebb2ea2+bh3e01+bb5)/vpb3
x2npa22m2.9tt2/vpb=~2.0(2.0tt2002+tt3ea1+tt5)e{2.ebb2ea2
1+bb$oo1+bb5g/vpb2-2.oobzovnt/vpb2+2.0(2.0bb2002
1+bh3eai+bb5)e(2.ebb2ea2+bbIeg1+hbS)evpt/vpb3
detr=x2npoi2ex2npoi2-x2npaiiex2npa22
lf((x2n9022+x2noa11g.1t.O.O) call exit(2)
T(((x2npo22+x2npal1).69.0.0) col! exit(2)

if dotr.gt.o.og calt uxlt(Zg

ff(detr.8q.0.0) cal! exit(2
return
end

function expi(u)

common rn,b,re,mxeval,vp
sxpimyee(rn—2.)eexp(-2.eb/u)
return

end



100

200

progrom tv2sp2({kout,tty,topeS=kout, topeS=tty)
réal keff

common /one/ rn,b,re,mxevol, 0l

common /two/ b2,b3.b4,b65,642b,852b,062b,272b
cal! xsetf{0)

bbb=_0001

b=1.476

e=1.86

Kk=0

ii=0

mxeval=g50

re=.000000001

oontinue

ogll flux

ool {=b3/3.—qleb5/5.

xprodececol |

xx|lm. 25e(b2~_5-bas42b=~2.0e52b+(1.+b)sexp(=2.2b))
1—.25001-(b4—4./3.-b5+1.5-b2—2.—b3-e42b—5.-b2-352b—15.°b°852b
1=24.%8720+exp{~2.2b)»(b3+3.eb2+5.2b+6.))
xieokmcexx !

keft=xprod/(coii+xieak)

write(6,200) b,xleak, keff

1f{kaff.1t.1.0) bmb+bbb

Te(keff . it.1.0) jjmi

if{xaff.qt.4.0) b=b-bbb

Tf(keff.gt.1.0) kkmt

1f({kk+jj.1t.2) go to 100

format(1x,3120.10)

gsoll exlt(2)

end

subrputine flux

external expi

common /one/ rn,b,re mxeval,al

common /two/ b2,.b3,b4,bS5,ed2b,e52b,862b,e72b
ra=g,

#82b=quad{expi,.0000000000001,1.,re, mxeval,kount)
rn=8,

e82bmquad{expi, .0000000000001, 1., re,nxeval kount)
ras7.

072b=quad(expl, .0000000000001,1.,re, mxeval kount)
ra=8.

e82b=quad{expi, .0000000000001,1.,re ,mxeval, kount)
n=S

raxS.

882b=quad{exp i, .0000000000001,1.,re . mxeva! kount)

rned.

e42b=quad(expi, .0000000000001,1. ,re mxeval kount)

ro=3.

e32b=quad(exp!, .0000000000001,1.,re, mxeval,kount)

b2=beb

b3mb2ed

bA=b3sb

bSmb4ed

bE=bSeb

b7=bbed

Do 1md, /7. 007648, /5. 005-1,50b4+3 . =72, 0232b—-144 , ebveB2h
1=144 .0b2e8728~96.0h30062b~42. sb4ea52b—12.  ob5epd42b-2.¢h5ee32b
bhder8./5_ eb5+2. . 0h4-8./3.0b3+3.0h2~4. +24 ee72b+48.ebeeb2b+36.
teb2ea52b+16,0b3en42b+4.9b4eal32b

bbBx=4, /3. eb3~b2+.5~2. eb2ee32Zh~4. ehee42h-2. 06527

tt1s2./7 . 0b7

ttdm~_ 8ebS

tt8=2./3.eb3
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cclwttitebbd~bbiett4

cc2=2.ett1abb6~2. vbbhiettf

cclmtt4ebbb-bbdaetth

det=sqrt(cc2ecc2—4.eccivccd)

all=(dat—cc2)/(2.0cct)

a12=(~det-cc2)/(2.ecct)

fizck=1_/b2

al==500.

if{o11.gt. fixck) at=a12

1f{a12.gt. fixck) ai=at?

if(011.1t.0.0) ql=a12

11(012.1t.0.0) ai=all

f¢{at.gt . fixck) call exit(2)

[f(at.1t.0.0) call exit{2)
vp=2.e((tt1ealeal+tteent+tt6)/(bblegleal+bbieni+bbb))
bott=bblegleul+bb4eai+bbs
x2ndder=2.stt1/bott-2.2(2.sbbisg1+bb4)e (2.5t 1eq1+tt4)
t/bottee2 2 sppis(ttlegleqgi+ttasal+tt6)/botten2,
192.0(2,sbb1sn1+bbd)e(2.sbb12g1+bb4)s(tt1ealsgi+t tdng]
14+t46)/botteel.

lffondder.It.0.0g call exitézg
1f{x2ndder.eq.0.0) cal! exit(2
rsturn
end

function ¢xpi(u)

common /one/ ra,b,re,mxeval,.al
expinyee(rn-2.)eexp(-2.0b/u)
return

ond



progrom tv4sp2(kout,tty, topeS=kout, tapebmtty)

reci| keff

cogmon /one/ rn,b,re.mxevol,ol,02

coamon /two/ b2,b3,b4,05,b6,b7,e42b,e52b,e62b,e72b,e82b,292b
calt xsetf(0)

bbb=.0001

b=t 476

c=1.8

kk=0

Ji=0

mxeva!=850

ro=,000000001

continue

call flux

eoll=b3/3.-atleb5/5.-02eb7/7.

xprodmcecol{ .

xxil=, 250(b2—.5-bep42b—2.9e52b+(1.4b)sexp(~2.=b))
1—.25-01'(b6—4./3.-b3+1.5-b2—2.—b3-e42b—5.-b2-e52b—15.-b-eSZb
1-24,0672b+8xp{~2.2b)*(b3+3.5b2+6.9b+6.) )—. 250q2=(b6~8./3.%b5
147.5e54—16.b3+20,2b2—-30.~b52e42b—10. ob4=e52b-50.ab3I=e62b
1-240.s529e72b~500. ebseB82b~720.=e92b+exp(—2.sb)={b5+5.sb4+20.
1eb3+60.0b24120.9b+120.))

xleakecoxx |

ke(faxprod/(co! i+xieak)

write(6,200) b,xleak,kaff

!f(kcff.lt.1.0; b=b+bbb

Tr(keff.18.1.0) jj=1

11{keff.gt.1.0) b=b-bbh

Te(keff.gt.1.0} ksl

{f(kk+]).1t.2) go to 100

format(1x,3120.10)

call ex]t(2)

end

aubroutine flux

external expi

common /one/ rn,b,re,mxeval,al,u2

conﬂgn /two/ 52,b3,b4,55,06,b7,e42b,052b,262b,0872b,882b,e92b
ra=13.

#132bmquad{exp!, .0000000000004,1.,re,mxeval kount)

::;;:;quud(lxpi..0000000000001.1.,re.mxeval,kount)
e T12b=quad(axpi , 0000000000001, 1., re,meaval ,kount)
:7:;g;qucd(okpl,.0000000000001.1.,rl.mxovul.kount)
:g;:;quud(expl..0000000000001,1..re.mxeval,kount)
:;;g;quud(expi,.0000000000001,1..re,mxevul.kount)
:;;:;qund(cxpi..0000000000001,1.,re.mxevu!.kount)
:ggg;quod(oxpi..0000000000001.1..ro.mxovul.kount)
rn=S.

a62bwquad{expl, .0000000000001,1.,re, mxeval, kount)
fond

[
e42bequad{expl,.0000000000001,1.,re, mxeval, kount)
ra=3.

#32b=quod(exp!l, .0000000000001,1.,re mxeval kount)
b2=bed

b3=b2eb

ba=bJeb
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bS=baey

b6=bSeb

b7=b6eb

b8=b7eb

b9mb8eb

b10=hS9eb

bii=b10eb

Bi2=bited

b13=b12eb
bbi1=4./7.eb7-b5+8./5.eb5-1.5eb4+9.~72 . 9092b
1-144.0bea82b-144.0b20072b~95.9b30062h~42.0b4ea52b-12. eb5e042h
1-2.eb6ee32b
bb2=4./11.eb11-0104+80./27.6b9~15,/2.e58+96./7.ep7—
140./3.0b6+2400.-28800. 2 132b—57600.ebee122b~
157800, 0b2e8112b~38400. eb30e102b—-198200. eb4ee92b-7680. ¢
1050082b-2480.¢b60072b6-840.eb7eB82b—130.0b8ee52b-20.
1s09se42b-2.9b10ee32b
BU3=8./9.eb9-2.2534+104./21.507-11_eb56+96./5,e55-20.204
1+288.~2880.92e112b—5760.2b22102b-5760.sb22292b—-3840.
1ob3ee82b-1800.0b4se72b—-624.2b59e62b~154.2bb6ee52b
1~32.5572042b—4.+b8s032b
bbde—8./5.005+2.604—8./3.¢b3+3. eb2—4.+24.0272b
1448 . obeeB2b+36.0b20852b+16.9b3ee42b+4. eb4ee32h
DhSm=B . /7. 007+2.0b5~16./3.0b5+15.004—32. ¢b3+40.0b2
1-60.4480.0¢32b+960.¢beeB2b+720. ¢b2ee72b+320.9b3ee62b
14100.6b4ee52b+24. eb5ee42b+4 . ebbee32b

bhbe4, /3. eb3-b2+.5~2.0852b—4. ebes42b-2 . eh2ee32b
tti=2,/7.eb7

tt2=2./17.eb11

tt3md, /9. obS

ti4m—_8ebS

ti5edt /7,067

tt8m2 /3. 063

ot=ttiebbd~bblettd

c2=tt1ebb3-bbistt3

cIw2 .0t t1ebb6~2.obb 1t tE

c4=2.0ttiwbbS—2.ebb1etts

c5=2.ett1ehb2-2.sbb1att2
cBmutt3ebbb+tt4ebb5~bb3et t6-bb4st 15
07uttIenb5+tt4ebb2-bb3et t5~bb4ett2
cBett3ohb2-bbhlett2

eSmtt4obbb-bb4etts

c10=tt3ebb1—bb3ett1
climtt3ehb4+t{Sebbl-bbIett4—~tt1ebbS

012=2 . ett2ebb1-2. ebb2ett?
013=xtt3ebb6+ttSebb4-bb3Iett5~tt4ebbS

ot4=22 ett2ebb4—2.0bb2et t4

015t t20bbI-bb2et t3

c18=2.0tt2ebb5-2.ehb2e 18

c17=tt2ebd5-bb2e t t5

018wt tSebbB-tt6ebbS

02=0.0

a1=-500.

1000 continus

testimat

test2=qg2

eclmci+c2002

0c2mc3+chen2+c5¢02002
ce3mcBicBo02+c70020a02+cB0a20a2¢02

8cdnc17+c 15001

eeS5=ci6+c14egi+ci2eatlen]
ocbmc18+c13eal+ci11eaioal+ci0ealentienl
detai=aqri(cc2ecc2~4.eccleccld)
al1=(detat—cc2)/(2.0¢cc1)
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a12=(-detol-cc2)/(2.ecc1)

fluckl=l,./b2—a2eb2
if(at1.gt.fixckl) ai=mql2
if(a12.gt.flixck1) al=alt
1¢(611.it.0.0) gim=a12

1£(012.11.0.0) ol=ai?
deto2=sqrt({ccSecc5—4.ecchecch)
021=(deta2-cc85)/(2.ecc4)
a22=(~deto2-cc5)/{2.0cc4)

ftxck2=1./b4~a1/b2

115021.1t.-n1/§2.002g; 02=022

§€{022.1t.~a1/(2.b2 02=021
lfguzt.gt.f(xckz) 82=022

f{022.gt. flxck2) o2=q21
f(aba({testi-at)/01).gt..0000001) go to 1000
f{cbs({test2—a2)/a2).gt..0000001) go to 1000
f(a1.9t.fIxckl) call exit(2)
£(01.1¢.0.0) coi! exit(2)
f{a2.gt.fixck2) cal! exit(2)

if{q2.1t.—o1/{2.2b2)) call exit(2)
vpt=ttisglsgit+tt2ea2ea2+ti3enina2+ttdsai+ttSea2+t 6
vpb=bbiealeal+bb2eg2ea2+bbIeaiec2+bb4eati+bb5e02+bbE
vpb2=mvpbevpb

vpb3mvpbZevpd

vp=2 evpt/vpb

x2npa11=2. . ett1/vpb—2.0{2.ett1ea1+t130a2+tt4)e
1(2.obbl1e01+bbIea2+bb4) Avpb2—2._ebblevpt/vph2+2.e
1(2.9bbleat+bbIea2+bb4)e(2. ebbleal+bbIea2+bb4s)
1eypt/vpb3
x2npa12=t13/vpb—{2.e1t1ea1+t 136024t t4)e (2. sbb2ea2
14bb3ea 1+bb5)/vpb2-bb3evpt/vpb2~(2.ebbleal+bbIea2+bb4)e(
12.0tt2002+tt30g14tt5)/vpb2+2.0{2. obbleal+bb3ea2+bb4)
leypte{2.obb2ea2+bb3eal+bb5)/vpb3 .
x2np022m2 . et t2/vpb-2.0(2.0t12002+tt30g1+t15)a (2. ebb2ena2
1+hb3-ul+bb5;/vpb2-2.‘bbztvpt/vpbz-i-z.-(2.-b02002
140b3=a1+bb5) e (2, ebbZen2+bbIeal+bb5) svpt/vpd3
detr=x2npol12ex2npui2—x2npallex2npa22

i f{{x2npo22+x2npa11).1¢.0.0) call oxitszg
lfé(xan022+x2npu11 .eq.0.0) caoll exit(2
{f(detr.gt.0.0) call exit(2)
if{detr.eq.0.0) cat! exit(2)
return
and

function expi(u)

common fone/ ran,.b,re.mxeval,al,a2
expi=uee(rn-2_)eexp(—-2.9b/u)
return

end
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100

200

progrom tdtsp2(kout,tty,tcpeS=kout, tapeS=tty)
external fleak

real keff

common xpi,b,re,mxeval,bex

eall xaetf(0)

bbb, 00001

b=1.4948

e=! .80

kk=0

11=0

xpl=3.1415026535898

nxsvai=950

rex. 000000001

continue

boxwb+. 4455

eo!l l=bex/xpie(bex/xpiesin{xpi/bexeb)-becos{xpi/bexeb))
xprod=cacol |

xu |=b~_ 0000000000001
x{eak=.25*cequad{fieak,0.0,xul,re,mxeval kount)
ko ff=xprod/{coli+xleak)

write(5,200) b,bbb,keff

Tf(keff.1t.1.) b=b+hbb

Ifikeff.lt.h) ji=1

If{keff.gt.1.) bm=b~bbb

Te(keff.gt. 1.) kkm$

11(] j+kk.1%.2) go to 100

format({1x.3120.10)

coltl exit(2)

end

function fleak{r)

common xpi,b,re,mxeval,bex
fieok=sin(xpi/bexar)e({beb~rar)s{ei(b+r)—e1{b=r))+(b+r+1)
I-pr(-(b-r)s-(b-r+1 sexp{—(b+r)))

return

end



100

350
400
500

550

800

800
900

progrom tv2sp3{kout,tty.topeS=kout,topeb=tiy)

dimension xterm1{5000)
dimension rxi{5000)
dimension test({5000)
reagl keff

common b3,b5,rn,b,re,mxevat, 0l
col!l xgetf(0)
jdim=1001

bbb=.0001

b=x1.4768

c=1.8

agt=1.0

ags=.4

sga=sgt—ags
sgfumcesgt-sgs

kim0

ji=0

mxevai=950

re=, 000000001

continue

coft flux

o} lmb3/3.~010b5/5.
xprod=egfuecol!
2obswagaecol {

delrr=2. eb/tioat{jdim-1)
kdim=(jdim+1)/2
Tuxix=kdim—1

do 400 I=kdim, jdim

1{1.8q.jdim) xterm1(i)=.25e(2.0b+1.—exp(-2.9b))

1f(i.eq.Jdin) go to 350
rrefiogt{i~1)edelrr=b

xtermi(1)=.25¢((beb—rrerr)e(ei(b+rr)—el(b=rr))+(btrr+i.)e
loxp(={b=rr))—=(d=rr+1.)eexp(—(b+rr))}

continue

rxi{i)mcterni(i)

continue

continue

do 8§50 j=1,iuxl
exi(i)m—rxi{jdint1-i)
continue

do 1000 lw=kdim, jdim

og=0,

bb=0.

Tuzi=1

do 800 j=1,1u

delr=dalrr

if(j.eq.1) delr=.5edeirr
rrx=floutéi—j)0delrr
aso=ga+rxl{j)eeti(rrx)edelr
continue

{imidt

T€(i1.eq.jdim+1) go to 900
do 800 j=il,jdim
dolr=delrr

if(j.eq.jdin) delr= Sedgirr
rrx-f(ont%j-l)-delrr
bbabbirxi())eel(rrx)edeir
continue

continue

yy=1.0

if(i.eq.]dim) yy=.5
epa=.5edelrr

steggserxi(f)e(1.~exp{-aps)+spseal(aps))eyy
tost{!)=(aa+bb)esgse S+st+xtormi(1)
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1100

1300

continue

icce=0

rxi{kdim)=0.0

kkdim=kdim+1

do 1100 i=kkdim, jdim
it(aba((test(i)=rxi(i))/rxi(i)).qge..00001) lcc=1
rxi{i)=test(i)

continue

ff(lcc.eq.1) go to S00
x{agk=0.

do 1300 i=kdim, jdim
deir=deirr

if(l.oq.jdim; doir=_.Sedelrr
rr=flogt(i~1)edeirr-b
xleakmsgfue{l.—aterrerr)erxi(i)erredeir+xieak
continue
keff-éxprod-xlcuk)/xnbs
write(B,1500) b, bbb,keff
if{keff.1t.1.0) b=b+bbb
1t{keff.1t.1.0) jjmi
{f(keff.gt.1.0) b=b—bbbd
1f{keff.gt.1.0) kkmi
P6{]j4kk.1t.2) go to 100
formgt{1x,3120.10)

eall exit(2)

and

subroutine flux

external expl

cogmon b3,b5,rn,b,re ,mxevai,al

rnwg.

e82b=quud(expi, .0000000000001,1.,re,mxeval kount)
rn=8.
tBZb-quud(expi,.0000000000001.1..re,mxevul.koun1)
rn=7.
872b=quod{expi,.0000000000001,1.,re,mxavai, kount)
ra=8.

e62b=quad(expi, .0000000000001,1.,re,mxeval, kount)
rn=S

tSZb;qund(epr,.0000000000001,1..rc,mxcvu(,kount)
n=4

rn=4,

.42b=quad(¢xpl..0000000000001,1..rl,mxcval,kount)

ro=J.

e32b=quad{expl ., .0C00000000001,1.,re . mxeval kount)
b2cbed

b3=b2eb

b4=b3eb

bS=b4eb

bB=b5Seb

b7=bBeb

bbimd . /7.0b7-bB84+8./5.ab5~1.5eb449.-72.¢092b~144.ebeeBd2b
1=144.6b22872b—96 . 0030¢52b-42 . ab4=052b-12. eb5ee42b—2. sbGee32b
bb4e—B./S.0b5+2.0b4—8,/3,0b343.0b2—4.424 . 0872b+48.ebeeb52b+36.
fob2ee52b+16.9030c42b+4.eb4ve32b

Bb6=4, /3. 0b3-b2+,.5~2,852ee32b—4.2bee42b—2.ve52b
tti=2./7.907

tt4em BobS

tt6m2./3.0b3

ocixttlepb4~bbietts

cc2=2.0tt1ebbB8~2. sbbietts

cc3=ttdebhB~bb4e tif

det=aqri(cc2ecc2-4.eccleccd)

olt={dat—-c02)/{2.eccl)



a12=(~det—cc2)/(2.=cc1)

flxck=1./b2

a1=—500.

if{al1l.gt.flxck) olwgl2

1£{012.gt. fixck} al=atl

if{a11.1t.0.0) al=at2

1£(012.1¢.0.0) ol1=011

lféal.gt.flxck) cail exit(2)

1¢{01.1t.0.0) coll exit(2)
vp=2.e((tt1eatleal+tt4eat+tt6)/(bblealect+bbdeal+bbb))
bott=bblegleal+bbdesi+bbb
x2ndder=2.ett1/bott-2.e(2.ebb1eat+bbé)e(2. ott1eni+tts)
1/bottee2.—2 ebble(ttleaieal+tt4enl+tt6)/bottee2.
14+2.0(2 ebbleal+bb4)e(2.ebbleat+bbs)e(tt1eatleal+ttseal
1+tt6)/botteel.

If(x2ndder.1¢.0.0) call exit({2)

if(x2ndder.eq.0.0) coll exit(2)

return

end

function expi(u)

common bl,b5,rn b,re,mxeval,al
explmyoe(rn-2.)eexp{-2.9sb/u)
return

end
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100

g8

800

800
900

progrom tv4sp3(kout.tly,tapeSmkout,tapeb=tty)
dimension xterm)({5000)

dimension rxi(5000)

dimension test(5000)

real keff

common bJ,b5,b7,rn,b,re,mxeval ,0t,a2
coll xsetf(0)

Jd1m=1001

bbb=.0001

b=1.4759

¢=1.6

8gt=1.0

sgs=.4

sgomsgt—ags

sgfu=cesgt-sgse

k=0 .

Jj=0

mxeval=950

re=,000000001

continue

call flux

col 1=b3/3.~a1eb5/5.~a2eb7/7.
xprodmggfuecot!

xobs=sgaecol

delrre2 eh/float{jdim=1)
kdim=(jdim+1)/2

fuxi=kd1m—1

do 400 i=kdim, jdim

16{1.eq.jdim) xtermi{i)=.25e(2.eb+1.-exp{—2.eb))
11(i.eq.}dim) go to 350
re=float{i~1)edelrr—b
xterm1(l)-.25-((b0b—rrorr)0(e1(b+rr§—e1(b-rr))+(b+rr+1.)o
1exp{—(b~rr))=(b=rr+1.)eexp(={b+rr))
continue

rxi{i)=xterm1(i)

continue

continue

do 530 ie1,iuxi
rxi{i)mrxi(jdimti~i)

continus

do 1000 i=kdin,)dim

c0=0.

bd=0.

fu=i~1q

do 800 |=1.1u

delr=deirr

1€(}j.0q.1) delr=.5edeirr
rex=float(i—j)edelrr
ag=aa+rx!{j)eei(rrx)edeir

continue

ilmidt

If(il.eq.jdim+1) go to 900

do 800 j=il,jdim

delr=deirr

it(j.0q.jdim) delrm.Sedelrr
rrx=float{j—i)sdelrr
bbebs+rxi(j)eet(rrx)sdeir

continue

tontinus

yy=1.0

if(i.eq.jdim) yy=.5

aps= Sedelirr
st=sgserxi(i)e(1.—exp{-—epa)+epscei(ops))eyy
tost(1)=(co+hb)eagse.S+st+xterm1(i)



1000

1100

1300

1500

continue

tccw0

rxi(kdim)=0.0

kkdim=kdimtt

do 1100 i=kkdim, jdim
Tf(aba{(teat(F)—rxi(i))/rxi(i)).ge..00001) iccmt
exi{i)=teat(i)

continue

if{lec.eq.1) go to 500

x| 8ak=0.

do 1300 i=kdim, jdim

de ! r=delrr

1¢(i.eq.}dim) delr=.5edeirr
rrafioat{1-1)edelirr-b
xleakmggfue(1.~0tlerrerr—g2errerrerrerr)erxi(i)

ferreds!r+xieak

continue
keff-{xprod—xleuk)/xnbs
write(5,1500) b,bbb,keff
if(koff.1t.1.0) b=b+bbb
Tflkeff.1t.1.0) jj=1
Tf(keff.gt.1.0) bwmb-bbb
if(keff.gt.1.0) kkmt
1(jj+kk.1%.2) go to 100
format{1x,3120.10)

eall sxit(2)

and

subroutine flux

external expi

common b3,b5,b7,rn,b,re,mxeval,c1,02

rn=13.

#132b=quad(expi, .0000000000001,1.,re,mxeval ,kount)
ro=12.

8122b=quad(expi, .0000000000001,1.,re, mxeval, kount)
rowtt.

e112b=quad{expi, .0000000000001,1.,re,mxeval kount)
rn=10.
#102bmquad(expi ., .0000000000001,1. . ra, mxeval kount)
ramg.

a92b=quad(expt, .0000000000001,1.,re, mxeval kount)

rn=8.
e82b==quad{axpi, .0000000000001,1.,re, nxevo! ,kount)
rn=7.
¢72b=quad{expi,.0000000000001,1. ,re, mxevat, kount)
ra=6.
#82b=quod{expl,.0000000000001,1. ,re,mxeval kount)

rn=5.
032b=quad{expi, .0000000000001,1.,re, mxeval kount)

rom4,
o43§-quud(exp?,.OOOOOOOOOOOC1,1.,re.mxevol,kount)
rn=3,

32b=quad(expi, .0000000000001,1.,re,mxeval kount)
b2=bed

b3=b2eb

béed3et

bimbéeb

bE=h5eb

b7=bBeb

b8=h7eb

bS8=bBeb

b10=bgeb

b11=b10eb
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b1Zmbi1ep

b13=bi2eb

bbled . /7. .0b7-b6+8./5.9b5~1.5eb4+9.-72.ve92b
1-144,vbeaB82b—144.2b22e72b-96,.5b30862b~42. . sb4we52b—12.vb52242b
1-2.eb6esl32h
bb2=4./11.0b11=b10+80./27.0b3—15./2.eb8+96./7.eb7~
140./3.0b5+2400.-28800. ¢2132b~57600.ebee122b—
157800.0b2ea1126-38400.9b3¢4102b~19200.0b4¢e92b-7680.¢
16500820~2480. ¢b69¢72b-E40 . eb7ea62b~130.eb8ee52b-20.
1ebSee42b-2.6b100032b
503=8./9.0b0-2 . ebB8+104./21.0b7—11. ¢h6+96./5.eb5=20. 004
14288 .-2880. 068112b—5760. sbee1026~5760.eb29e32b-3840.
10b30882b~1800. sb4ee72b-624.9b50¢B2b—-164.eb5ee52b
1-32.0eb7ee42b—4 . ebBee32b
bbdm—8./5.9b542.004-8./3.0b3+3.eb2—4.+24.0e72b
1448 .0be882b+38 . 0b2ee52b+18 . sb3ee42b+4. ebsber32b
bb5=F8./7.9b7+2.a66-16./3.b5+15.9b4~32.sb3+40.3b2
1-80.+480.2292b+560.202£82b4720, b2ee72b+320.=b3=eb2b
1+100.sb4=e52b+24.9bSeed2bt4.sb6ee320

bbBm4. /3. sb3~b2+.5-2.ve52b~4.sbne42b~2.2b2ee32b
ttie2, /7.0b7

tt2=2./11. eb11

tt3md./9. b9

ttde. 8005

tt5mv4. /7. 007

$26=2./3.¢03

clettiebb4—dblett4

c2=ttiebbI~bblett3

c3x2.8tt1ebb8-2 ebblett8

clcZ ettlebh5—2. 0bd1et S

52 . ett1ebb2-2.ebb1ett2

cBumtt3ebbS+tt4ebb5—bbIe tt6-bb4ettsS
C7=tt3ebb5+tt4ebb2-bbIe t t5—bb4ett2
cButt3ebb2-bb3Iet12

cP=tt4epbB-bbeettb

S10=tt3abb1-bbInst t1
cliwtt3ebbatttSebbi—bbIett4—~tt1ebbS
c12«=2,et{20bb1-2. .esbb2et ¢}

C13mt tIvbbB+t tSebba—bbIet {65~t t4ebb5S

cl4m2 o tt2ebb4~2 ebb2ett4

ciS=tt2ebb3-bh2ett3

c18=2.0tt2ebb6-2.0bbh2e t B

e17=tt2ebbS5~bh2et tS

c18=tt5ebbB—ttBebhS

02=0.0

a1=-500.

continue

test1=al

test2xg2

0o01=c1+c2eal

oc2=c3+c4ec2+cSen2en2
0o3=cP+cBea2+c72a2eq2+cBe020g2402

CCA=c17+c15e01

ccO=c15+ci4eai+ci2aatieal
cclmc18+c13egi+c11eglegi+c10sglinglieg]
detole=sqrt(cc2ecc2—4.ecclsccy)
o11={detat—cc2)/{2.0cc1)

012=(~datal-cc2)/(2.0cct)

fizckimi_ /h2+q2eb2

11(at1.qt.fIxckl) gi=a12

1f(a12.qt. f1xck1) at=a11

11(a11.1t.0.0) aim=o12

11(812.1t.0.0) al=al1
deta2=aqrt(cc5ecc5—4.scc4eccB)




oZ\-%duloZ-ccS)/(Z.-cc4)
q22=(~deta2-cc5)/(2.ecc4)

flxck2=1./b4—a1/b2

if{o21.1t.-a1/(2.9b2)) 02=a22

1f{022.1t.—a1/{2.eb2)} o2=~a2%

1§{a21.gt. fixck2) c2=a22

if(022.qgt.fIxck2) 02=021
If(ubag(tnsii—a1)/a1).qt..0000001) go to 1000
if(abe({test2-02)/a2).4t..0000001) go to 1000
lfgal.qt.flxckl) calt exit{2)

1f(a1.18.0.0) calt exTt{2)

T£(02.9t.fixck2) caii exit(2)

1f(02.1t.—a1/(2.e02)) call exit(2)
vptmttiegleal+tt2ea2ec2+ttIoalen+ttdoal+tt5ea2+tt6
vpbmpblealeal+bblea2e02+bb3e0Tec24+bbbeai+bbSea2+bbE
vpb2evpbevpb

vpb3=vpb2svpb

vp=2.svpt/vpd

x2npalim2, ett1/vpb=2.0(2. stt1sal+tt3sg2+t t4)s
1(2.-bb1-cl+bb5-02+bb4§/vpb2—2.-bbl-vpt/vpb2+2.-
1(2,ebb1egl+bb3Iea2+bba)e (2. ebb w0 l+bb3e02+bb4)
{evpt/vpbd

x20p0 12wt t3/vph~(2. ot t1egi+ttIea2+tt4)e (2. ebb2ea2
148b3ea1+bb5)/vpb2—bb3evpt/vpb2—(2. ebblegi+bb3ea2+bb4)e(
12. 0482002+t t30a1+tt5)/vpb2+2.0(2.sbbiea1+bbIea2+bb4)
fovpte(2.ebb20024bb3egi+bb5)/vpb3

x2npa22=2 ett2/vph=~2. (2. 0t12e02+tt3eal+tt5)e(2.ebb2ea2
1+bb3eat+bbS}/vpb2-2. ebb2evpt/vpb2+2,.¢(2. ebb2ea2
1+bb3ea1+bbS)e (2. ebb2+a2+bb3ea1+bb5)evpt/vpb3
detrex2npgi2ex2npai2—x2npaliex2npa22
11{(x2npa224x2npa11).1t.0.0) coll exit(2)
1((x2np022+x2npa11).eq.0.0) call exit(2)
if(detr.gt.0.0) call ex?téZ)
if(detr.eq.0.0) catl exit(2)
return

end

function expi{u)

common b3,b5,b7,rn, b, re,mxevol,al,02
explayee{rn-2.)eaxp(—2.eb/u)

reaturn

end
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100

200

program tv2c!i{kout,tty,tape
real keff

common b,.re,mxevel,vp

call xsetf(0)

bbbw=.0001

b=1.0209

e=1.8

kk=0

ji=0

nxeval{=850

re=.000000001

continue

eall flux

ke f fag—vp

write{8,200) b,bbb,keff
lf(koff.lt.o.og b=b+bbb
Pf(keff.12.0.0) jjm=1

if keff.gt.o.og b=b~bbb
1f(keff.gt.0.0) kkwl
Pf(kk+jj.1t.2) go to 100
formot{1x,3f20.10)

call ex1t(2)

snd

subroutine flux
external fbb1
external fbb4
externai fbbb

cosmon b,re,mxeval ,vp

Smkout, topeb=tty)

xbb1xquad( fbb1,.0000000000001,b, "¢, mxeval kount)

bb1m10./63.ebee7 . ~xbb1

xbb4=gquad( fbb4, .0000000000001,b,re,mxoval kount)

bb4=—28./45.ebee5. +xbb4

xbb6wgquad( fbbB, .0000000000001,b, re, mxeval kount)

bb6=2./3.ebsel.~2.exbbb
b2=bsb

ba=b2ebH2

bEeb4eb2

tt1=b6/6.

Ltde Seb4

tt6=b2/2.
eeixttiebhd—bhietts
0c2=2,.0tt1ebbB-2 . ebbletts
co3=tt4ebbb-bb4aetts
det=eqri(cc2ecc2—4.9cclece3)
at1=(det-cc2)/(2.0cct)
a12=(~det-cc2)/{2.0ccl)
fixck=1./b2

a1=—500.

if ull.gt.flxck; 01=g12
ff(a12.gt.fixck) almall

i 011.|t.0.03 gi=g12
t6(012.1t.0.0) olegtt
if{ol.gt-fixck) calt exit(2)
1#(a1.1t.0.0) cali exit(2)
vaw{ttleglegi+ttesgt+tt6)/(b
bottebbieaieai+bbéeai+hbb
x2nddar=2.ett1/bott=2.9(2.eb

blegleal4+bb4eal+bbb)

bleal+bb4)e(2.ett1eal+tt4a)

1/bottee2 -2 ebhle(ttiegtieai+ttdent+tib)/bottee2.

142.¢(2.ebblegi+bb4)e(2.ebbTe
14+tt6)/botteel,

lféxandar.lt.0.0) call exit
1f(x2ndder.8q.0.0) call exit

o1+bb4)e(tt1entleal+tidecnt

&




return
engd

function fbdbi1(r)

common b,re,mxeval,vp
fbbi=beai1(r)ebeski(r)e(10./9.0ree7 +8./9 oree5_ )+hask0(r)
1ebesiO(r)e(10./9.0ree7 +4_/3 eree5 )~besi1(r)ebesko(r)
10(14./9 oree6.+8./3.0reed _)—4. /9 oreeB oboski(r)ebasiO(r)
return

end

function fbb4(r)

common b,re,mxevaf,vp

fbb4m(28. /0. eree5.+8. /0 . eree3. Yebesi1(r)ebeski(r)
14(28./9.0res5.34. /3. 9rve3_ )epeskO(r)sbesiO(r)—
1(32./9.erse4.4+8./3 . erns2 )obesi1(r)sbesk{r)
1~4./9.urend abeski{r)ebesiO(r)

return

end

function fuhs(r)

eommon b,re,mxaval,vp

fobB=ree3 o(hesii(r)ebesk1(r)+baskO(r)ebesiO{r))~rer
1ebeskO{r)ebesi1(r)

return

end
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progrom tvécii(kout,tty,topeS=kout,tape6=tty)
real keff
common b,re,mxeval,vp
cal{ xsetf(0)
bbb=.000001
b=1.020859
o=1.8
kk=0
j1=0
mxavai=050
ra=.000000001

100 continus
eall flux
keff=c—vp
write(8,200) b,bbb,keff
it koff.lt.o.og bmb+bbb
if(keff.1t.0.0) jj=1
it kaff.gt.0.0g b=b-bbb
if(keff.gt.0.0) kkmt
11{kk+jj.1t.2) go to 100

200 format(1x,3f20.10)
call exit(2)
end

subroutine flux

external fbbi

externo! fbb2

external fbb3

externatl fbb4

external fbbS

external fbbE

common b,re,mxeva!,vp

xbbi=quad{ fbb1, .0000000000001,b,re, mxeval kount)
bb1=10./53.ebee7 . ~xbb1

xbb2wquod( fbb2, .0000000000001,b, re mxevei kount)
bb2=178./2475.%bwe 11 .~xbb2

xbb3=quad{ fbb3, .0000000000001,b,re, mxeval,kount)
bb3=428./2025.beed . ~xbb3

xbb4equad(fbb4, .0000000000001,b,re, mxeval kount)
bb4e—-28./45 eheeS +xbb4

xbhb5=quod( fbb5, .0000000000001,b, re, mxevai, kount)
Bb5==-828./1575.¢bee7 +2_exbh§

xbb6=quad{ fbt6, .0000000000001,b, re, mxeval kount)
bbB8=2./3.0bee3 -2 exbb8

b2=beb

bd=b2eb2

bb=bdeb2

b8=b6eb2

b10=b8eb2

tti=bB/6.

tt2=.1eb10

tt3w. 2508

ttd=— Sebs

tt5=—1,/3.0b6

tté=b2/2.

clattiobba~bbiletts

C2wmttiebb3-bb1ett3

c3mw2. . ottiobb6-2.ebblett6
c4=2.ett1ebb5~2 . 0bb1st S

¢S=2.0tt1ebh2~2. ebbtiett2
cB=tt3ebhb+ttdebbS~bb3ett6-bb4etts

07t t3ebbS+tt4ebh2-bbIettS5~bbdett2
o8xtt3ebb2-bb3ett2

272




1000

cQwtt4sphbB-bb4astts
clO=tt3ebb1-bb3et t1
ci1=t{3ebba+t15ebb1-bbIet t4—tt1abbS
cl2e2. ett2ebb1-2 . abb2ett1
c1JwttIebbb+ttSebba—bbIetto—tt4ehhs
Cl4=2 ot t20bba~—-2_ ehb2ett4
c15=tt2ebb3—bb2et t3
e16=2.0tt2ebb6~2.obb2etts
c17=tt2ebb5-bb2e t S5
016=t1Sebbb~-tt6ehbS

82=0.0

a1=~500.

contlinue

tootimgy

test2=a2

coi=ci+c2e02
ce2wc3tc4en2+cSeul2en2
cclmcB4chbea2+c7902e024c8eg2e02s02
ccam=c17+c15ea1
ccS=c184c140014c12001 001
cchmc18+c13egl+c11naleai+ci0sginnlival
detatlmsgrt({cc2ecc2—4.eccleccd)
ot1=(detal—cc2)/{2.eccl)
a12w({~datal—cc2)/{2.9cc1)
fixcki=l, /b2~-g2¢bH2

11(at1.gt. fixckl) 01=012
Iléal2.gi.f(xck1) cl=a11
i1{a11.1t.0.0) el=a12
i1(012.1t.0.0) ci=011
deta2asqri(ccSeocS5—4.vccheccB)
a!ItEdetuZ-ccS)/(2.occ4)
022=(~deta2—cc5)/(2.eccd)
fixck2e1./b4-a1/b2

it u21.|t.-o1/§2.-b2)) 02=022
1£(022.1t.-91/(2.=b2)) a2=021
if(021.gt.f1xck2) a2=a22

if(022.g9t.f1xck2) a2=021
if ubszgtasti—ol /a1 .gt..0000001g go to 1000
if(oba((test2—-02)/02).gt..0000001) go to 1000

Tf(nt.gt.fixckl) call exit(2)
11(at.1t.0.0) cali exit(2)
lféuz.gt.flxck2) calt axit{2)
1€(02.1t.—a1/(2.eb2)) call exit{2)
vpimttleateai+tti2ec2ea2+tt3ocien2+ttdeai+tt5002+t 46
vpb=tbleaieals+bb2eg2ea24bb3ea1eg2+bbdeai+bb5ea2+bbb
vpb2=vpbevpb

vpb3=vpb2evpb

vp=vpt/vpb
x2npali=2.ett1/vpb=2.0(2.0ttTeal+ttIeg2+tta)e
152.cbb1oa1+bb3°u2+bb4)/vpb2—2.obb1ovpt/vpb2+2.o
1{2.0bbleal+bb3e02+bb4)e(2.ebbTeal+bbIea2+bb4)
Tevpt/vpb3

x20pGa12:t t3/vpb—(2. et t 10014t t3002+tt4) (2. sbb2eq2
14+bb3en14bb5) /vpd2-bbIsvpt/vpb2—(2.ebb1eal+bb3ea2+bb4a ) s(
12, 9tt20a02+tt3eg1+tt5)/vpb2+2.2(2.ebb1ea1+bbIsn2+bb4)
Tovpte(2.vbb2ea2+bb3sa1+bb5)/vpb3
X2npo22=2.0tt2/vpb—2.0(2. et t2e02+tt3eg1+tt5)e (2. ebb2eqa2
14bb3ea14bb5)/vpb2~2. ebh2evypt/vph2+2.0(2.ebb2ea2
14+bb3ea1+bb5)e (2. ebh2eo2+hbIea1+bb5)evpt/vpbd
datr=x2npai2ex2npai2~x2npoiiex2npo22
If(éllnp022+x2npai1).lt.O.O) cali exit(2)
[f{(x2nps22+x2npa11).eq.0.0) colt axit(2)
[f(detr.gt . 0.0) coll exit(2)
t1(detr.eq.0.0) calt exit(2)
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return
end

function fbbi(r)

common b,re,mxeval, vp
fobicteait(ryebesk1(r)e(10./9.0ree7 +8./9. . eree5 )+bwskO(r)
1ebesiO(r)e(10./9.0ree7 . +4./3 oree5_)-besi1(r)ebeskO(r)
10(14./0. . er0e6 +8./3.0r0ed. )~4_/9. oceef. obeaki(r)ebesio(r)
raturn

end

functlion fbb2(r)

common b,re,mxeval,vp
fob2=beski{r)ebesi1(r)e{178./225.0ree11.4418./225.0r0eg,
14128./25.srae7. )+besk0(r)sbesiO(r)=(178./225.sree11.4+184./75.
Yeres8.+320./25.9ree7. Y=beskO(r)sbesi1(r)e(314./225.
leres10.+608./75.2rse8.+640./25. . ereab.)=besk1(r)sbesiO(r)e
1(136./225.2r=210,464./25,0rseB.)

return

and

functfon fbb3{r)

common b,re,mxevcl,vp
fbbl=baski1{r)ebesi1{r)e(428./225 eree9 +616./225 orve7,

14384 . /75 .9re05 )+begiO(r)ebaskO(r)e(428./225 ereeS.+284./75.
feree7,4+320./25.0r0e5. )—beskO(r)ebesii(r)e(664./225 ereed. +
12424 /225 . 9r0e6.+840. /25 .eree4 )-besiO(r)ebesk1(r)e(2368./225.
leree8,+64./25.0r006.)

return

end

function foba(r)

common b,re,mxeval, vp
fbb4a(28./9.ers25.+8./9.eres3, Yebesi1(r)ebeski(r)
14(28./9.oree5.4+4./3.wrve3. YoboskO(r)ebesiO(r)~
1(32./9.eree4 +8./3.0ree2 )obesi1(r)ebeskO(r)
1—4./9.9ree4 obeski(r)ebesiO(r)

return

end

function fb5b5(r)

oommon b,re,mxevai,vp
fbbS=besi1(r)ebesk1{r)e(314,/225 . eree? . +208./225.er0e5.+384.,
1/150.eree3_)+beskO(r)ebeaiO(r)e(314./225,eree7,492./75.
10r005.+32./5-0r003.)—beskO(r;ObesiIgr;O(SSZ./ZZS.or-os.
14304 ./75.0reed . +84./5 oree2. )~besiO{r)ebesk1(r)e¢(B88./225.
fereeB +32./25.areed )

returna

end

function f4bE(r)

common b,re, mxeval,vp
thbbemree3.o(besi1(r)sbeaki(r)+beskO(r)ebeaiO(r))—rer
febaskO(r)ebasii(r)

return

end



100

200

program tv2ci2(kout,tty, tapeS=kout, tapeb=tty)
external fleagk

real keff

common b,re,mxeval,gl

call xsetf(0)

bbb=_000001

be=1,020884

e=1.80

kk=0

}1=0

mxeval=050

re=.000000001

xpi=3.1415828535898

continue

coll fiux
ool|-2.oxpiv(.50bob—.25.u1oboo4,)
xprod=cecol

xleakm2_ scexpisbequad(fieak,1.0,100000..re,mxeval, kount)
keffmxprod/(co!l+x!leak)
write(56,200) b,bbb,keff
if(keff.1t.1.0) b=b+bbb

1t kafi.lt.1.0; jjmi
Tt(keff.gt.1.0) bmb—hbh
Tt{keff.gt.1.0) kkm1
11(kk+}j.1t.2) go to 100
format(1x,3120.10)

oall ex1t{2)

end

subroutine filux

external fbb1

externc! fbb4

external fbb6

common b,re.mxeval,al
xbb1-quod(fbb1..0000000000001,b,re.mxevul,kount)
bb1=wi0./63.ebea7 . ~xbb1

xbb4=guad( fbb4, .0000000000001,b, re , mxsval, kount)
bb4e—28./45,ebee5 . +xbb4
KbbB-quod(fbbS,.0000000000001,b.re.mxevu1,kount)
bbEm2./3 . 0boel3 ~2_ exhh6

b2=bet

hd=b2eb2

bbe=bh4eh2

tti=b6/6.

ttds- Sebd

tt6ud2/2.

cci=mttiobbé-bbletts

0c2=2 ott1ebb8-2.ebbletts

ccImtt4ebbb-bb4ettB

dat=gqrt{cclecc2—4.ecoleccy)
alf=(det—cc2)/(2.ecc1)

912=(~det—cc2)/(2.sccl)

fixcke1./b2

a1=~500.

1e u!i.gt.fl;ck; glwgi12

1f(a12.gt. fixck) ot=mgl?

11(591.1¢.0.0) atmal2

190012, 1t.0.0) glmatl

11(at.gt. fixek) call axIt(2)

1¢(81.1t.0.0) col! exit({2)
vp=(tt1ouloa1+tt4ou1+ttB)/(bbIou1ou1+bb4oal+bb6)
bottebbiecteai+bb4eai+hbs
x2ndder=2.ett1/bott~2.¢(2.ebhTeal+bb4)e{2.ott1eal+tt4)
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1/bottes2. —2.sbble(tt1wn1sg1+ttasal+tiE)/bottee2,

142, (2. obblegl+bb4)e{2.ebblea1+bb4)e(tt1voleal+ttdnnl
1+tt6)/bottes3,

if§x2ndder.lt.0.0) call exit(2)

if(x2ndder.eq.0.0) call exit(2)

return

and

furiction fbbi1{r)

common b,re,mxsvol,al
fbbitbtaI1§r)obcakl(r)-(10./9.-r007.+8./9.-r0o5.)+besk0(r)
tebesiO(r)e{10./9.0ree7 +4./3.0reeS. )~besi1(r)ebeskO(r)
10(14./9.0ree6.48./3.0reed. )4 /3. 0ree6. obesk1(r)ebesiO(r)
rsturn

ond

function fub4(r)

common b,re,mxeval,al
fobd=m{28./9.2ree5 +8,/9 er=e3. Yubesi1(riabeski(r)
14(28./9.0ree5. 44, /3 eree3. )ebeskO(r)ebesiO(r)—
1(32./9.0ree4 +8./3 . 0ree2.)obesi1{r)ebeskO(r)
14./8.ecve4 obeski(r)ebesiO(r)

return

and

function fbb&{r)

common b,re,mxeval.ql

fbbB=ree3. e(besii(r)ebesk1{r)+besk0{r)ebesiO{r))=rer
1ebeskO{r)ebesii(r)

return

end

function fleak(x)

common Y,re,mxeval,ol

bbxmbex
¢lnokmbeskie{bbx)e(beslTe{bbx)e(b/(xex)—alebee3. /{xex)
1—4.00%eb/(xee4_))+besiOe(bbx)e{2.001ebeb/(xee3.)))
return

and



100

200

program tv4ci2{kout.tty,.topeS=kout,topeb=tty)
external fleak

real keff

common b,re,.mxeval,al,a2

call xsetf(0)

bbb=.000001

b=1.020859

c=i.80

kk=0

jj=0

mxavoi=950

r6=.000000001

xpl=3, 1415926535888

contlnue

cail flux :
colt=2 expie(, Sebeb—.25ea1ebees —1./8. 0a20hee8.)
xprodweacol |

xicakm2. ecexpisbequad(fieak,1.0,100000.,re, mxeval . kount)
ko ff=xprod/{coil+xieak)

write(6,200) b.bbb,keff

if kuff.!(.1.0g be=b+bbb

llgknff.lt.1.0 jj=1

if kaff.qt.1.0g bwb-bbb

1f(keff.gt.1.0) kkel

Tf{kk+jj.1t.2) go to 100

format{1x,3¢20.10)

colt exit{2)

end

eubroutine flux

sxternal fbb1

axterngi fbb2

externcl fbb3

externa! fbb4

externa) fbbs

externo! fbhb

common b,re,mxeval,al,02

xbb t=qugd( fbb1, .0000000000001,b,re, mxeval ,kount)
bbi=10./83.0bee7 —xbb1

xbb2=quad{fbb2, .0000000000001,b,re, mxeval , kount)
bb2=178./2475.ebee11 ~xbb2

xbb3=quod(fbb3, .0000000000001,b,re mxeval, kount)
bb3=428./2025.ebeeg.—xbh3

xbbi=quad{ fbb4, .0000000000001,b,re, . mxava! . kount)
bb4=-28 . /45.ebee5 +xbb4

xbbS=quad{ fbb5, .0000000000001,b,re,mxevai kount)
bbS5=-828./1575.ebee7.+2. exdb5

xbbd8=quad( fbb8,.0000000000001,4,re mxeval kount)
bbB=2./3.ebee3.—~2. exbbb

H2=beb

bdmb2eb2

bSwb4eb2

b8=bbeb2

b10=b8eb2

tti=h5/6.

tt2w, ted10

tt3e, 25008

ttdom, Seb4

ttS=1,/3. 006

tt6=b2/2.

ci=ttlebbd~bbietts

c2ettiebh3I~bblettd

c3x2_ ott1obbB-2 . 0bbilettB
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cd=2 .att1abb5—2. ebbisttd
cS=2.wtt1abb2-2.ebblett2
cBwt t3abb6+tt4ebb5—0b3IettE—bb4ot tS
c7=ttJobbS+ttéebb2~bbIettS5-bbdrtt2
e8=ttIebb2-bbIett2
c9=tt4obbEé6~bb4ettE
c10=t{3ebb1-bb3ett1
cl1i=tt3ebb4+ttSebbi~bh3ett4—~tt1ebb5
012=2.0tt2ebb1-2 ebb2ett1
cl3=tt3ebdb+ttSebba~bh3IettB-tt4ebbS
cl4=2 ott2ebb4~2. ebb2ettd
ciS=tt2ebb3-bb2et t3
018x2.0tt2ebb6-2.ebb2e tt6
¢17mtt2ebbS~bb2et tS
c18mttSebbl~ttBebbS
g2=0.0
q1=-500.
1000 continue
testi=g1
test2mo2
cCimci+cen2
cc2me3+cdeal+cSep2en2
cedme94cbea2+c7002002+cB002002002
cchmc174c 15001
ccSwe {84c140014+c120gieal
eeBx=c18+c13eat+ciisaleali+ci0epioatieat
detotmaqrt{cc2ecc2~4.0ccivccl)
ati=(detal~cc2)/(2.ecct)
a12=(~-detal—cc2)/{2.ec21)
fixcki=1./b2—a2eb2
1f(at1,.gt.fixckl) al=al2
1¢(012.gt. fixck1) aimatt
Iféu!1.lt.0.0g ol=agl2
1¢{a12.1t.0.0) al=a1l1
deto2w=sqrt(ccSscc5—4.scc4ecch)
c21-$detu2-cc5)/(2.-cc4)
022=(~de ta2-cc5)/(2.vcc4)
fixck2=1./b4~a1/b2
if n21.lt.-u1/$2.-b2); c2Z=a22
11(022.1t.—a1/(2.b2)) c2=a21

T¢(021.gt.flxck2) a2wq22
t¢{a22. t.llxckzg 02=021
ie abs(gtest1-o1 /a1).gt..0000001; go to 1000
if{aba((test2-a2)/a2).gt..0000001) go to 1000

Tf{a1.gt.fixck1) call exi(2)

i1(a1.1t.0.0) call exit(2)

1f{02.gt.f1xck2) call exit(2)

11(a2.1t.~01/(2.4b2)) call exit(2)
vpi=ttiealegistt2en2ea2+tt3eqleg2+tt4eal+tiS5ea2+4t6
vpb=bblecleatl+bb2e02e02+bbJen1e0c2+bb4eal+bbSen2+bbB
vpb2=vpbevpd

vpb3mvpb2evpd

vpmvp t/vpb
x2npatim2.ett1/vpb—2.v(2.0tt1eal+tt3Ie02+tt4)e
1 Z.Obb1001+bb3002+bb4;/vpb2-2.0bb1-vpt/vpb2+2.0
1(2.obb1=ai+bb3I»q2+bd4 0(2.-bb1ou1+bb3-02+bb4)
tevpt/vpb3
x2npa12=tt3/vpb~(2.ott1eaT+tt3ea2+tt4)e (2, ebb2e02
1+bb3ea1+bb5)/vpb2-bb3evpt/vpb2~(2.etbTen1+bbIea2+bb4)e(
12.08t2002+tt30a1+tt5)/vph2+42. (2. ebbieal+bbIen2+bd4)
tevpte(2.ebbZea2+bb3ea1+bb5)/vpb3
x2npa22=2.ett2/vpb—2.0(2. et t2e02+tt3ea1+tt5)e(2.0bb2e02
14bb3ea1+bb5)/vpb2-2. ebb2evpt/vpb2+2.e(2.ebb2e02
1+bbIeal+bh5)e(2.ebb2ea2+bb3ea1+bbS)evpt/vpbd
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dotrex2npolZex2Znpal2-x2npalisx2npa22

i f((x2np0o22+x2npa11).1t.0.0) call e:itéz)
if({x2npu22+x2npol11).eq.0.0) coll exit(2)
if{detr.gt.0.0) call exit(2)
ff{detr.eq.0.0) call axit{2)

return

efd

function fbbi{r)

common b,re,mxeval,al,a2
fbbi=bes!1(r)ebeski(r)e(10./9.0ree7.+8./9 oree5 )+beskO(r)
1ebasiO(r)e{10./9.eree7.+4./3. . oree5_ )—besi1(r)ebesk0(r)
10{14./9. . eree6 . +8./3 . 0r0e4 )~4./9.0reeb. ebesk1(r)ebesiO(r)
return

end

function fbb2{r)

common b,re,mxeval,gl,02
fob2=besk1(r)ebesi1(r)=(178./225.er==11.+416./225 . scseg,
1+128./25.ere¢7 . Y+baskO(r)ebesiO(r)e(178./225 eree11 . +184./75.
10re09.+320./25.0r0e7 . )—beskO{r)ebesi1(r)e(314./225.
1070010.4608./75.0ree8.+640./25.0reeb_)-besk1(r)ebeaiO{r)e
1(136./225.er0e10 . 4+64./25.0r¢e8.)

return

ond

functlon fob3(r)
poamon b,re,mxeval,al,a2
fhb3mbesk1{r)ebesi1(r)e(428./225 ereed +616./225. er0e7,

14384./75.9ree5. )+besiO(r)ebeskO(r)e{428./225.0reeS.+284./75.
16ree7.4320./25. .aree5 . )~beskQ{r)ebesi1{r)a{664./225 . areeB .+
12424-/225.0r0-5.+540./25.-r-04.)-besiO(r)-besk1(r)-(ZJS./ZZS.
Toree8 +654./25.0re=6.)

return

snd

function fbbé(r) .

cosmon b,re,mxavol, 01,02
fobdc(28./9.eree5 . +8./9 . arvel )ebeai1{r)ebeski(r)
14(28./9.0r005 +4./3 oeree3. YebeskO(r)ebesiO(r)-
1(32./Q.eree4 +B./3 sree2. Yobosl1{r)ebaskO(r)
1—4./9 . orve4_obaaki(r)ebesio(r)

return

ond

function fob5(r)

oommon b,re,mxeval, 01,02
fobS=beui1(r)sbeski(r)e(314./225 area7 +208./225.9cas5 +384.
1/150.0cee3, )+boskO{r)sbesiO(r)=(314./225 . erea7.482./75.
10r--5.+32./5.-r0-3.)—besko(r;-besi1(r)-(362./225.-r0-5.
14304./75 .0rve4,+54./5.9r0s2, )=bosi0(r)ebeski(r)=(68./225.
1oreeB.+32./25 erve4 )

return

snd

function fbbB(r)
common b,re mxeval,gl,02
fbbB==ree3.e(besl1(r)ebeakl(r)+baakO(r)ebsaiO(r))—rer



280

1ebeskO(r)ebesii(r)
return
end

function fleak{x)
gommon b,re,mxevsl,o0l,02

bbx=hex
fleak=baskte(bbx)e{basl1e(bbx)e(b/(xex)—olebee3./(xex)
1—4.ealed/(xeed_)—a2ebee5. /(xex)-16.e02ebeel./(xoed.)
1-84.0a2eb/(xee8.) )+basiOa(bbx)e(2.ealebee2./(x0e3.)+
14.002ebeed /(xea3_)+32.0020bee2 /(xee5.)))

retura

end



100

200

progrom tdtclz(kout,tty,tnpes-kout,tapes-tty)

externa! fteak

reql keff

common xpi,b,re,mxeval,bex
call xsetf(0)
bbb=_00001

b=1.0327

c=1.60

kk=0

1J=0

mxeva!=950
ro=.000000001
xpi=3.1415026535838
continue
bexmb+ . 4455

¢ollmbexe2.expiebebesj1(2.405¢b/bax)/2.405

xprodecacol |

xleuk-Z.-xpi-b-c-quud(fleuk,1.0.100000..re,mxevul,kount)

ke ffmxprod/(col i+xieak)
write(6,200) b,bbb,keft
Ifékeff.l!.1.0g b=b+bbb
Tf(keff.1t.1.0 -l
if(keff.gt.1.0) heb-bbh
11(keff.gt 1.0) kkmi
Tf(kk+j}.1t.2) go to 100
format{1x,3f20.10)

cat! sxit(2)

end

function fleak(x)

common xpl,b,re.mxeval ,bex
ck1=2._.405e¢b/bex
ck2=2.405/bex

flegkmbeskie{bex)/(xee3.+xack2ee2. )u(ckisbesj1{ckl)
tebesiOe{bex)+bsxebesjO{ck1)sbesile(bax))

return
end
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program tv2ci13{kout,tty,tapeSmkout,tapeb=tty)
externa!l terml
external xtr)
external xtr2
external xtr3
dimengion x1(500)
dimengfon xterm1{500)
dimension xterm2{500)
dimenaion test({500)
dimangion xtr(500,500)
real keff
common b,re,mxeval,rr,rp,a01
cgl! xsetf{0)
jdinm500
bbb=.0001
be1.02687
c=1.8
3gt=1.0
sgs=0.4
sga=sgt—sgs
sgfu=c=sgt—sgs
b kw0
Jj=0
mxevalm§S50
xpi=3.1415926535898
100 continue
re=. 000000001
call flux
re=.0001
coli=2 . explie(bebe.5—alebees o, 25)
xprod=sgfuecoli
xgbsmsggecol |
delrrmb/float{jdim1)
do 200 i=1,jdim
rr=fiogt(i~1)sdetrr
xterm?(i)=bequod(term1,1.0,2500.,re,mxeval, kount)
xi(i)-:term12i)
200 continue
do 800 iwt, jdim
rr=fiogt(i—1)edelrr
Ixllmist
Tf(ixil.eq.jdim1) go to 400
do 300 n=ixit,}dim
rp=fioat{n—1)edeirr
xtr(i.n)=qne7(xtr1,1.0,2500..rs . mxsvel kount)
300 continue
400 ocontiaue
t1{l.eq.1) xtr(i, 1)=0.0
ff(i.eq.1) go to 500
xtr(i,i)=gnc7(xtr2,1.0,1000000.,re,mxeval ,kount)
500 contiaue
Txulemi—1
if(ixul.eq.0) go to 700
do 600 ne1,ixul
rp=fiogt(n~1)edelrr
xtr{l,n)=qnc7(xtr3,1.0,2500.,re,mxevol , kount)
8O0 continue
700 continue
800 continue
900 continue
do 1400 i=1,jdim
xterm2(1)=0.0
do 1000 n=1.;dim
rp=float(n=1)edsirr
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dejr=deirr
if(n.eq.1) delr=Sedeirr
if(n.eq.jdim) delr=.Sedelrr
xtarmZ(ii-xtcrm2(1)+delrorp-xi(n)-xtr(i.n)
1000 contTnue
1400 continue
fee=0
do 1500 i=1,jdim
teat(i)=xtermi(i)+sgsextarm2(i)
!fgab.((tns!(i)—xl(i))/xl(i)).qt..OOOOI) lce=1
xi(i)=teat(i)
1500 continue
f¢{1cc.eq.1) go to 800
xfsak=0.0
do 1800 i=i,jdim
remfloat{i—1)edelrr
delir=delrr
1£(i.6q.jdim) delr=m Sedeirr
xleok=xigok+sgfus{1.~alarrerr)s2 sxpisrredelraxi{i)
1600 continue
koff—ixprod—xleuk)lxub:
wrlte(6,1700) b,bbb,keff
Tf{keff.1t.1.0) bmbebbb
TH(keff.11.1.0) jjmi
tf(keff.qgt.1.0) b=b—bbb
t1(kaff.gt.1.0) kk=1
P7{kx+)].1¢.2) go to 100
1700 formaot(1x,3120.10)
call exit(2)
end

subroutine flux

external fbbl

external fbb4

externa! fbbb

common b,re,mxeval,rr,rp,a1

xbbi=quad({fbb1, .0000000000001,b, re,mxeval,kount)
bb1w10,/63.vbve7 . —xbb1

xbb4equad(thb4, .0000000000001,b,re, mxevat kount)
bb4a—2B. /45,  ehee5 +xhb4

xbb8=quod{ fbb6, .0000000000001,b,re,mxevo! kount)
bb6=2./3.ebee3 . =2 exbbé

b2cheb

bd=bleb2

d6=baebh2

tt1=b8/8.

tt4m— . Seb4

tts=b2/2.

col=ttiebbd—bblett4

oc2w2.ettlebbf—2.ebb1et 8

ocI=tt4ebbb-bb4etts

dotmsqri(cc2ecc2—4. ecclecel)
ui1-édst-cc2)/(2.-cc1)

612=(~det—cc2)/(2.eccl1)

fixcim1,/b2

a1=—-300.

l{(o11.qt.flxck; g1=g12

lfgoiz.gt.flxck atwmatld

if(c11.12.0.0) a1=012

1¢(012.1t.0.0) al=ott

if(al.g9t.flxck) coll axit(2)

T£{a1.1t.0.0) cal!l oxit(2)
vp=(ttteateal+ttseal+tt6)/(bblealeal+bdaeal+bbb)
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bottwbhleglegl+bbé=al+bbb

x2ndder=2. ett1/bott=-2.e(2.ohbleal+bb4)e(2.0tt1egli+tts)
1/bottwe2 -2 ebbls(ttisalenl+ttseal+tt6)/bottes2,
142.0{2.ebb1eal+bb4)e(2.2bbisol+bba)e(tt1ealeai+t t4aal
14t t6)/bottee3.

if{x2ndder.1t.0.0) cali exit{2)

1f(x2ndder.eq.0.0) col! exit{2)

return

end

funoction fobi(r)

common b,re,mxeval,rr,rp,al
foblmbesit1{r)ebeaki(r)e(10./9.0ree7 +8./8.0ree5 )i+besko(r)
1obenil(r)e(10./9.0r0e7. +4./3 ereeS. )-basi{{r)ebesk0(r)
10(14./9 . 0reeb.48. /3. 01004 .)-4 /9 . ereeB obesk1{r)ebesiO(r)
return :

end

function fob4{r)

common b,re mxaval,rr, rp,at

fbh4w(28. /9. . aree5 +8./9 ereel Yobaai1{r)ebeski(r)
14(28./9.9r0e5.+4 . /3 ereel. )obeskO(r)ebesiO{r)—
1(32./9.0ree4 .48, /3. eree2. )obesi1(r)ebesk0d(r)
1-4./3 . ereed obeski{r)ehesiO(r)

return

end

function fbbB(r)

common b,re,mxeval, rr,rp,al
fbbB=ree3.e{besi1(r)ebaski{r)+besk0O(r)ebesiO(r))=rer
1ebeakO(r)abesii(r)

return

end

function term1(x)

common b,re,mxeval,rr,rp,at
tarmiabeskie(bex)ebesiOe(rrox)eexp(—(b~rr)ex)/x
return

end

functlon xtri{y)

common b,re,mxsval,rr,rp,atl
xtri=beskOe{yerp)ebesiOe(yorr)oexp(—(rp-rrey)
return

snd

function xtr2(y)

common b,re,mxeval,rr,rp,al
xtr2=beskOe(yerr)ebesiOe(ysrr)
roturn

snd

function xtr3{y)

common b,re mxeval,rr,rp,a1
xtr3=mbeakOs(yerr)ebealOe{yerp)eexp(~{rr—rp)ey)
return

snd
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100

200

88

3838

progrom tvéci3(kout,tty,topeS=kout, tapeb=tty)
external terml
gxternal xtr)

externol xtr2

externgl xtr3
dimension xi(500)
dimension xterm1({500)
dimenslon xterm2(500)
dimension test(500)
dimenslon xtr{500,500)
reg! keff

common b,re,mxevagl,rr,rp,01,02
oafl xsetf(0)

}dimm500

bbb=.0001

bwi.0267

¢=1.6

agt=1.0

8gs=0.4

sga=sgt—sgs
sgfyu=cssgt-sgs

kk=0

1]=0

mxevaiedsSO

xpi=3.1415925535898

continue

re=.000000001

call fiux

re=,0001
gollxZ.expie(bebe.5~alebeed e .25-a2ebee6./5.)
xprod=sgfuecol |

xabs=sggecol!

delrr=b/fioat(jdim=—1)

do 200 ie1,jdim

rrefiogt{i—-1)edelre
xtermi{i)=bequad{termi,1.0,2500.,re,mxeval, kount)
xl(i)-xiermi?i)

continue

do 800 i=1,jdia

rrmfloat{i-1)edeirr

Tx{lwi4q

Tf(ixi1_eq.jdim+1) go to 400

do 300 n=Ixil,]dim

rp=floot{n—1)edeirr
xtr(l.n)=qnc7(xtr1,1.0,2500.,re.mxeval ,kount)
continue

ocontinue

lféi.oq.1) xtr(1,1)=0.0

t1f(i.eq.1) go to 500
xtr(l,i)=qne7(xtr2,1.0,1000000.,re, mxeva! ,kount)
sontinue

Ixulemi—1

it(ixul.eq.0) go to 700

do 600 n=1,ixul

rp=fioat{n~1)edelirr
xte(i.n)=qnc7(xtr3,1.0,2500.,re,mxeval , kount)
continue

continue

continue

continue

do 1400 i=1,jdim

xterm2{1)=0.0

do 1000 n=1, jdim

rp=float(n-1)edeirr
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1000
1400

1500

1500

1700

deirwdelrr

if(n.eq.1) delr=.5sdeirr

if(n.eqg.jdim) delrm Sedelirr

xterm2 i;-xtcrmZ(i)+dalr-rp-xi(n)-xtr(i,n)
continue

continue

tee=0

do 1500 i=1,jdim
test(7)=xterm1(i)+agsextarm2(i)
lf§aba((loat(!)—xi(i))/xi(i)).gt..00001) lece=1
xi(i)=teat(i)

continue

1f(1cc.eq.1) go to 900

xiegk=0.0

do 1800 i=1,jdin

rr=fipot(i-1)edelrr

delir=delirr

1¢{i.eq.jdim) deir= Sedelrr
x{eok=xleak+sgfua(l.—alsrres2 ~g2srrea4. )u2, expisrrsdeir=xi(])
continue

keff-gxprod—nleok)/xnbs

write(B,1700) t,bbb, keff

lfgkaff.‘t.1.0) b=b+bbb

if(keff.11.1.0) jjmt

lf(keff.qt.!.og bx=b-bbb

Tf{keff.qt.1.0) kk=t

T1{kk+]j.1t.2) go to 100
format{1x,3f20.10)

aall exit(2)

end

aubroytine fiuyx

external fbbi

external fbb2

externo! fubd

external fbbé

externo! fbbS

extsrnu!l fbbs

common b,re,mxevol,rr,rp,a01,02

xbb1mquad( fib1, .0000000000001,h,re, mxeval ,kount)
bb1x10./63.ehee7. . -xbb1

xbh2=quod{ fbd2, .0000000000001,d,re, mxevai ,kount)
8b2=178./2475.ebee 11 ~xhb2

xbb3=quad( fbb3, .0000000000001,b,re,axeval kount)
bb3=428./2025.ebee8 —xbb3

xbbd=quad(fbb4, .0000000000001,b,re,mxeval ,kount)
bb4=—28./45_ebeeS xdb4d

xbbS=quad({fbbS5, .0000000000001,b,.re mxeval ,kount)
bb5m—~828./1575 . 0bee7 . 4+2.0xbbS

xbbB=gquod( fbb8, .0000000000001,b,re, mxeval ,kount)
bbbm2./3.ebeel ~2 exbbb

bZ=hep

b4mb2eb2

bBmb4eb2

b8=bBeb2

b10=bBeb2

tt1=06/6.

tt2m, 16b10

tt3=.25008

ttdm— Sebd

ttSo=1./3. b8

ttB=b2/2.

eixttlebbd=bbletts



1000

c2witlebb3~bblettl
CIw2.ett1ebb6—2.ebb1ettb
04=2.stt1ebb5—2.ebb1st 5
c5=2.stt1ebb2-2,ehblstt2
cBbmttJebbb+t t4ebb5-db3ettB-bhdet ts
c7=tt3ebb5+tt4ebb2~bb3ett5—bbdet t2
eB8=t13ebb2-bb3ett2
e9=tt4ebb5-bbdetts
c10=tt3ebb1-bb3Iett1
ciicttIebb4+ttSebbi~bbIettd—ttiends
c12=2. 0t t2ebbi-2.0bb2e t t1
€13=tt3ebb8+ttSebba~bbIet t6—-t t4ebbS
cl14=2 . 0tt20bb4—2.0bb2et t4
0i1S=tt2epbh3~bb2et t3
c18m2 0t t2ebb6—2.0bb2et tB
ci7mtt2ebb5—bb2e ttS
c18=tt3sbbB—-t t6abbS
02=0.0
al1=500,
continue

tosti=al

test2=a2
ccimei+ce02
ec2mcI+c4ea2+c5002002
ce3xc+c6002+c7902902+cBeq20a2002
ec4ec17+c150a1
ccSec16+c140g14c 1200100
¢cb=c18+c13eg1+c11egleal+c10enlealeal
detalceqrt{cc2ecc2—4.eccloce3)
o11=$deta!-cc2)/(2.occ1)
a12=(—detal~cc2)/(2.0ccl)

flxckim]./b2-qg2eb2

1f(ul1.gt.flxck1; 0l=g12

if{c12.gt.fixck?) al=al?

if :m.n.o.o; al=gi2

if(012.1¢.0.0) gi=all
deta2esqrt{ccSecc5—4.scc4sccB)
021=(deta2—cc5)/(2.scc4)
922=(~tdsta2-cc5)/(2.scc4)

fixck2el . /bé4—01/b2

If(021.|!.—c1/é2.ob2)) 02=022
11{022.1t.~01/{2.0b2)) 02=021

1€(021.gt. fixck2) a2=022

1¢(022.gt. fIxck2) a2=a21
l1(ab|§gtoat1-o1)/u1).gt..0000001) go to 1000
{f(aba({test2-02)/02).gt..0000001) go to 1000
tf{at.gt. fixcki) coll exit(2)
lf$n1.lt.0.0) ooll exit(2)
1f{a2.gt.fixck2) call exit(2)
tf(02.1t.~a1/(2.0b2)) coll exit(2)
vptettieglegi+ttZ2en2e02+ttJIenten2+ttéeal+tt5en2+t8
vpbebblealeal+bb2eg2ec2+bbIeaten2+bbieai+bbSeo2+bbb
vpb2=vpbevpd

vpb3wvpb2evpd

vp=vp t/vpb
x2npall=2.9tt1/vpb—2.0{2,ett1eal+tt3e02+tt4)e
1(2.ebb1eg1+bb3e02+db4)/vpb2-2.ebblevpt/vpb242.
1(2.0bb1eai+bb3ea2+bb4)e (2. ebb1ea1+bbIea2+bbd)
fevpt/vpbd

x2npa12=tt3/vpb~(2_ ettleat+tt3ea2+tt4)e (2. ebb2e02
1+bb30a1+bb5)/vpb2—bb30vp!/vpb2-(2.0bb1001+bb3002+bb4)0(
12.0tt20024t43001+tt5)/vph2+42.e(2. ebbleai+hb3ea2+bb4)
tovpte(2.ebb2e02+bb3Ieo1+bb5)/vph3
l2n9022*2.'t!2/vpb—2.0(2.'t12002+t!3001+tt$)0(2.0bb2002
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1+bb3-u1+bb53/vpb2—2.'bb2-vpt/vpb2+2.-(2.-bb2-02
14bb3eg1+bdS) e (2. ebb2ea2+bbIsa1+bbS)evpt/vpb3
detr=x2npoi2ex2npoi2-x2npoii=x2npo22
ifg(x2n5022+x2np011).l1.0.0) coll oxit(2)
1f{(x2npa22+x2npa11).eq.0.0) call exit{2)
lfédetr.gt.o.o) call exit(2)

if(detr.eq.0.0) coll exTt{2)

return

end

function fbd1(r)

common b,re,mxeval,rr,rp,at,02
fbbl-beoilir)Obeski(r)O(lo./Q.-r007.+6./9.troos.)+beak0(r)
1obesi0(r)e{10./9.0ree7. +4 /3. oree5. )~besii(r)ebeskO(r)
10(14./9. 07008 . +8./3.0ree4. )4 /9 . 0reeB . obesk1{r)ebusiO(r)
r';urn

en

function fbb2(r)

common b,re,mxeval,rr,rp,al,02
thhowhesk1(r)ebesi1{r)e(178./225. . 0r0011.44156./225.0r0e9.
14428, /25. 0ree7 )+beskO(r)ebesiO(r)e(178./225 eree11.4+184./75.
toreed +320./25.er0e7 )~heakO{r)eheal1{r)e(314,/225.
10ree10.+608./75.0r0e8 . +640./25.eree8. )~beaki(r)ehasiO(r)e
1(136./225.0r0010.464./25 . er0e8.)

return

end

functlon fbb3(r)

oommon b,re,mxevel,.rr,rp,01,02
fbb3mbeski{r)ebesii(r)e(428./225. . ereeg .+818./225.0ree7.
14384./75.2ree5_)4besiO(r)ebeskO(r)=(428./225. sree9.4284./75.
Yorss7.4+320./25.eree5. Y—beskO(r)ebesgi1{r)e(664./225. areel ¢
12424 ,/225.0r0a6.+540,/25.0rve4, )~besiO(r)ebesk1{r)e(236./225.
1eree8 +64./25.9r=0b.)

raturn

and

function fob4(r)

common b,re,mxeval,rr,rp,ai,02
fhbA=(28./9.ereeS +8./9 . ereel Yehssl1(r)ebeski(r)
14{28./8.9ree5 44 /3. 0ree3_ )ebeakO(r)ebasiO{r)-
1(32./9.0veed 48./3.0ree2 )abesi1(r)ebeskO(r)
1=4,./8 .or0e4 obeski1{r)ebesio(r)

roturn

end

function fbbS(r)

common b,re,mxeval,rr,rp,a1,02
fobS=besii(r)ebesk1(r)e(314./225.0r0e7.+208. /225 97085 +384,
1/150.eree3, Y+besk0(r)obesiO{r)s(314./225 . eree7,.+92./75.
10ro-5.+32./5.-r003.)-bcsko(r;ohesl1 r)e(382./225.0ree8.
14+304./75.eree4 +B4./5 . 0ree2, )=besl0O(r)ebeski(r)e(68./225.
loree8. +32./25.0re04.)

raturn

snd

function fbhs(r)



common b,re,mxevol.rr,rp,01,02

fobG=ree3. e(besii(r)ebesk1(r)+beskO(r)=besiO{r))~rar
1ebeskO(r)sbesit(r)

return

and

function termi{x)

common b,re,mxeval,rr,rp,a,a2
termi=beakis(bex)ebasiOa{rrex)saxp(—(b-rrjex)/x
return

end

function xtri(y)

common b,re,mxeval,rr,rp,a1,02
xtri=beskOe(yerp)ebesiDe(yerr)sexp(—(rp-rr)sy)
return

end

function xtr2(y)

common b,re,mxeval ,rr,rp,at,02
xtr2ebeskOe(yerr)obesioe(yerr)
return

end

function xtr3{y)

common b,re,mxevql,rr,rp,at,q2
xtr3=beskOe(yorr)ebesiOe(yerp)eexp(=(rr-rp)ey)
return

end
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200

progrom tvaeig{kout,tty,tapeS=kout, tapeb=tty)
common rn,d,re,mxeval,vp
call x3etf(0)

b=.5

mxeval=950

rew=.000000001

call flux

wrlte(5,200) b,vp
format(1x,3£20.10)

call exit{2)

end

subroutine fiux

external sxpi

poamon rn,b,re,mxevagl,vp

b2=bsd '

b3=b2sd

bd=b3sb

bSmbiap

b8=b5eb

h7=bfeb

bB=h7eb

b9=bB8eb

ttim. 405

tt2=2,/9. b9

tt3=4./7.0b7

ttdoed /3. ep3

tt5n— . 8ebS

tt6=2.0b

ra=3.
e32b=quad(expi, . 0000000000001,1.,re, mxeval kount)
ro=4.

e42b=quad{exp{. .0000000000001,1.,re, mxevali kount)
ra=5,
oSZb-quod(axpi..0000000000001,1..re.mxeval.kount)
rneb.
tGZb-quud(expi..0000000000001.1.,ra.mxevul.koun()
ro=7.

#72b=quod(expi, .0000000000001,1.,re, mxeval kount)
rnm=8 .

#82b=quod(expT, .0000000000001,1.,re, mxevol kount)

roxg .

#S2b=quad(expi, .0000000000001,1.,re, mxeval kount)

ra=10.

2102b=quad{expi..0000000000001,1.,re, mxeval kount)

ra=11.

e112b=quad{expi, .0000000000001,1.,re, mxeval kount)

bbix_ Beb5~b4+8./9.0b3—4./3.42.0b40e320+8.¢b3e842b
1418.0b20852b+16. ebecB2b+8.ee72b

bb2md_ /9. ebQ-bB+18./7.eb7—4.ebB+9B./25.eb5-115.2
142.0b8ee32b+16.2b70242b+80.2b82e52b+288 . obSee62b+788.0b4ee72b
1+1536.0b32682b+2304. 2b22692b+2304.2b=e102b+1152.2¢112b
bb3=8./7 .ab7-2.05b64+55./15.005—6.0b4+32./5.0b3-24.+4 . ebbee32h
1424.2050042b+88. sb42852b+224,ob30e62b+384. eb20e725+304.
1ebepd26+192.9292b
bbae—3./3.eb3+2. 0028, /3. 00+2.~4.0020832h—8.ebep42b-8.ee52b
bb5e~8./5.0b5+2.604—15./3.b3+12.0b2-96./5.eb+16.
1—4.0b4ee32h—18.eb3ee42b—~48. 0b2ee520-96.0beef2b~95.9e72b
bhB=4. eb—1.4+2,9e32b

cimttiobbd4~bblett4

c2=ttiebb3~hbilett3

cInx2.ettiebb6~2,.0bb1ett8

chm2, ottlebb5~2.0bb1etts




c5=2.ett1ebb2-2 ebblatt2
cBb=t t3ebbE+tt4sbbS—bbIattE-bbast tS
c7mt t30bb5+t t4debd2-bbIstt5—bb4eat t2
c8=tt3ebb2-bbIett2
c8=ttd4obbB-bbsetts
c10m=ttIobbh1-bb3ett
ci1=tt3obha+ttSebh1~bbIet t4—ttiebbS
612=2._0tt2ebb1-2. ebbh2ett1
¢13=tt3ebbb+ttSebb4-bbIett6—~ttdedbS
G14=2_ 0t t2ebba~2 . ebb2e t t4
c15=tt2ebb3-bb2ett3
€162, 0¢tt2ebb6—-2. ebb2e t 16
c17=tt2ebb5~bb2ettS
c18=tt5edb6~tt6ebbS
02=0.0
a1=~300.
1000 continue
teetinmgy
test2=q2
cciwci+c2eg2
cc2=c3tc4dsg2+cS5en2en2
ctlmc9+c5002+c70a2002+c80g2002902
ct4mc174c 15001
ccBmc16+c1400t4+c120a1eat
ceBec18+c13eal4+citooiegti+c10ealegtiegd
detatc=aqrt(cclecc2-4.0cclecc3)
u11=§dota1—cc2)/(2.occ1)
a12=(-detol-—cc2)/{2.ecc1)
fixcki=t./52~02eb2
i1(al1.qt.fixck1) a1=g12
1f(012.gt.fixck1) al=aM
{€¢(a11.1t.0.0) oimai2
i£(012.)t.0.0) at=gl1
deto2msgrt{cchecc5—4.ecc4ecceSs)
021-§det02-cc5)/(2.-cc4)
022=(-deta2—cc5)/{2.vcc4)
flack2=1,/b4—01/b2
1f(g21.1t.-01/(2.b2)) 02=g22
if{(a22.1t.—a1/(2.eb2)) a2=q21
Tf(a21.gt.fixck2) a2=a22
1¢{022.gt. fixck2) o02ma21
lfzobné(tcsu—a‘l)/ﬂ).gt..0000001) go to 1000
1¢{abs{(teat2-02)/a2).gt..0000001) go to 1000
11(at.gt.fixck1) cali exTt(2)
1¢01.1¢.0.0) call exit(2)
if(a2.9t.f1xck2) call exit(2)
10(02.1¢.~a1/(2.eb2)) cati oxit{2)
vpt=ttiegleai+tt2ea2e02+tt30ctea2+ttdegi+t15ea2+tt8
vpb=bblealeal+bb2en2ea2+bbIeaiea2+bbsegi+bb5ea24bbE
vpb2evpbevpd
vpbI=vpb2evpb
vp=2.evpt/vpb
x2npatim2, ett1/vpb—2.2(2.stt1eal+t t3v02+tt4)s
122.Obb1lol+bb3-02+bb4g/vpb2—2.Obb1-vpi/vpb2+2.-
1(2.2bb1ea14bb3ea2+bb4)e(2.ebb1egi+bbIec2+bb4)
levpt/vpb3
x2npat2=t3/vpb—(2.ett1eal+t tIea2+1t4)e (2. ebb2ea2
1+bb3ec14bhS)/vph2-bbIevpt/vpb2—(2.ebb1eat+bb3ea2+bb4)e(
12.0tt2002+tt3ea1+tt5)/vpb2+2.¢(2. ebbiva1+bb3e02+bb4)
1ovpte(2. ebb2e92+bb3e01+bb5)/vpb3
x2npa22=2.ett2/vpb~2.e{2. et t2e02+tt3enl+tt5)e(2. obh2ea2
14bb3ea1+hb5) /vpb2-2. sbb2evpt/vpb2+2. e(2. ebb2ea2
14bb3ea1+bb5)e(2.sbb2ea2+bb3eal+bb5)evpt/vpb3
detr=x2npai2ex2npoi2-x2npotiex2npa22



if€€x2r‘lpu22+x2npuﬂ).lt.0.0 coild -xitszg
if{(x2np022+x2npa11).q.0.0) caoll exit(2
i(édetr.g(.o.o) cat! exit(2
if(detr.eq.0.0) cail exit(2
return

end

functfon expi(u)’

common rn,b,re,mxevat,vp
axpizues(rn-2_)eexp{-2.0b/u)
return

end
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program tva4lop(koutl,tiy, topeSwkout1,tapeb=tty)
dimension xterm1(2001)
dimension rxic€2001)
dimension rx711{0:50,2001)
dimension test(2001)
dimension xic{2001)
dimengion xi1(0:50,2001)
cali xsetf(0)
114ct=50
jdim=1001
b=11.88685
8gs=.8
delrr=2.eb/tioat(jdim=1)
kdlmm(jdime1)/2
fuxiwkdim-1
do 300 is=kdim, jdim
IfEi.eq.jdim; xteeml(1)=.25e(2. 2641 . -exp{-2.b))
if(i.eq.jdim) go to 200
rr-flont§i—1)-delrr-b
xtermi{i)=.25a((beb—rrarr)e(e1{btrr)—e1(b~rr))+(btrr+i.)s
18xp{={b=rr))=(b=rr+1.)sexp(~(btrr)))
continue
refe(l)extermi(l)
continue
continue
do 500 i=1,Tux!
rxtg(i)a~rxic(idim+1-1)
continue
do 900 ixkdim,jdim
ao=0,
bb=0.
fumi—1
do 800 j=1,iu
deir=dotirr
if{j.eq.1) delr=_Sedslrr
rre=float{i~j)edelrr
un-vu+rxic(j§0c1(rrx)-de|r
800 continue
{Imitl
1f(11.0q.jdim+1) go to BOO
do 700 j=T1,]dim
delrx=deirr
1f(].eq.jdim) deir=_Sedalrr
rra=fioot(}~1)edeirr
bb=bb+rxic(j)eal{rrx)edair
700 continue
800 contlinue
yy=1.0
1€(1.eq.)dtm) yy=.5
spy=_Sedelrr
stesqaerxic{i)e(1.~exp(—eps)+epseei(eps))eyy
test(i)=(co+bb)eagse, Stat+xtermi(i)
§00 continue
feowd
rxlc(kdim)=0.0
kkd imeekd im+1
do 1000 fekkdim,jdim
Pf(abs{(tant(1)—rxic(1))/rxic(i)).ge..00001) lcec=1
rxlc(i)mtest()
rr=fioat{i—1)edalrr-b
xle{i)=exic{i)/rr
1000 continue
if(lec.8q.1) go to 400
xic(kdim)=0.0

&%
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1010

1020

1100

1480

1200

1300

1400
1500

1550
1800

continue

tce=0

sum=0.0

do 1020 i=kdim,jdim
del{r=deirr

lféi.oq.kdim) delr=_5edeirr

if(i.8q.jdim) delr=.5edeirr
rp=float(i—1)edelrr-b
sum=gum+de i reexp{-rp)exic(i)

continue
teat{kdim)=exp(~b)+egsesunm
1f{cbs((test{kdim)—xic(kdim))/test(kdim)).ge..00001) {co=1
xic(kdim)=test(kdim)
if{icec.eq.1) go to 1010

do 1100 i=mkkdim,jdim
rx11(0, i )mxterm1{7)
rr=flogt(i-1)sdelrr-b
xlléb.i)-rxil(o.i)/rr
xil1(lisct,i)=xi1(0,1)

continue

rxi!(0,kdim)=0.0

X’IS Jkdim)mexp{~b)

x1i{lisct, kdim)mxil(0,kdim)
TomD

continue

1ot o+

1#4(io.eq.iisect) cal! exit(2)
fol=lo—1

d0 1200 i=1,iuxt
rxllglol.1)-—rxl|(1ol.jdfm+1—i)
continue

do 1600 i=kdim,jdim

aq=0.

bb=0.

fumi~1

do 1300 jmi,iu

deir=dolrr

1£(j.eg.1) delr=. Ssdeirr
rrx=flogt(i~j)edelrr
aawagtex1{iol,j)eet(rrx)edeir
continye

QIR

If(il.eq.}dim+1) go to 1500
do 1400 j=I1,}dim

deir=dalrr

1f(j.eq.]dim) delr=_Sedsirr
rex=fiogt{j~i)edeirr
bb=bb+rxli(iol,j)eel{rrx)edelr
continue

continue

yy=1.0

if(i.eq.jdim) yy=.5
eps=_S=delrr

ttes s-rxtliiol.ig-(1.-cxp(-eps)+eps-s1(epa))-yy
rxil(io,i)=(votbb)esgse.S+st
rr-flout(l-lg-delrr—b
1f(l.eq.kdim) go to 1550
xil(lo,1)mrxii{io,1)/rr
xVi(tiact,i)exI1{jisct,1)+xil{io,{)
continue

econtinge

x11(ip.kdim)=0.0

do 1820 i=kdim,jdim

delr=delrr



1620

1700

1750
1800
1900

if}i.oq.kdim} delr=.5edeirr

1(i.eq.jdim) delr=m.Sedelrr

rp=fioat{i=1)edelcr—b
xil{io,kdim)=xil{io,kdim)+sgssdelreexp(—rp)sxii{iol.i)
continue

xll{iisct,kdim)mxil(iisct kdim)+xil(io,kdim)

do 1700 i=kdim, jdim

lf§xi((iisct,i).gt.xic(i)) call axit(2)
if{abs({xi1(iisct,i)~xic{i))/xic(i)).qt..001) go to 1150
continue

writoiS,iQOO) b.kdim,io

write 5,1800; {xic{1),i=kdim, jdim)

wrlte(5.,1800) (x!1(iisct,i),i=kdim,jdim)

do 1750 j=0,i0

write(5,1800) (xi1{j.i).i=kdim,jdim)

continuse

formuté1x,3e20.10)

formgt(1x,f20.10,2i5)

cali exit(2)

end
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progrom xpiot(kout,tty, output, topeS=kout?, topeb=tty,
1tgpe7=output)
dimension xic{1001)
dimension sum{(—1:50,1001)
dimension xi1(0:50,1001)
dinension rpr{1001)
dimension dT11pj(1001
dimenalton diipa(1001
dimenaion tpkray{50)
recd(5,1100) b.kdim, lact
read(5,1000) {xfc(71),i=1 ,kdim)
read(5,1000) (xil

do 100 }=0,lsct

read (5,1000) (x#1{j,1),i=1,kdim)
100 contiaue

delrr=1./float(kdim-1)

do 200 i=1,kdim

epr(i)=float(i—-1)edatrr
200 continue

do 400 j=1,isct

do 300 i=1,kdim

sun{]},i)=0.0
300 continue
400 continue

do 500 j=0,1sct

do 500 i=1,kdim

sum(},i)=sum{)=1,1)4+xi1(]. 1)
500 continus
800 continuse

call gpiot{ihu,12ndiespla plot,12)

ni=!inest(ipkray,50,40)

col!l lines{“total leakage probabitity$".ipkray,1)

call Jinea("jth partial sum of leokoge probaobility$",ipkray,2)

cell lines("jth term of leskage probability$",ipkroy,3)

do 800 j=0,isct

do 700 i=1,kdim

dilpj§i -x?léj,i

dilps{i)=sum(j,t
700 continue

call bgnpt{})

calt physor(1.0,1.0

ecalt poge(12.0,15.0

cail titte{thx,0,17nfractional radlus,17,19hleakage probablilty

1,19,10.0,11.0)

xgtp=.1

yeycle=11,/8.

Imark=(kdim-1)/10

eall ylog{0.0,xstp,.00000001,ycycle)

oall curvoérpr,xlc.kd!m,lmorkg

cal{ curve(rpr,diips, kdim, lmark}

call curve(rpr,dilpj,kdim, imark)

cal! legend(lpkroy,3,1.0,11.0)

cell endpl(})
8300 continue
1000 formot§1x,3320.10)
1100 format(1x,f20.10,275)

cal! gdone

call exit(2)

end

§0,1),1=1,kd!m)

296

ffU.S. GOVERNMENT PRINTING OFFICE: 1982-0-576-020/6



P

oy e e v e o TSiha O i : e &
T 30 SR n e . . .. ol Y - : . mrc Wavies °
- o -

L ipiaim e b ol AP ’

= o S AR ,u-u.n.zwu.m N e

-3 mﬂmwlauwma.&
AW L PO S IR

e —

LA Aok s o

N PTh ANR UR S BT aMAs s Ve et

i
PES-RUPI A o S0t e MRS, Jp et BT RS n AR S S m
e SR e e

R L s VM

Praors LETEALWRRE, hh'ﬁ‘ﬂ'ﬂk\h‘%&""‘""h? .'",:’H'.“‘M"!H'ﬁ'ﬁ

LB TE ATy lo'ﬁ::hn-nql wubu-n:—\-'v TaTmay e e e
f il PR ¢
v aans oo

bt LAl s et i e FON TR O

WO TR

* Wit
o AN 83v% rt b AER L D
v aweaser

IR TR PR QI AV ST Y SR T T L PR R TRt o Ll L

. A h\z ha {%%
< v o AP WA

¥
AR A 1

ro WIS .._'.....',..... v

- l.l (T Rt
b g
&

.

.i-

BT St #«‘ur
JRU——

ke Lot '}"’l’:'-“ "‘b"‘ ~y S “mw i "" -ﬁs .‘1:‘.&‘? l!'»."-:ﬁ"! “ﬁ’ﬂ.ﬂ‘mmw
o e S > T
e ey b ] % . - o e 55 winthro A e v

DL yaR A -r-‘\wu--wm-m
PRI SRON I 1A P o e
h::f;:‘.:u; : .'.::-..u : Tl et Pt

.u-.-"_:h..o.u..
B Y St atopy

2 - ST EIS A L

g il ailially

Pt

r**m*amm

PSSRt T
- -

P

P
rer v mwew

ek

~—d

g o ~Mw..'
e - 3 3
. ...-,-:c:%'si LR . bt

O N 3

de egn s

2
T o
uaa.rlgac. 444 L3S

O T T gt ST,
widenn 'mmwrn-

i~y "

-
B 4tk n 0 Ny it B,

A et
Cear v e
Ve K
inecii 40T, m‘l“ ﬂb

Wi a sl
.uu.u«.(.

- MY o

. ﬁ_ls”’o rartment ol
R anast Part o

EECT AR RSP B Tt

caodee e ot Rt ot Qs
-'Qv{.\'mx?n_ Bomestic il mestic
Price Price ce Code Page Range Price

Price Code

3 Uy

"'ﬂmjﬁ

. e A f
TRIG T T SR400
[@llup ¢
age increment or postion ...‘.., 50 3 . .




—— i

Pt Wt

-

R L YR

L SN e
R oy oy
DN Sy S,

arve e

A m———at

JRZ T o
-
LTt

demia e

PR

.
o e e
.- . -

.an




