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A THEORETICAL EQUATION OF STATE FOR DEUTERIUM

by

G. I. Kerley

ABSTRACT

The thermodynamic properties og Qeuterium are calculated
for densities ranging from 10-3 to 10 gm/cm end for tempera-
tures ranging from 200 to 106 °K. Pphase trensitions between

the molecular solid, metallic solid, and fluid phases are deter-
mined. Effects of dissociation and ionization are included in
the fluid equation of state. Tabular results are presented for
deuterium only, but approximate equations of state for hydrogen

and tritium can be obtained by scaling the deuterium data.

I. INTRODUCTION

In this report, we describe an equation-of-state
calculation for deuterium over a wide range of den~
sities and temperatures. This work was undertaken
for practical reasons as well as for its inherent
theoretical interest.

Because deuterium is a source of fusion power,
its equation of state is needed in the analysis of
thermonuclear systems, including weapons, fusion
reactors, and stars. In addition, equation-of-state
Information is useful in the study of the planets
Jupiter and Saturn, vhich contain large concentra-
tions of very dense hydrogen.l We choose to do our
calculations for the deuterium isotope because of
interest in the fusion problem. However, the theory
is just as epplicable to hydrogen and tritium. As
& rough approximation, equations of state for these
isotopes can be obtained by scaling our deuterium
data.

Deuterium is also interesting from & theoretical
point of view. Although it might seem to be a simple
substance, deuterium poses nearly all of the diffi-
culties that arise in equation-of-state theory. The
list of problems includes fluid and solid theory,
molecular and metallic binding, phase transitions,

molecular vibration and rotation, and chemical

Previous
calculations, in which some of these problems have

reactions (dissociation and ionization).

been ignored, are only applicable within a limited
range of densities and temperatures. Treatment of
the fluld phese has been particularly weak. We hope
that the theoretical models developed in this study
will also be useful in calculations for other mater-
ials.

In this report, primary emphasis is given to
the properties of the fluid phase. Because of dis-
sociation and ionization, the fluid is a rather com-
plicated mixture of molecules, atoms, protons, and
electrons. To simplify the problem, we derive sep-
arate equations of state for the pure molecular gas
and the pure atomic gas. These calculations, which
are discussed in Section V, employ the CRIS fluid
model, which was described in a previous report,.2
These results are combined,and the fraction of dis-
sociation is determined by an equilibrium calcula-
tion as described in Section IV. We also assume
that vibration-rotation effects (Section VI) and
thermal electronic excitations (Section VII) cen be
separated from translational contributions to the
equation of state. We do not consider the gas-
liquid coexistence region, because the critical
temperature is only 33°K, well below the range of

our teable.



In addition to the fluid phase, we assume that
there are two solid phases of deuterium --a molecular
form, which we calculate to be stable at pressures
below about 2 mbar, and a metallic form, stable at
high pressures. An equation of state for the molecu-
lar solid is derived in Section II, using the Lennard-
Jones and Devonshire theory.3 The metallic modifi-
cation is trﬁated as a Debye solid, as described in
Section III. The phase diagrem, including a fluid
region and two solid regions, is discussed in Sec-
tion VIII, using standard thermodynamic arguments.

Although numerous approximations are made
throughout this report, we try to consider each of
the important problems mentioned above so that the
equation of state can be specified at any density
and temperature. However, certain problems which
are important at low temperatures, such as critical
phenomena, nuclear spin statistics, hindered rota-
tion in the solid state, and some quantum effects,
are neglected. For this reason, our table does not
go below a temperature of 178°K.

Some of the results for the pressure, internal
energy, and Helmholtz free energy, as functions of
density and temperature, are given in Table II. A
more extensive table is presently in use at this
Laboratory.

In a previous report, the CRIS fluid model was
shown to agree very well with Hugoniot measurements
and other experimental data for hydrogen and deu-
terium.2 Those comparisons are not repeated here.
Other tests of our equation of state will be dis-
cussed in future reports, as new experimental data
become available.

II. THE MOLECULAR SOLID

In this section we celculate the thermodynamic
properties of solid molecular deuterium from the
cell model of Lennard-Jones and Devonshire (LJD).3
Although the IJD model was originally proposed as &
theory of the liquid state, experience has shown
that it actually describes a solid. In a previous
report, we demonstrated that the LJD model, togeth-
er with our CRIS model of fluids, gives very good
predictions for the melting and sublimation curves
of argon.2

We assume that the Helmholtz free energy of

the solid can be written

A(V,T) + EC(V) + AN(V:T) + AVR(V’T)’ (1)

where Ec(v) is the cohesive energy of the solid at

. 0°K, AN is the transletional free energy of the

nuclei, and AVR is the free energy of vibration and
rotation. In both solid and fluid phases, we ignore
excited electronic states of the molecule, which
should maeke & negligible contribution to the equa-

tion of state. The vibrational-rotational degrees

- of freedom are assumed to be separable from the

translational motion end are discussed in Section VI.
The IJD model is based upon the assumption of

additive pair potentials between molecules. At high

- ‘densities, where some delqcalization of the electrons

can ocecur, provision must be made for non-additive
effects. Instead of calculating the zero-temperature
isotherm from the potential function, we use the

following analytic expression.

E (V) = 246.66 F (F - 2) %k,

19.297 13
(1 + .4286/0*/7)(1 + b.o201/)(1 + 1.6767/MY7),

(2)

F=

where 1 = 15.9/V, and V has units of cm®/g-mole.
Equation (2) was derived in a previous report,2 by
.fitting the compressibility measurements of Stewarh5
at low densities and the band theory calculations of
Liberman6 at high densities. It should be noted
that Eq. (2) does not include any contribution from
the zero-point energy of lattice vibrations, so that
our solid model is inadequate at low temperatures.
However, our previous calculations on argon indicate
that it is safe to ignore quantum effects at room
temperature and higher. Equation (2) is also used
in the fluid model, Section V.

According to the LJD theory, the translational
free energy of the solid is
Ay(V,T) = ALV, T) + NkT (1-1n (NVF/V)], (3)
where Ao is the free energy of an ideal gas and

v, is the free volume.

F Ao is given by

A (V,T) = NKT {7.0719 - 1v - % 1n (MT)], ()
where V is the volume in cmi/mole, T is the temper-
ature in OK, and M is the molecular weight in

g /mole. The free volume is calculated by assuming



that a molecule is surrounded by 12 nearest neighbors
which are smeared out over a spherical shell of red-
ius a = 21/6(V/N)1/3. The result is”

T

M
Vo = u“f re exp [_ %_Eﬁgl]dr,
°
1
E(r) = 6/ ¢(\/r2 - 2 ar cosg + az)dcose s (5)
-1

where ry = (3V/hnN)l/5, and ¢(R) is the potential

function for the interaction of two molecules. In
this work we treat the molecules as if they were
spherically symmetric. For the free volume calcu-
lation, the assumption of additive pair potentials
is a satisfactory approximation, because we are
only interested in the deviation in energy as two
molecules are simultaneously displaced from their
equilibrium positions in the lattice. Moreover, at
the high densities where non-additive effects be-
come important, the translational contributions are
small when compared with the zero-temperature iso-
therm.

Quantum-mechanical calculations of the poten-
tial between two hydrogen molecules have been made

=13 8 used the
9

by several authors. Neece et al.
valence bond calculations of Magnasco and Musso
for the repulsive contribution to the potential,and
the calculations of Margenaulo for the attractive

contribution. However, their potential overesti-

mates the repulsive forces, and their equation-of-
state calculations do not agree with Stewart's mea-

5

surements Other aﬁthoré have tresat-

at low density.
ed the pair of molecules as & cluster of four sepa-
rate atoms.11™13 According to this "separate atom"
model, the potential, ¢A(R), between two etoms in

different molecules isl2
1
¢,(R) = g [E(R) + 3E.(R)] ,

where Es is the energy of the singlet state of the
H2 molecule and Et is the energy of the triplet
Unfortunately, this procedure is subject to

state.
large errors because of uncertainties in the

functions EB(R) and Et(R)' In this work we use
the potential proposed by Trubitsyn,13 because it
fits Stewart's measurements for deuterium and
agrees fairly well with our zero-temperature iso-
therm at higher densities.
lations, Trubitsyn's potential can be fit to the
following simpler form.

For ease in the calcu-~

(R = [eB(l - Rfo) _ o1 - R/o)] . (6

(o]
where ¢ = 140°%K, ¢ = 2.987 A, B = 10.217, and
C = 6.855.
written

Using Eq. (6), the free volume can be

Y,
Nv. M -
——VF=2\/_2nf yl/geF(y)dy:
<]

[ sinh (Clyl/e) cosh (Clyl/z) 1
F(y) = Cy [Cy 5 - - -1
[ G . J
sinh (Chyl/z) cosh (Cuyl/z)
-C C - -1
5 | 6 o T, | ’

(n

2/3
vhere ¥y = (5/&~J5§) and the constants are
given by

AR (v/Nu3)1/3 s

Cy =

- 12 B -Cp
02 =T e 3
03=1+1/c2 ’

c, = 21/6 o (v/ne3)/>

c =_1§_¢_eC-02 s

5
Cg=1+ J./c5

Finally, the energy and pressure of the solid
molecular phase are given by

E(V,T) = E (V) + % NKT + NKT® [al‘“(N‘.’F/V)]
3T v

+ EVR(V’T) » (8)

5



dE

+ P (V,T) (9)

where EVR and PVR are the contributions from vibra-
tion and rotation (Section VI).

III. THE METALLIC SOLID

It is generally assumed that, at high pres-
sure, solid hydrogen and deuterium undergo a first-
order phase transition from the molecular form to a
metallic modification, having oné atom per unit cell.
Numerous calculations of the cohesive energy of the
1, 8, 12-20 potimates
of the transition pressure range from .25 to 20 mbar.
In this work we calculate the equation of state for
the metallic solid from the Debye theory, using a

cohesive energy curve based upon the results of

metallic form have been made.

Neece et al.8
We assume that the Helmholtz free energy of
the metallic solid can be written

ALY,T) = E(V) '+ AGV,T) + AV, (10)

where Ec(v) is the cohesive energy of the solid at
0%K, AN is the free energy of lattice vibrations,
and Ae is the contribution of excited electronic
Calcula-
tion of the electronic terms is discussed in Sec-
tion VII.

In previous work at this Laboratory, we have

states and ionization to the free energy.

found the following analytic expression to give a
satisfactory fit of zero-temperature isotherms for

most materials.

Ec(V) =Eg F (r-2),

) 1/3
(1 + B/M)(1 + AR 221 « /)

F=

(11)

where | = Vs/v and Eg is the binding energy when
V= Vo. Bardeen has shown that the cohesive energy

approaches the following form at high densities.al

2
2.21 a 3a

2]
5 -t I Rydberg,

r 8
s

E (V)= (12)

where &  1is the Bohr radius (.5292 3.), rg = (BV/lmN)l/ 5

© is the Wigner-Seitz cell radius, and I is the ioni-

zation energy of the atom (13.6 eV for hydrogen).
Requiring that Eq. (11) approach the limit of Eq.
(12) as V=0, together with the condition that

'F(Vo) = 1, we obtain the following relations.

5 1/2
1.8105 x 10

Eg Yo

Q
L

= .94215 vol/ 5_.am,

A= 1.5C2 +C/D - 43593 v02/3 s

D

LR e Ve I (12)

where EB

has units of OK, and V, has units of
cm3/g -atom. With this simple prescription, all
we require to specify the cohesive energy curve
are values of EB It is impossible to de-

termine which of the available calculations is best.

and Vo'
In this work we use the results of Neece et al.,
who used a self-consistent treatment including cor-
relation effects.8 Their computational method was
shown to work well for lithium and sodium. If zero-
point energy is not included, these authors predict
a binding energy of .073 Ry at 1.771 cmj/g.atonb

To calculate the zero-point energy for deuterium,
their expression for the Debye temperature for hy-
drogen must be divided by a factor ofyV2. The re-
sulting equation-of-state parameters are given in
Table I, and the cohesive energy curves are shown
in Fig. 1.

point energy is used in the fluid model (Section V).

The cohesive energy curve without zero-




Without ZPE With ZPE
E,(°K) 1.1523 x 10*  9.8648 x 10°
V_(em’ /g-atom) 1771 1.8583
A 0.66162 0.72997
B 0.0747 0.07638
c 0 .83465 0.87133
D 3.2762 35,4846
[ 1 f [ I I
SIS i
® REF 8 (WITHOUT ZPE)
6— A REF 8 (WITH ZPE) —
o EQN (12)
4f- ~— EQN (1) (WITHOUT ZPE) —
p ~= EQN (i1} (WITH ZPE)
21— ]
. o -
b
5
E 7]
F4
w
Y e -
&
w
&
Q -6+ —
-8}— —
_lo._. —
12— —
-4 | ] | ] ] ]
(¥} 05 1.0 ) 20 25 30 38
V (emYmole)
Fig. 1. Cohesive energy curves for solid metallic

TABLE I

EQUATION OF STATE PARAMETERS
FOR METALLIC DEUTERIUM

deuterium.

According to the Debye model, the free energy
of lattice vibrations is*

Ay(V,T) = wer [ 31n (2 - ¢®/7) - e/

No/1) = 2 / e (1)
X3

8" ¢

where § is the Debye temperature. § is related to
the Griineisen function, ¥(V), by

8(V) = g, exp <-/

Vo

v
V) %) (15)

The Grineisen function can be estimated from the
zero-temperature isotherm by the Dugdale-MacDonald

relation22
11 V2(ch/dV) + % v(dp,/av) :
r(v) = - -3 5 » (26)
w( ch/dV) *3 P,
where Pc = - dEc/dV. For eo’ we use the expression
1/3
g = B .6L2_ / 1 (_ EE) (17)
o  3nk Nvo2 M av Vo

Equation (17) follows from the derivation of Slater,lL
if Poisson's ratio is taken to be 1/3, in accor-
dance with most results for solids.

Finally, the energy and pressure of solid

metallic deuterium are calculated as follows.

E(V,T) = E_(V) + 3MT D(/T) + E_(V,T) , (18)
B(V,T) = - dE /aV + 37 = D(a/T) + P (V,T), (19)

where Ee and Pe are the electronic contributions
(section VII).



IV. THE FLUID PHASE AND DISSOCIATION

In this section we discuss the effects of chem-
ical equilibrium on the thermodynemic properties of
the fluid phase. In order to simplify the problem,
we consider only dissociation and ionization. Hence
the only chemical species assumed to be present are
D,, D, p* (deuterons), and e~ (electrons). It is
doubtful that other species, such as D2+, are ever
found in a high enough concentration to affect the
equation of state. Since we ignore the molecular
ion, D2+, a molecule cannot ionize without first
dissociating, and ionization can be considered a-
long with the other electronic contributions to the
atomic equation of state (see Section VII).

In general, the fluid phase is a complex mix-
ture of molecules and etoms. Since no adequate
theory of mixtures exists at the present time, it
is necessary to make simplifying assumptions. For
an ideel gas, the partition function for the mix-
23

ture is

1
(1. 5)(L - DN 2

Qv,T) =

(1 - £)§ o 20N -TNDo/KT , (20)

A

where N is the number of molecules present before
dissociation, f is the fraction of molecules which
are dissociated, and D, is the dissociation energy.
Ay and q, are the partition functions for a mole-
cule and atom,respectively. The Helmholtz free

energy of the mixture is

A(V,T) = (1 - £) A(V,T) + £ A(V,T) + IND,

+ (1 - £)NKT 1n(1l - £) + 2f NkT 1nf, (21)

where AM and AA are the free energies for a pure
molecular gas and a pure atomic gas, respectively.
For ideel gases, AM and AA depend only on V and T,
and not on the composition of the system. For real
gases, AM and AA should also depend upon f, because

of the interaction between molecules and atoms.

However, we will ignore this complication in our
calculations, and use values of Ay and A,, determined
for the pure components as described in Section V.
Notice, however, that our expressions for the gquan-
tities AM and AA are those for real gases, not those
for ideal gases.

The fraction of dissociation is obtained by
minimizing the free energy with respect to f. The
result is

Ef—e- exp <AA * Do " AM>= 1. (22)

1-f NKT

Once Eq. (22) has been solved for f, the energy

and pressure are calculated from the formulas

E(V,T) = (1 - £) B(V,T) + £ E,(V,T) + £D_,

P(V,T) = {1 - £) pM(v,T) + f PA(V;T) ’ (23)

where EM and PM are the energy and pressure of a

pure molecular gas, and E, and PA are the energy

and pressure of a pure &tﬁmic gas.

In Fig. 2 we show the fraction of dissociation
At low
densities, molecules tend to recombine as the densi-
ty increases, in accordance with Le Chatelier's
At high densities this trend is re-

versed, because the atomic gas becomes more stable

as & function of density and temperature.

principle.
than the molecular gas. In the high-density region,
our calculetion shows & tendency for molecules to
This re-
sult, which seems unlikely from an intuitive point

recombine as the temperature increases.

of view, is probably due to approximations in our
treatment of the mixture problem and in the vibra-
tional-rotational degrees of freedom (see Section
VI). However the effect is small and can be ig-

nored.
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of state. The compression is p/p,, where
p is the density and p, = .17 g /em.

V. THE FIUID MODEL

The CRIS model, a theory for calculating the
thermodynamic properties of a fluid from the zero-
temperature isotherm of the solid and the hard-
sphere equation of state, was discussed in a pre-
vious report.2 The theory was used, with great
success, to calculate the thermodynamic properties
and Hugoniots of fluid argon and hydrogen, and also
the melting, sublimation, and gas-liquid coexis-
tence curves of argon. In this work we use a slight
modification of this theory to calculate the proper-
ties of both the molecular and atomic fluids. For
e more detailled discussion of the model, the reader
should refer to LA-LTE0.

According to the theory, the translational
contribution to the Helmholtz free energy is given

by

A(V:Tiﬁ) = AO(V’T) + NkT a('ﬂ) + N (p(vy'ﬂ) )

n= NROS/\/E v, : (21")

where Ro is an effective hard-sphere diameter for
a fluid atom. Ao is the free energy of an ideal
gas, given by Eq. (4), NkT a(f) is the excess free
energy of e hard-sphere fluid, and o(V,n) is the
average energy of a fluid atom. The packing

fraction, 7, is a parameter which characterizes a
family of fluid structures; it is determined as a
function of V and T by minimizing the Helmholtz

free energy.

[3_{‘.(;"1“_'171_12.] =0 . (25)
v,T

Once 1| has been calculated from Eq. (25), the energy
and pressure are determined as follows.

’

E(V,T) = -Z- NKT + N o(V,1)

B(V,T) = E“-,E - N[Q—W] . (26)
1

The function a(f) is given by

> K
on) = 2.2955 In (1 - 1) + 5.25T4 1.2 b, (—1—71_?1) ,
k=0

(27)
where bo = 1, bl = .73977, b.a = -.312148, and b3 =
.01243, The function x(V,n) is given by

x}{ .
okvn) = B et gy &
i .
¢ = 3.22851/(11) ,
& (x-1) dx
%S(T\)f e O x 1
1
4 K
M) = 2.96X ( 28)
gn) = 2.9619 1 kz=l A IU_TT) ) (
where A, = 1, A) = 1.8512, A, =.66621, Ay = - 3u3,

and A = .0662. e(VS:V) is the energy of an atom
in the so0lid at a specific volume, Vg = 'anB, vwhen
a fraction (V-Vs)/V of the sites are vacant.



In this report we use a slightly modified ex-
pression for c(VS,V). Let Ec(vs) be the energy of
the solid at a volume Vg, when no vacancies are
present. If a fraction, f, of the atoms are re-
moved, each atom has only 1-f of the bonds it had

originally. Hence the energy is

v
e(V,V) = (1-£) E(V,) = V—s E, (V). (29)

Equation (23) was used successfully in our previous
report. At very high densities, however, this ex-

pression must be modified. Note that, as V. O,

3Nn> ( sy \2/3
E (V) « E(V) = "T0m \&aV_ , (30)

where EF(V) is the Fermi energy of a system of free
According to Eq. (29),
c(Vs,V) -+ 0 as Vs - 0. A more realistic expression
at high densities is

electrons (see the appendix).

2/3

v
e(V_,V) = (—s-) E,(V).

v (31)

According to Eqs. (30) and (31), ¢(Vg,V) ~ ER(V) as
Vs - 0. 1In other words, when the lattice is tight-
ly packed, the electrons are delocalized and the
energy approaches the limit of a system of free
To interpolate between the high- and
low-density cases, we propose the following expres-

electrons.

sion.

2/3 .
v
«(V,V) -{s(vs)(v—s) +[1 - p(v))] Vi} E(V,) ,

(32)

where a(vs) is the fraction of electrons which are
delocalized, or "free," A very crude estimate of
B(Vs) can be obtained in the following menner. We

note that the Thomas-Fermi-Dirac (TFD) pressure for

hydrogen can be fit by>'

-

Prep(V) = % ,

‘very high densities.

where V has units of cmi/g-mole. Hence we take

-.9862 vsl/ 3

B(Vy) = e , (33)

to be the fraction of "free" electrons in the sys-
tem.

This alteration to the theory does not change
any of the results which we discussed in our pre-
vious report, but it has a significant effect at
As V. 0, we find that the
Helmholtz free energy, internel energy, and pressure

approach the following formulas.

A(V,T) - AO(V)T) + EF(V)’

E(V,T) - 3 MKT + ELV),

E{V)
RV, - S+ S S (34)

Equation (34) describes an ideal gas of nuclei mov-
ing in a uniform electron "sea". Hence our modifi-

cation to the theory provides a reasonable interpo-

lation to the correct high-density limit,

' The translational contributions to the thermo-

dynamic properties of the molecular fluid are calcu-
lated with the CRIS model, as described above, using
the zero-temperature isotherm given in Eq. (2). The
vibration-rotation terms are calculated as descrited
in Section VI.
temperature isotherm for the metallic solid (with-

For the atomic fluid we use the zero-

out zero-point energy), defined by Eq. (11) and
parameters given in Table I. The electronic con-
tributions are calculated as discussed in Section
VII.

are combined as described in Section IV.

The equations of state for the two pure fluids

VI. MOLECULAR VIBRATION AND ROTATION

At low densities, the vibrational-rotational
contributions to the equation of state can be cal-
culated in a straightforward manner. The partition

function for a diatomic molecule is25



Ty I
D> (20 + 1) EI/AT 5
n=0 J=0

vwhere the sum is teken over the vibrational guan-
tum numbers, n, and the rotational quantum numbers,
J, and o is the syrmetry number {¢ = 1 for heteromu-
clear molecules, o = 2 for homonuclear molecules).
To a good approximation, the energy levels, E(n,J),

are given by

2
Eéglﬂl = W(n + %) + By J(d +1) - WX(n + %)

- Der(J +1)° - a(n + é) J(J +1). (36)

we is the vibrational frequency, and Be is the ro-
tational constant. The last three terms represent
effects due to anharmonicity, centrifugal distor-
tion, and vibration-rotation coupling. For most
molecules, the stretching potential can be repre-

sented by the Morse formula,

-S(R-R,) 2
U (R) = D [e - 1] , (37)

[o}

where Do is the dissociation energy, and Ro is the

equilibrium nuclear distance of the molecule. For

deuterium, D_ = 2:2105 x 10* °k, R = 0.74141 X,

and S = 1.94596 A"~. For a Morse potential, it can

be shown that26
w oo 51/
e 21'|C M ’
B - h
= 2’
€ 8n§pR 2
0
hew 2
W _ e
ee 4D ’
uBe5
D = s
e W 2

the Be
@, = 3B, D 1-Vex /) (38)
o e'e

u is the reduced mass of the molecule.

The highest allowed vibrational quamtum number,

Ry is given by

< nM + 1. (39)

M

W
"M WX

For a given vibrational quantum number, n, the high-

est allowed rotational quantum number, Jﬁ(n), is

1 \[ 1-o(n+1/2)
JM S5 1+2 —_———— - 1li{i< JM + 1.

(40)

At high densities, the molecular potential
function and the energy levels, E(n,J), are per-
turbed by the forces of neighboring meplecules. 1In
this work we ignore the effect of hindered rotation,
which is important only at low temperatures. The

potential is of the form

U(R) = U,(R) + u(r) , (u1)

where Ub(R) is the potential of the free molecule,
Eq. (37), and Ul(R) is the contribution from neigh-
voring molecules. To calculate Ul(R), we assume
that the molecule is surrounded by 12 nearest neigh-
bors, smeared out over a spherical shell of radius
a= 21/6(V/N)l/3. The molecule is assumed to vi-
brate with its center of mass fixed at the center
of this sphere. The geometry is snown in Fig. 3.
Let ¢A(r) be the potential between a deuterium atom
and a nearest neighbor molecule. Averaging over all
the nearest neighbors, as was done in the IJD theory,

Section II, we find

1 1

Ul(R) = 6/2¢A(r) dcosg = 6/¢(r) dcosg ,
~1

r =\V/R2/h - Racos@ + a2 R (2)

where ¢(r) is the potential between two molecules.

Substituting for ¢(r) from Eq. (6), we obtain the
following result.



NEAREST NEIGHBOR
SHELL

Fig. 3. Geometry of a vibrating molecule surrounded
by nearest neighbors. The symbols are the

same as those used in Eq. (42).

sinh (CER)

Ul(R) = cl——-———- c

R 5 cosh (CZR)

sinh (C5R)

- €, ——g—2— *+ Cg cosh (C5R) ’ (43)

where

12¢ exp [B(1 - A/a)] 20 (1 + o/BA)/B ,

Q
[}

= B/2¢ ,

Q
n
[

12¢ exp [B {1 - A/0)] o/BA ,

Q
[}

126 exp [ (1 - a/o)] 20 (1 + a/CA)/C,
= Cf2qs ,

Cg = 12 exp {c (1 - afo)) ofca .

Having determined the potential U(R) as a
function of specific volume, we calculate the equi-
librium nucleasr distance, Re; vibrational frequency,

We; and rotational constant, Be’ as follows.

10

B = —l— (44)

For simplicity, we assume that the dissociation
energy, Do, is independent of density, so that
wexe, De’ and ae can be calculated according to
Eq. (38). Our considerations imply that the per-
turbed Morse potential for the molecule is

2
-s'(R-R
U(R) = D, [; (R-R) - 1] , (45)

§' = 2nC W, , /p/zno .

Another phenomenon that arises as the density
increases is that the metallic state becomes more
stable relative toc the molecular state. A schematic
illustration of the potential is shown in Fig. k.
For sufficiently small displacements of the inter-

nuclear distance, R, the molecule stays within its

U(R)
e MOLECULAR | METALLIC —
R ——o
Fig. 4. Schematic i1llustration of the molecular

potential function at a high density.



potential well. For large R, it can "tunnel" through
the bvarrier, Dy, and go into the more stable metal-
lic state, accompanied by changes in its transla-
tional and electronic degrees of freedom Let Di be
the difference in energy between the molecular and
metallic states. At low densities, Di = DB = Do’
and all energy levels in the potential well are
stable. At high densities, all energy levels with
energies greater than Di (shaded region in Fig. 4)
are "unstable'" because they can give rise to a
metallic transition.

From a quantum-mechanical point of view, it is
incorrect to speek of independent "molecular" and
"metallic" states of the system; the true wave
function has properties of both states. To solve
the problem rigorously, it would be necessary to do
a detailed calculation, including coupling between
translational and vibrational motions. Such a cal-
culation is beyond the scope of this report.

A more straightforwerd approach is to exclude
from the partition function, QVR’ all energy levels
with energies greater than Di' However, such a pro-
cedure results in a discontinuous change in
whenever a level crosses into the shaded region of
Fig. 4.

The partition function is assumed to be

Consequently, we use the following approach.

-E(n,J)/kT

Qg = % > > (20%1) F(n,3)E s (u6)
n 7

where F(n,J) is a "weighting factor ,"” We require
that F(n,J) = 1 for E(n,J) s D;, and F(n,J) = O
for BE(n,J) » Dy Assuming that F(n,J) is & linear
function of energy,

Dy - E(n,J)

F(n,J) = ——DB_.-_TI— (87)

We take DB

tial, U(R), when R is equal to the nearest-neighbor
distance between atoms in the metallic lattice.

to be the value of the stretching poten-

Hence,

D_=U [21/6(V/2N)1/3] ’

5 (18)

where U(R) is given by Eq. (45). The above procedure
is very crude, but it gives the correct quelitative
behavior in the region of transition from the mole-
cular to the metallic state.

Finally, we note that the vibrational-rotational
contributions to the thermodynamic quantities are

given by the following formulas.

]

- NkT ln Q,VR(V,T) ,
d In QR
Nkl*?(—a———,r >v ,

e (2on %)

Derivatives of In QVR are calculated numerically.

AyR(V,T)

!

Egg(VsT)

(19)

VII. EXCITED ELECTRONIC STATES AND IONIZATION

The contribution of excited electronic states
and ionization to the thermodynamic properties of
atomic deuterium can be calculated from either one
of two theories - the Saha theory of ionization
equilibrium,23 which is valid at low densities, or
the Thomas-Fermi-Dirac (TFD) théofy,zu which is
valid at high densities. Unfortunately, there
exists an intermediate density range where neither
theory is realistic. In this section, however, we
show how the Sahs theory cen be modified so that it
is forced to agree with the TFD results at high
densities and provides a reasonable interpolation

in between.

In order to derive an expression for the elec-
tronic partition function, we first consider the
ideal ges limit. If there are NA atoms, N deuterons,
and Ne electrons, the total partition function is
given by23

3/2 N,
. 2ﬁMAkT
Q(V}T) = m ™ A > qA X
A e h -
3/2 Np 3/2 / N,
2nM kT 2qm KT -I/kT

v(—-l’—2 ) 2v< - ) e ,

h h

11



hﬁwhere MA’ Mp’ and M, are the atom, deuteron, and
electron masses, respectively, and I is the ioniza-
tion energy (13.6ev). q, is the atomic partition
function (sum over bound electronic states of the
atom). The factor of 2 in the last term arises from
spin degeneracy of the free electron. We note that
Nb = Ne’ and Np + NA = N, vhere N is the total num-
ber of atoms present before ionization. Taking

MA = Mp, the partition function can be written es

a product of a translational and an electronic term,

Q=QQ - (51)

Qt is the translational partition function for an
ideal gas,

3/2 4N

2nM, KT
Qu(V,1) = ;—V( — ) N )

Defining f to be the fraction of atoms that are
ionized, we have N_= Ne = 1N, N, =(1-f)N. The
electronic partition function can be written

1 (1-£)N q fN -~fNI/kT
)(l-f)N A e e )

Q(V,T) =
PN e

(53)

where q, is the partition function for a free elec-

tron.

2eV e
qe*_N_'—hr- . (51*)

In this work, we assume that the translational
and electronic contributions to the equations of
state are separable, so that Eq. (53) is velid even
when we are dealing with imperfect gases. Since
the electronic terms are significant only at high
temperatures, where the translational motion ap-
proaches ideal gas behavior, this epproximation
seems reasonable.

The electronic contribution to the free energy

is

A, = - XT 1nQ,

= NkT {ef Inf + (1-f) In(1-f)

- (1-f) 1nq, - flng, + £ i } . (55)

To determine f, the dissociation fraction, we mini-

mize the free energy. The result is

a e-I/kT

f e .. (56)
© eq,

Finelly, the electronic contributiovns to the energy

and pressure are given by

5 d 1n 9 d 1In e
Ee = NkT~ {(1-f) 7 + f 5T + NfI ,
v v
(57)

and

P = NkT
e

d In q, d In q,
(1-£) —W—T+f _'SV——'T

- Nf dI/av . (58)

In the classical case, 9 and I do not depend upon
volume and make no contribution to the pressure.
However, these terms will be important in our
"modified" Sahe theory.

The electronic partition function for the

atom is given by

-¢, /KT
Q= g (59)

n=1

where L the energy of the n-th level, is

1
cn" 13-6 (l - ;‘2‘) ]



and the degeneracy factor is gn x 2n2. Because hy-
drogen has an infinite number of bound electronic
states, the sum must be cut off at some value to
make qy finite. It is usually argued that the
highest energy levels, for which the radius of the
Bohr orbit is greater than the radius of a Wigner-
Seitz cell, are broadened into the ionization con-
tinuum and should not be included in the sum.
the nth level is cut off if

>l/3

o

where a, is the Bobr redius (.5292 A). By this
reasoning, the n=2 level should not be "counted"
at densities greater than .03 g/cm3. At lower

densities, our numerical comparisons show that the

Hence

2l

n2 ao » <-£-

excited states make very little contribution to any
of the thermodynamic properties, because ionization
occurs before these levels become populated. Con-
sequently, we ignore excited states and take qA = 2
in this work.

The Saha and TFD predictions of the electronic
contributions to the pressure, free energy and in-
TFD data

Notice that the
two sets of data agree fairly well with one
another for temperatures above 5 eV.

ternal energy are shown in Figs. 5 to 7.

were obtained from R. D. Cowan.2
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COMPRESSION p/po
Fig. 5. Thermal electronic contributions to the

pressure. Squares are Saha calculations.
Circles are TFD calculations. The lines
are our modified Saha theory.
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Thermal electronic contributions to the
Helmholtz free energy. Symbols used are
defined in the caption of Fig. 5.

Fig. 6.
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Fig. 7. Thermal electronic contributions to the

internal energy. Symbols used are defined
in the caption of Fig. 5.

At high densities, the Saha theory discussed
First, the free elec-
tron partition function, defined by Eq. (54), does

above has two mejor defects.

not include the gquantum-mechanical effects which
follow from Fermi-Dirac statistics. Second, the
bound electronic states of the atom are treated as
At high densities these levels
are broadened into bands, with the electrons obey-

discrete levels.
ing quantum statistics.

In the eppendix, we derive expressions for the

thermodynamic properties of a uniform electron gas

13



obeying Fermi-Dirac statistics.
partition function is shown to be

The free-electron

T
q (v,T) = [l r by * '2636y ] ;
e 2636y
2 2/3
n N
Y * Zum KT (W) . (60)

For a uniform gas, b = .7173. However we find that
b = .4242 gives a better fit to the TFD data, possi-
bly because of exchange effects. The ionization

energy should also be modified to include zero-point

energy of the electrons.

I=13.6 eV +

2 2/3
) B

Finally, we must modify the atomic partition
function so that it approaches the electron gas
result at high densities.
that

AS V- 0, ¥ + », We note

3 b 1
g~ i in (1" .2636y) T %
370

We assume that

ngq, = in 2 . (62)

Equation (62) can be interpreted as follows. In-
teraction between the atoms splits the 2N ground
electronic states into a 2N-fold degenerate band of
levels. At low densities this band is very narrow,
so that all the energy levels can be populated,
even at low temperatures. Hence qy = 2. At high
densities the band widens, and only the bottom half
of the levels can be populated at low temperatures.
Hence g, + 1 as V.0, T~ 0. Eq. (62) provides &
reasonable interpolation between these two extremes.
With these new definitions of qe, I, and qA,
the Saha calculations can be carried out as

hLY

. previously described.
. Figs. S to 7.

The results are shown in

Our modified theory agrees very well
with the TFD date at high densities and provides a
reasonable approximetion at lower densities. It
should be noted that the molecules are only partial-
ly dissociated at low temperatures, and that the
electronic contributions are small compared to the
translational contributions. Hence the errors in
our treatment are minimized.

VIII. PHASE DIAGRAM

Using the methods discussed in previous sec-
tions, thermodynamic properties for each of the
three phases, molecular solid, metallic solid, and
fluid, can be calculated.
the results to construct the phase diagram for deu-

In this section we use
terium. The diagrams for hydrogen and tritium
should be similar, but isotope effects may cause
shifts in the phase lines.

According to thermodynamics, the phase that is
stable at a given pressure and temperature is the
one having the lowest Gibb's free energy, F = A + PV.
The coexistence line between two phases is deter-
mined by finding the pressure and temperature at
which the two phases have equal free energies. Con-
sider phases a and b at a temperature T. Assume
that phase a is stable at low pressures and phase
b is stable at high pressures. The coexistence line

is defined by the relations

Po(VosT) = P (W, T) , Fo(Vy,T) = F(Vy,T) ,  (€3)

which we solve for Va and Vb by an iterative method.
For V> Va’ phase a is stable; for V ¢ Vb’ phase b
is steble.

phases exists.

For Vb < Ve Va, a mixture of the twe
The internal energy and Helmholtz
free energy of the mixture are given by

VA v-v

BV, = oy B, (VD) + g B(Vp,T)

b a b 'a

Vp- V-V &
A(v,T) = vV, Aa(va’T) + v;:v; Ab(vb’T)' (6%)

Our celculated phase diagram is shown in Fig.

8. Specific volumes on the phase lines are shown
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Fig. 8. Phase diagram for deuterium.
in Fig. 9. The transition from a molecular solid to

a netallic solid occurs at 2.2-2.3 mbar, nearly in-
dependent of temperature. The melting pressure of
the nolecular solid increases wita the temperature.

o
At 1672 K and 2.3 mbar, these two phase lines cross.

This temperature and pressure specify a triple point,

where all three phases coexist. At temperatures a-
bove 1679°K, the molecular solid is no longer stable
and there is a melting curve for the metallic solid.
At high temperatures we find that the changes in
volume and the thermodynamic quantities are very
small, on melting, but are finite. In other words,
no solid-fluid critical point is reached. For tem-
peratures above lu,OOOOK,the specific volumes on
melting can be fit to the approximate formulas

V(£1u1d) = (8212.7/7)2°8 end/mole,

V{s01id)

.9872 v (fluid).

IX. RESULTS
The pressure, internal energy, and Helmholtz
free energy for deuterium are given as functions
of compression and temperature in Table II. The
compression, T}, is defined in terms of the density,
The last
For the

P, by W = o/p, where p_ = .17 g/,
column in Table II specifies the phase.
gas phase, the fraction of dissociation, £, is also

presented. A more detailed equation-of-state table

¥ ¥ ‘IIIIII L ITIIIIII
{4~ -1
12— -
1o -
s
£
w
=
2
2 [ ond -
MOLECULAR
SOLID
FLUID
oL a
2 ] —
METALLIC SOLID
° i A Sl L L 4L 1 1 1.1 .3 .4 1)
1ot 10 10
TEMPERATURE (°K)
Fig. 9. Specific volumes on the phase lines.

is presently in use at this Laboratory.

In Figs. 10 and 11, the pressure and internal
energy on several isotherms are shown. The exper-
imental data of Michels et al. 21

Fig. 10.

are given in
For completeness, the 0%K isotherm is also
shown. The effect of phase transitions on the equa-
tion of state can be observed more readily in the

figures.

X. CONCIUSIONS

We have described a theoretical equation of
state for deuterium, suitable for use over a wide
range of temperatures and densities. 1In such a
comprehensive study, it has been necessary to make
numerous approximetions. Consequently, there are
many uncertainties in our work. However, we have
tried to consider all of the problems peculiar to
deuterium and to treat the physics with as much
accuracy as is feasible with current theoretical

methods.
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TABLE II. DEVTERIUM EQUATION OF STATE.

TEMPERATURE = 1,7783E+02 DEGREES KELVIN

COMPRESSION

. 140000E-03
. 147783E-03
3,1623E-03
5.6224E«03
1.0000c~02
1.7783E~92
3.1623E%02
5.6234E-02
1.0000t~01
1,77835‘01
3,1623E~01
5.6234E=01
140000E+0u
147783E400
3,1623E+00
5,6234£400
1:0000E+01
1,7783E+01
3.1623E+0)
5.6234E991
1.0000E+02
137783E+902
3.1623E402
5.6234E402
1,000¢E+03

TEMPERATURE =

COMPRESSION

1:0000E-03
1,7783E=03
3.1623E=03
5,6234E~03
140000E=02
1,7783E=02
3.1623E=-02
5.6234E=02
1000005'01
1.7783t~01
3,1623E-01
56234E=01
1.0000E+00
1.,7783E+00
3,1623E+00
5¢6234E400
1.0000E+01
1,7783E+01
3,1623E+01
$+6234E401
1.0000E+02
1,7783€+02
3,.1623E+02
$.5234E4+02
1.0000t+03

16

]
MBAR

6.2854E=47
1.1180E=06
1098?25“06
3.5607E=p6
603°?7E'06
1.1254E«05
240138E~45
3,6235E=¢>
6.5947E=05
1.2302E=04
2.4330E=04
5.5837Evn4
1.8‘402'53
1.0537E%02
6¢5030E~02
4.1981Evql
20024%E 400
4o 1658E+00
1.7183E+01
5,9926E¢n1
1.9057Ev02
5,7251E¢92
1.6569€¢03
4,6749E 93

P
MBAR

1.1181E~=46
1,9893E~06
3.5406E-n6
6.3062E-06
1.1246€=05
2.0101E=05
3.6076E=n5
6.5238E=05
1,1967E=n0
2.25806-04
1.02396.03
3.0373E-n3
1.3823E=a2
7.1382E-02
4.3037E*n1
2.0407E%00
4.1674E900
1,7184E %01
5.9926€01
1.9057E+02
S.7251E+n2
1.6569E4¢3
4.6749E+43
1,2954E¢04

£
Mi=CC/GM

8¢9332E~(3
849309€~-C3
8,9270E~03
B849204E~03
8c9U9T7E=03
8.8Y12€E-03
840590E=03
84B054E-03
8.71225«03

B8459527E=03"

B.,2863E=03
T.8608E=03
TeT7303€E~03

1:1851E=02

3.5845E-02
le7242E=01
64 0828E~01
12451E400
Ce5129E¢00
Se¢1643E¢00
140U87E+01
1:8602E%091}
3!26835’01
5:52705’0‘
920?43§‘01

3,1623E+02 DEGREES KELVIN

€
MB=CC/CM

146153E=02
1e6151E~02
1¢6148E=02
1e6143E=02
1301355'02
1.6120E=02
106097E'02
1060556'02

1¢5994E-02
1058925-02
lob7SOE'02
l-Sb‘bE‘OZ
1062605'02
2321625'02
4 T079E~=02
1+8390€-01
6019795-01
1024575’00

245130£90

5.15435‘00
1000875‘01
1.8602E+01
342083E+01
5¢5270E401)
9.0743E201

A
MB=CC/GM

«5,0344E=02
~44,82)6E=02
~4,6086E-02
'“039555‘02
=4,1821E~-02
~3.9682E-02
-3,7533E=02
«345366E=0¢

© «3,3161E=02

=3,0881E~02
=2+8427E=02
=2+5515E«02
=2.1054E=02
=9,6531E=03
208641E~02
147399E~¢1
6,1738E=01
1426450E409
2.5128E+00
Sel642E¢00
1,0087E+01
1,8602E+01
3.2683E+01
55270L+01
9¢0743E+01

A
MB~CC/GM

=9.8754E~02
=9:4967E=02
=9.1178E=02
«B,7384E-02
-8,3582E=02
«T7¢9765E+02
=7+45921E-02
=T74s2029E~-02
*6.8045Ew02
=6438B84E=02
=5,9353E-02
=5¢3962E=02
*446153E=02
=249684E~02
1.9128E-02
1.7159E=91
642083E~01
142447E¢00
2e¢5128E+00
S.1642E¢00
1.0087E901
148602E+90})
3.2682Lgl
545270E¢0)
9e0763Ee01

PHA

FLUID,
FLULOD,
FLUID,
FLUID¢
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID.
FLUID,
FLUID,
FLLIDy F
MOLECULA
MOLECULA
MOLECULﬁ
METALLIL
METALLIC
METALLIT
METALLIC
METALLIL
METALLIC
METALLIT
METALLI?

o anNns

“mMmTMAMMMNM MY

PHA

FLUID,
FLUID,
FLUID,y
FLUID,
FLUIDY
FLUID,y
FLUID,
FLUID,
FLUID,
FLUID,
FLLID.
FLUID,
FLUID,
FLYID. =
MOLECULA
MOLECULA
MOLECULA
METALLIC
METALLIT
METALLIT
METALLIE
METALLIT
METALLIE
METALLIC
METALLIC

MMM MANANN NN

SE

1,8381E-63
1,3294E~63
Ge8311L~064
7e5100E~64
6,0138E-64
Sel71HE-04
b 9822E-64
547908C=64
9,25T4E~64
245651E-63
l 8540..-6?
7¢3439E+61
6,2287€-58
1.25948.52
R SoLID
R SQLID
R SOLID
SOLID
30LI0
SOL1D
SOLID
SOLID
SOLIL
SOLID
SOL1ID

SE

4,0566E~35
2+8858E=-35
2,0755£-35
1,5227E-35
1,1517E~35
9e114€E-36
7072925-56
T 3177€w36
8o e 3164E~36
1.2899€-35
24%4288E=35
2;3“53E'34
846029E+33
5.8726E=30
R7SoOLID
R SOLID
R SOLID
SOLID
SOLID
SOLID
SOLID
SOLID
SOLIL
SOLID
SOLID




TEMPERATURE =

COMPRESSION

10000€~03
107783&'03
3.16235-03
§,6234E-03
100000@‘02
1.7783E=02
3.16235'02
5.6234&'02
loOOOOL-Ol
1077835'01
3016235'01
5.6236&'01
100000&’00
1.77B3E’00
3.16235’09
506236t000
130000&‘01
1.7783E¢01
331623@‘01
Se6234E¢01
1.0000t002
107783&‘02
33]623t‘°2
$.6234E+02
1.0000E+03

P
MBAR

1.9886E=n6
3.5383E=q6
6. 2986E'o6
1.1221E=¢5
2.0018E=qgS
3.5801E-n5
6 #3135'05
1. 0 1646E=04
2,1401E=04

440425E=04
8.(529E=p4
lo7826E'03
'S 85405-03
1l BSlbt'OZ
] 4153E°02
4,4896E=n1
2 06865'00

' 4,i815E+00

1.7190€+01
5.9929E491

) 1.90575002

5,7251E¢02
le 55695003
4, 67‘95‘03
1. 69565094

TABLE Il. CONTINUED,.

S,6234E+02 DEGREES KELVIN

€
MB=CC/GM

2¢9066E-02
209065E~02
2+9064E=02
2090615'02
209“57E'02
2.9051E'02
2090525’02
209030E'02
2.90175‘02
2090162‘0?
2090775'02
2.9‘175'02
3105302
3292785'02
T+8805E~02
200“255'01
6.60285'01
102507E‘00
2e¢5144E¢Q0
5016665‘00
1000875‘01
1086026‘01
3:26835‘0]
5!52705‘01
9!0?43E'01

TEMPERATURE = 1,0G00E+03 DEGREES KELVIN

COMPRESSION

1.0000E-03
1.77835'03
3. 16235-03
Jo62365'03
1.0000t~02
137783€°02
Je1623E=-02
5,6234E~02
1900005'01
137783&'01
3+1623€-01
546234E~01
1:0000E+00
1377836‘05
3,1623E+00
5.6234E400
1000005’0‘
1077835’01
3.1623&*01
5.62365001
1.0000E+02
1,7783E402
3e1623E+02
5.6234£402
1.0000t¢03

P
MBAR

3.5364E=H6
6. 2924E-06
i. 1201E°05
1.9955E=05
3,9600E=05S
6. 36635-05
1.1434E=04
2e 06935-06
3. I971E004
Te 1&485-q4
) 40855-03
3. 03065'03
7.6793E~a3
2.538TE~02
1010?65'01
5.21162'01
2.1190€¢00
4, 25135‘00
1.7237€°01
5.99545001
l. 9059E002
Se 72515002
1.6569E+43
4.6749€+03
1;29545006

E
MB=CC/GM

53230E-02
5.3230E-02
5.3231E-02
5¢3233E-02
5.3236E=02

5¢3244E~02

543261E=02
5+3296E~(2
5¢3370E~02
5¢3933E=902
S5e3918€=02

5.4927E=02-

5.8U13E~02
6.9287E-02
151430E~01
24 7408E=01
6.7703E-01
1.2759E400
2.5251€+00
5416B0E400
1. 0088E+01
1.8602E+01
3.2683E+01
5.5270E+01
9.0743E01

A
MB=CC/GM

=1,9224E=0)
*1,8551E=01
«1,7877€E=01]
*1,7202E=01
*146525E=01
«1e5846E=01
=1,5161E=01
-1.44665-01
=1,3755E=01
«143010E=01
=1,2200E=01
=1.1247E«01
«9,9395E=02

«T456480E=02"

’103833§'°2
145558E£~0]
641518E=01
142428E+00
245123E+00
Se1641E400
140087E¢01
1.8602E+01
3.2683E¢0])
Se5270E+01
9¢0743E¢01

A -
MB=CC/GM

=3.7197E~-01
'305999£‘°l
=3:4890E=-01
'3.3600@’0‘
=3,2396E=01
=3.1188E~01
~2¢9970E-01
»2¢8736E=01
=2¢7472E=01
«2.,6153E=01
=2¢4727L=0]}
=243082€E=01
=2,0931E=01
=1¢7421E=01
=9,7208E=02
1.0422E=01)
5¢8411E=01
142299E400
2¢5082E4+00
541629E+00
1.0086E%0)
1,8602E+901
342683E+0]}
5.5270E+0)
9.0743E01

PHA

FLUID, F =
FLUID, F =
FLUIDy F =
FLUIDy F =
FLUID, F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIOs F =
FLUIDy F =
FLUIDy ¢ =
FLYUIDy F =
FLUIDy F =&
FLuIDy F =
MOLECULA
MOLECULA
METALLIC
METALLI(
ME‘ALLIC
METALLIC
MET&LLIC
METALLIC
METALLIC
METALLIC
PHA

FLUIDy F =
FLUIDe F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDs F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
FLUIDy F =
MOLECULA
HETALLIC
METALLIC
MEYALL‘C
METALLIC
METALLIC
METALLIC
METALLIC
METALLIT

SE

3,8975€E-19
2.7678E=-19
10966TE=19
1,4087E-19
1.02665-19
Te 69655-20
6, 0265E-20
§ «7018Ew20
5.23‘?5-20
T7.8738E=-20
1¢9990E-19
1,2635E-18
3,7887E«17
1,23B8E=-146
R sOLID
R SOLID
soLID
SOLID
SOoL10
SOLID
SOLID
SOLID
SOLID
SOLIV

SE

4.0999E~10
r- 93735-10
24 0914E-10
le 6865E.1o
1,0620E-10
T.6972E-11
S5.7251E~11
b4, 6376E-ll
3. 66875.11
3. 3623E.11
3,6533E-11
5.2941€E~11
1,25646E<10
647962E~10
1l 35935-08
1.9970E-06
R SOLID
SOLID
SOLID
SOLID
SOLID
SOLID
SOLID
SOLID
SOLID

17




TABLE Il. CCNTINULD,

YEMPERATURE = 1,7783E+03 CEGREES KELVIN

COMPRESSION

1,0000E=03
1.7783E=03
3,1623E=03
546234E-03
1+0000E=02
1,7783e-02
3.1623E=02
$:6234E=02
1.0000E~01
1.7783t-01

3,1623E-01
5,6234E=01
1.,0000E+00
le7783E+00
3,1623E+00
5+46234E+0y
1,0000E«01
1,7783E+01
3.1623E+01
5.,6234E¢91
l1e0000E+02
1377836’02
3e¢1623E402
S5.6234E402
1¢0000€E+03

P
MBAR

6,2889E~=36
1.,9917E=nS
3.5479E=05
6.3278E~nS
1le1311Ewné
2.0299E=qg4
3.6680E=04
64 T09RE =94
1.2547E=n3
2.4411FE=03
S.1029E*93
1.,2138E=02
3.2700E"n2
l.3478E=31
Se.7438E+»nl
2.,2673E%00
L o454b6E*00
le7456E¢01
6,0133E%91]
1.9079E+q2
Se7257E¢32
1.6570E%93
4,0749E¢p3
1.2954E¢04

E
MB=CC/GM

1+0209€E=01
140208E~-01
1¢0207E=01
1+0207E-01
1,0208E=01
1.0211E~01
140216£-01
100227E=01

1e024Y9E=01

140292E=01
1303805'01
140581E=01

. 1e¢1093E=01

1.2624E=01
14 7805E=01
3,4805E=01
842235E=01
1e3494E94 9
245742E+00
5.19225’00
1000965’01
lo8605E001
3,2684E401
5+5270E+01
940763E+01

TEMPERATURE = 3,1623E+403 DEGREES KELVIN

COMPRESSIUN

1,00005-03
le77832-03
3,1623E=03
5.6234E=03
1!00005’02
1.7783E=02
3.1623L~-02
S.6234E=02
1.0000E~-0]
1.7783E=01
J.1623E=01
5.6234E=-01
1,0000E000
le7783E+00
3.1623t000
506234E‘00
l.0000Eeul
1.7783t‘01
3.1623&001
5.62365001
1.0000E+02
1.7783E402
331623&‘02
5,6234E+02
1.00C0E+03

18

]
MBAR

1.1609€E=nS
2.0455E%95
3,8196E=95
6.4050E=95
1.1373E=9g4
2.0253E=n4
3,6218E=n4
6.5196E=04
1.1866€E=n3
2.,2010E>p3
4.,2200E-03
8.5772E=03
1.9311€-02
Se1496E=n2
1070595.01
6,4953E~nl
2.362T7E*n0
4.8919E*n0
1.8058E¢11
6.0865E+01
1.9140E%02
5,7307E402
1.6573E443
4,6750E403
1.2954E¢04

E
MB=CC/GM

243885E=01
242874E=01
2,2111E-01
241540E~01
241118E=01
2+0813E=01
2.0001E'01
2-04666'01
240401E=01
2,04126=01
2.0531E'01
2-08SZE°01
201644E’01
2.37385'01
2.9887E-01
‘:83455“01
9+ 7555E=01
1.507«5*00
2.709%9E+00
5¢2910E+00
1¢0152€+01}
1.8628E+01
3.26915’01
5.5272E‘01
950743€E+01

A
MB=CC/GM

=7.1785E=01
~6+5655E=0]}
=647523E=01
=6:5389E=01
«6,43250E=01
~6,1102E=01
«5,8939E=g}

¢ ®5,6750E=01

=5,4513E=01
=5,2188E=01
“449699E=01
=4,6884E=01
~443367E=01]
«3,8136E=01
’2.8176E°°1
«541386E=02
448560E~01
1e1724E+00
244816E+00
541531E+00
1.0083E+01
1,8601E+01
3,2683E+01
5,5270E+01
9.0743E¢0]

A
MB=CC/GM

=143909E+00
=1+3518E+00
*1¢3129E£400
=12743E+00
<1.2358£+00
~141972E+00
~1.1586L+00
~141196E¢00
«1.0799E+00
=10390E¢00
=9,9560£=01
-9.4756_5-01
~8,8995E=01
«B¢1069E=01
*6¢7701E=01
-‘0104365.01
1,7449E=0]
9,8588E=01
2¢3690E¢00
5.,0950t+00
1.0059E4+0]
1.8593E¢01
3.,2680L+01
5¢5269Ee01
9¢0742E+0Q1

PHA

FLUIDy
FLUIDy
FLUIDy
FLUID,
FLUID,
FLUIDy
FLUID,
FLUID,
FLUID,
FLUIDy
FLUIDy
FLUIDy
FLUID,
FLUID,
FLUID,y
FLULD,
FLUIDy
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC
METALLIT
METALLIC

Nt RN NN U NN N NN NN N

Ty MM MYTTINIYTNMTMINITMTMTMTY

PHA

FLUID,
FLUIDy
FLUID,
FLUID,
FLYID:
FLUID,
FLUID,
FLUID,y
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUIDy =
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC

by B et Bt B o Bha s B i i e 4 M 4 it M Tt B B

SE

5,0289E-05
3.,6484E«05
2,6253E-05
1.8758E-05
1.3353E-05
9,5283E-06
6.8761E=06
5,0771E=06
3,8951E.06
331758@-06
2.U538£-06
30009‘E-06
441253E«06
84 7755E-06
3,8002E~05
5.1375E.o‘
SOLID
sOLIo
SOLID
SOLID
SOLIo
SOLID
sOLlD
SOLID

SE

JeS141E-02
2o 59085-02
1,8943€-02
1.3729E-02
9,867TE«03
7¢0519E«03
5¢0369E«03
3,6255E=-03
2.6596E-03
2.,018%9€<03
1561995-03
1.‘202€-03
1,4361€-03
1.8339€«03
344519E-03
1.2456E=02
1,2357€«01
SOLID
SOLID
soLlIv
SOLID
SOLID
SULID
soLlo
SOLID




TABLE 31, CONTINUtD,.

YEMPERATURE = 5,6234E+03 DEGREES KELVIN

COMPRESSION

1.0000E-03
1.7783E~¢03
3,1623E-03
5.6234E=03
1.0000€~02
)37783t'02
3.1623t=02
5.6234E=02
1e0000E=01
1.7783E-01
3.1623E=01
S5e6234E~01
1.00C9E+00
1.7783E+00
.3e41623E40y
$+6234E+00
1.0000E¢01
1.7783E+01
3.1623E+01
S+6234E+01
le00CDNESD2
1.7783E¢02
3,1623E+02
S.6234E402
140000E403

P
MBAR

30“6‘5E'95
S.8287E%0S
9.7“6E'"5
106243E'6§
2.7129E=94
4,5550E=06
7071‘OE°06
1.32255'03
243057E-03
401154E‘03
7.6009E-03
1.4792E=02
3.1337E=q2
7.6327€02
2.2496E"p)
7.6353E=g1
245594E440
5.7233E+00
1,9324E+p1
6.2742E%01
1.9391E+02
SeTSH2E*Y2
1.6595E+73
4.0765E*0n3
1.2955E¢0¢

3
MB=CC/GM

1¢1921E%00
1.0471E+00
9.3727E~01
8¢3132€=-01
703571E~01
6:5“055’0!
S98755E=01
S+3580E=01
4¢9736E=01
4e7043E=Q1

4,5335€~01

4o 4549E=01
444879E=01
4.7171E=01
534193E-01
T43403E-01
142177E%00
1+8082E+00D
249949E+00
5.5443E¢00
1:0350E4+01
1e8754F+01
3527151E401
5e5294E+01
9:07S0E¢01}

TEMPERATURE = 1,0000E+04 DEGREES KELVIN

COMPRESSION

1.0000E~-03
1.,7783€-03
3,1623E~03
5.6234E=03
IQOOOOt‘oz
1,7783E=02
3316235-02
Se6234E=02
1,0000E-01
1!77835’01
3,1623E'01
536234t-01
1,0000E+00
1977835000
3.1623E+00
5e6234E400
1.0000E¢01
l,7783h001
3,1623E+01
$5.6234E+01
1,0000E¢02
1.7783£402
3316235‘02
5362345'02
1.0000£+03

P
MBAR

7.1294E=6¢5
1.26785=n4
2.2516E=04
3.9852E=04
7.0065E=G4
1.2182€=903
2.0850['“3
3.5145E°03
5,8557E=63
9.7644E-03
1.6623€E=n2
2.9559E=92
5.0708E=02
1Q23°9£-ﬂl
3.,2421E-01
9,8165E«=¢p1
2.7580E¢00
7.5764E00
2.2179E+01
6,6563Ev01
1.9988E+92

- 5484428492

1.6701E%03
4,6865E403
1.2562€E+04

€
MB=CC/GM

17363E¢00
147260E+00
1e7113E%00
1:6877E+00Q
1:6490E¢00
1+5882E400
1:5013E+00
1.3%918E400
1.2711E400
1s1561E+Q0
1e0D36E*00

9¢TOSEE=01

9e2740E=01
9¢1279E=01
9:5761E=01
141278E400
1.S917E+00
244471E+00
3.8284E+00
6+0603E+00
140822E+01
1.9146E401
343026E+01
5.5443E401
9.0811E401

A
MB«CC/GM

*249104E¢00
«2+7962E+00
e2,6885E+00
»2+5R75E+00
«2,4927E+00
«2.4035t400
=243189E+00
=2.2379E*00
~2¢1592E+00
~2.0811E+00
«2,0015E+00
=1,9168E%00
=1.8204E+00
=),6974E+00
~1,5115E+00
~141747E¢Q0
«5,2752E~01
4085925‘01
2.0156E%00
4.8661E+00
9.9294E400
1.8532E+01
3,2657E¢p]
5.5261E¢01
9407406401

A .
MB-CC/GM

=643189E+00
“6,0774£400
=5,8361E+00
=545955E+00
«54,3567E+00
«5.,1218E400
=448939E+00
=4,6762E400
~444712E400
“442793E+00
=440979E+00
=3,9208E+00
*3¢7373E+00
=345269E+00
=3,2069E400
-2.78885‘00
-2.00665’00
«7,8944L~01

1.0522E+00

4,1781E+00

9.4581E+00

148245E¢901

3425U3E401

S5¢5199E+(1

9.0718E4+01

PHA

FLUID,
FLUID.
FLUID,
FLYID,
FLUID,
FLUID,
FLUID,
FLGID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,y
FLULD,
FLUID,
FLUID,
FLUID,
METALLIC
METALLIL
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC
METALLIC

MR ERER D EERERREEEEE R

pPHA

FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLYIO,
FLUID,
FLUIO,
FLUIDs
FLUID,

METALLIC

METALLIC

METALLIC

METALLIC

METALLIC

METALLIC

MMM T AN M AN AN

SE

7.1667E.°l
6,1480€-01
5.1029E=01
3.1942E01
2,4273E-01
1.8074E-91
1532805-01
9!7219E002
7.1799E«02
44304TE=Q2
3,6762E«02
3,5546E~02
4,2589E =02
7,4910E~02
244015E€=91
SOLID
soLlI0
soLIv
SOLID
soLID
sOLID
SOLID
soLID

SE

9.8922€-91
9.8080E~-01
9.6606E=-01
9,4084E-01
8,9952E=-01
8,3638E=-01
T.4908E=01
6,4233E-01
$.2782E«01
4,1927E-01
3.2685€-01
2¢5511£-01
240418E=01
‘!?3535-01
1,6666£-01
2.0676E-01
3.7510E-01
799905E-°l
9.?1175-01
SOLI0
SOLID
sOoL 1D
SOLID
SOLID
SOLID

19



TABLE Il. CONYJNUED,

YEMPERATURE = 1,7783E+04 DEGREES KELVIN

COMPRESSION

1:0000E=03
147783E=03
3.1623E-03
5¢6234E~03
l¢0000E~02
1,7783E=02
3.1623E=02
546234E=02
1,0000E=01
1e7783E~0)
3316235'01
$46234E=01
1.0000E+00
147783E+00
3+1623E+00
$546234E900
l1,0000E401
1.7783E+01
341623E+01
546234E+01
1,0000E+02
1e7783E 02
Je1623E02
S5e6234E402
1,0000E+03

p
MBAR

1.4125E=04
244592E* 94
‘.29“5&“0‘
7.5528E~q4
1.3343€=03
2¢3645E=n3
441932E=p3
10“1185“03
1,2986E~02
2+2440E~n2
3.8371€=q2
6,5846E=02
1.1704E=01
2.2859E=nl
5.2434E=p1
1.3910E*q0
3.0798E+00
9.,1721E+00
2.5128E+01
7-357‘5‘0’
2.1478E%g2
6,158pE¢q2
1,6992E+33
4,7255E+q3
1,3004E%04

E
MB~CC/GM

3.1144E400
249017E%00
247385E+90
2.6143E¢00
2+5195E¢00
2,4450E+00
243811E+00
243156E+00
2e23G7E%00
2313665’06
19910€¢00
1.8431E900
14 7079E¢00
1361355‘00
15995E¢00
1.7482E%00
2:21485‘00

3.1196E%00

446100E%00
714242E’00
1.2531E+0)
251240E*01
3:3788E+01
5.6025E+01
9.1169E+01

TEMPERATURE 3 3,1623E+04 DEGREES KELVIN

COMPRESSION

1.0006E~03
1e77R3E~03
3,1623E~03
5.6234E~03
1300005-02
127783E'08
3,1623E-02
$e6234E-02
1.0000E~01
1,7783t=01
Je1623E~01
546234E=01
1300005000
1.7783E400
3,1623E+00
5.6234E400
1.0000E+C]
1,77838+01
3.1623E+01
59623‘5‘01
1e0000E+02
1.7783E+02
3.1623c+02
5!623‘E‘°£
100000E+03

20

p
MBAR

3.8439Eh4
6.4637E=04
1.08185'93
1.8105E=03
3.0430E=03
5,1524E*n3
8.8046E=0n3
1.5189g=92
2.6‘185'02
4.6109E=g2
B8,0751E=n2
1.,4098E-91
2.4756E=01
4.5319€=p1
9,2055E=n1
2.1226E+00
4,9Y527E+90
1.1604E¢01
2.9820E%01
8.1721E%01
2.2884E¢92
6.,4052E 02
1.7789E*93
4,8951E+03
1.3354E40%

E
MB=CC/GM

9+1867E+00
843759E+¢0
7:5411€E400
64T7464E%00
640355E+00
53Q293E‘00
4¢9304E200
4e5286E¢00
442056E+00
3.9360E%00
3.6904E+00
3.6437E%00
3:1902E‘00
2¢9023E+00
2.8306E¢00
209271E°00
3.3854E400
442954E¢00
SeB757E¢00
8.7586E+00
1e3903E¢01
2¢2657E%01
3.6Y91E+01
549842E401
9+5991E¢01

A
MB~CC/GM

~142507E40]
=Y ,2435Le0])
~1¢1971E40]
=1,1514L20]
=1.1061L¢0}
=1.0610E+01
=1.0160E+01
©Y47124E400
*9.2690L+00
=3,8350E+00
©B8,4158E+00
«8,0129E+00
«“7e6184E+00
«Te20€EGEQ0
=6,7210E+00
«640345E¢00
“5,0040E400
«3,5241E+00
«143598E400
2e1234E2900
T«8657E+00
1,7203E¢01
3418792401
S5.4844E¢0])
940552L¢01

A
MB=CC/GM

«247225E¢90]
=2,5958E+01
=244764E901
«243640E¢01
«2,2581E£+01
«2,1576E+01
«2.0615E¢01
=149687E+01
=1,8783E+01
«1,7896E+01}
=1,7024EL*01
~146167E4+0)
=1e¢8325E¢01
“1e4478E901
=]143569E¢(G1
=102451E+01]
~1,0983E¢01
=940624E+00
=Ge4106E+00
«2,4288E+00

3e7961E 00

143606E+0}

2.8987£+01
Se2885t+01
Be9702E¢01

FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUIDy
FLUID,
FLUIDy
FLUID,
FLUID,
FLUIOD,
FLUID,
FLUID,
FLUID,
FLUID,
FLUIDy
FLUID.
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,

Bt Tt Bt Bt it Mt ot 2 Bt e £ B M A ¢ T 4 B A T - M) fi 2 e 4 B o

PHASE

U 9NN NN NN RNNUU NN NN

9099265-01
9,9850E=01
9¢9706E=01
9,9432E01
9,8919E-01
947967E-01
9.6228E=-01
9,3150E«01
8,8031E-01
8,0361E-01
740402E=01
SeY460E=Q]
49197C«01
4,1155E=01
3,6706E-01
3.,9192E-01
5,3270E-01
7.9110E-01
9.6063E-01
9.9671E=01
949988E=01
1,0000E400

METALLIC SOLID’
METALLIC sOLID
METALLIC soL1D

FLUID,
FLUID,
FLUID,
FLUID,
FLUIC,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUIDy
FLUID,
FLUID,
FLUlID,
FLUIDy
FLUID,.
FLUID,
FLUIDs
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,

PHASE

TN MMTMMYTNMNTINI AN YOI NINM IR

MO N NN N NN N NN WU NN RNRNN

9,9999@-O1
9.9998E~01
9,9993€-01
9.9978E-01
9+9938E-01
9,9840E=g]
9,9615E~01
9,9123E-01
948092E=01
9.6038E-01
9,2250E-01
8,6104E~01
7,7662E=01
6,8468E-01
64¢1302€-01
641287E=01
7.0793E-01
8,4821€E-01
9.4530E=01
9.8710E=01
9'?85‘E-01
l-OOOOE.oo
1.0000E+00
1,0000€E+00
1,0000E+00




TABLE Ile CONTINUED,

TEMPERATURE = 5,6234E%04 DEGREES KELVIN

COMPRESSION P € A PHASE
MBAR MB=CC/GM MB=CC/GM

1.0000E~03 7.8584E=04 104429E401 =5,7579E+01 FLUIDs F = 1,0000€400
1,7783E-03 1.3856E=n3 1s4253E4+01 ~5.4928E401 FLUIDy F = 1,0000E400
341623t=03 2.9299E%a3 153968E+01 *542307€4+01 FLUIDs F = 1,0000Ee00
5.,6234E=03 4.2281E=93 1.3532E+01 =449731£+01 FLUIDs F 3 1,0000E400
1,0000E=02 7.2859E=43 1.2917E+01 =447223E40] FLUIDy F 3 9,9999E-01
1.7783E=02 1.2428E=g2 1.2128E401 =446804£40] FLUIDy F ¥ 9,9998E=01
3,1623E=02 2,1024E=p2 1.1213€¢01 ~442495€+¢0] FLUIDy F = 9,9990E=01
5.6234£=02 J.5416E=02 1:0251E+01 =44,0303E401 FLUIDs F = 9,9965E=01
1,0000E=01 5.9718E=p2 9+3194E+090 =3.8227E+01 FLUIDy F = 9,9885E~01
1.7783E-01 1.0127E=01 Be4757E+00 =3¢6253E+01 FLUIDy F = 9,9656E=01
3:1623E«01 1.7326E=n1 T.T425E400 *3,4363E40) FLUIDe F = 9,9065E«01
5,6234E-01 2.9937E=91 T+1127E%00 =342536E+01 FLUIDy F 3 9.7704E«01
1.0000E400 S.2266E=01 645989E400 =3.0751E+01 FLUIDy F = 9,4939E-01
107783E+00 9.2959E=g1 6.00656E¢00 =2,8985E4+01 FLUIDs F = 9,0380E«01
J.1623E+00 1.7340E%q0 5.6794E+00 ~2,7185E+01 . FLUIDs F = 8,5001E=01
5.6234E+00 3.5124E¢n0 5¢ST74E+00 =245214E401 FLUIDs F & 8.3153E~01
1400005401 7.3655E400 5,8850E+00 ~242920E401 FLUIDs F = 8,6899E=-01
1.7783E401 1.6004E¢01 6+6469E+00 ~2,0174E+01 FLUIDy F 3 9,2252E-01
3.1623E+01 3,7748E¢nl 8.1482E+00 ~146677E+01 FLUIDy F = 9,6046E=01
506234E401 9.5595E+91 1+1026E%01 =1.1852E401 FLUIDy F = 9.8404E=0]
1.0000E¢02 2.5292E+92 1e6202E*01 ~448015E+00 FLUIDy F 3 9,9660E~01
1,7783E¢02 6.8243E492 245001E+01 581426900 FLUIDs F = 1.0000E+00
341623E+02 1.8531E¢03 3.9390E+01 2¢1990E+01 FLUID» F = 1,0000E«00
5,6234E402 S.u272E+03 642307E401 406686E¢01 FLUIDy F 3 1,0000E+00
1.0000E+03 1.3591E%0¢ 9.8137E401 8,4298E+01 FLUIDs F = 1,0000E+00
TEMPERATURE = 1,0000E+05 DEGREES KELVIN

COMPRESSION P 3 A PHASE

MBAR MB=CC/GM MB=CC/GM

1+0000E~03 1.4121E=n3 2:0098E%01 =1.1545E+02 FLUIDy F = 1,0000E+00
1.7783€E=03 2.5089E~q3 2,0070€¢01 ~1¢1067E%02 FLUIDs F = 1,0000E+00
331623E=03- - 4,4540E~03 240019E+01 -1.0569E+02 FLUIDy F = 1.0000E+00
5,6234E+03 7.8963E%93 1:9931E¢01 =1,0113Ee¢g2 FLUIDs F = 1,0000E+00
1.0000E-02 1.3966E~p2 1.9777E+01 =9¢6386E+01 FLUIDy F = 1,0000E400
1,7783€E~02 2.4608E=02 169521E4¢1 ~941676E+01 FLUIDy F = 1,0000E+00
3,1623E~02 443109E=92 1:9112E401 =8,7023E4+01 FLYIDy F = 1.,0000E400
5e.6234E-02 7.4935E~92 1+8502E+01 “842456E¢01 FLUIDy F 3 9,9999E=01
1,0000E~01 1.2911E=nl 1. 7670E901 ~748011E401 FLLIDy F 3 §,9997E-01
1,7783E~01 2.2068E=q1 1+6645E401 ~743722E401 FLUIDy F = $,9988E-01
3.,1623E~01 3.7555E=01 145507E+01 =6¢9610E+01 FLUIDs F 3 9,9951E01
5.6234E~01 6.3978E~01 1.4359E401 =6¢5675E01 FLUIDy F = 9,9829E-01
1.0000E400 - 1.0976E%90 1:3287E%01 ~641894E+0] FLUIDy F 3 9,9476E=01
1.,7783E+00 1.9086E400 192344E%01 =5,8224E401 FLUIDs F 3 9,8634E-01
3.1623E+Qv 3,3984E490 121973E+01 ~5,4598E+01 FLUIDs F = 9,71645E=0}
$06234E00 6.3090E%00 101103€+01 “5,0894E+01 FLUIDy F 3 9,605SE=01
1.0000E401 1.2202E¢01 1¢1069E¢01 =4,6944E0] FLUIDy F = 9,6499E«01
1.7783E+01 2.4659E¢01 1e1541E901 =442556E+01 FLBIDy F 3 9,7504E=01
3,1623E+01 S5.2970E¢n1 1.2778E+01 «3,7416E901 FLUIDs F = 9,8305E=0]
5,6234E+01 1.2152E+32 1.5374E¢0) =3,0991E£¢01 FLUIDy F 3 9,9022E«01
1:0000E+02 2.9627E+02 240313E+01 ~242427E401 FLUIDs F 3 9,9695E=01
1,7783E+02 7.5565E¢92 2.9002E+01 =1,0383E¢01 FLUIDy F = 1,0000E+00
3.1623E402 1.9806E403 4¢3404E401 Te1701E+00 FLUIDy F = 1,0000E400
$46234E402 5.2526E¢n3 64638BE+Q1 3.3227E401 FLUIDy F = 1,0000E+00
1:0000E%03 1.3992E404 1.0230E+02 7.2195E+01 FLUIDs F = 1,0000E400
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TABLE 11.

TEMPERATURE = 1,7783E+05 DEGREES KELVIN

COMPRESSION

1,0000E=03
147783t~03
3.1623E~03
5!6?345'03
1:0000E=02
1.7783t=02
3.1623t-02
5,6234E=02
140060E~01
1,7783E~01
3316235‘01
546234E-01
l.OOOOE'On
1.7783E‘00
341623E402
5262345003
1,0000E«01
1077835001
3.1623E401
5-6234t‘01
lc0000t002
le7783E402
3,1623E+02
5.6234&'02
1.0000E+03

[
MBAR

2e9}375w03
4.4697E*n3
TeY4T70E=03
le4)}26E=n2
2.5101E=n2
4.4506E"02
7.9016E~02
1.3976E~01
2.4€28E=01
603156E‘ﬂ1
T7.9098E=01
1.2978E490
2.2332E+00
3,8473¢k000
6.,6894E¢90
1.1865Eq1
Cel620E*n]
4,1172E+01
B8.2026E¢4]
1.7228E+02
3.8234E'02
8,9657E+92
2.2114E003
S.6458E403
1la4684E*04

E
Mu=CC/GM

2,9833E¢01
2.9428E+0)
2.9817Ev01
2.9796E4+91
2,9756E4+01
2.96B4E40)
2,9554E40)
249329€¢ 61
2.8952E%0)
2:33532‘01
237“935‘01
2¢6353E+901
245010E+0)
2.3598E+0)
2,2283E90)
201244E401
2.0674E+0)

2:0751Ee01"

24)12BE+01
2:.4046E40)
2,8512E¢ 01
3.6571E+01
Sa04THEG)
7.3294E+01
1:0925E+02

TEMPERATURE = 3,1623E+05 DEGREES KELVIN

CCMPRESSIUN

1.0000E-03
147783E~03
3,1623E=03
506234E-03
1.0000E=02
1.7783€~02
3.1623E-02
5!62345'02
1.0000E-01
1.7783€E=01
3,1623E=01
5.6234t-0l
1:0060E*0
1.7783E+0Qu
3.1623E+04
§.6234E¢09
1,0000E+01
1.7783E+01
3,1623E+01
$,6234E+01
le0000E* U2
1,7783E+02
3.1623E¢02
$.6234E¢02
1:0000E+03

22

]
MBAR

4.4704E=03
7.9499€=33
1.4138E=p2
2.5142E=02
4,4708E=02
7e9492E#p2
1.413p9E=01
2.5104E=01)
7.8934E=g1
1.39432¢00
2.4521E%00
4,2890E*00
7.4636E¢00
1.2961E¢01
2.2606E%01
3.9964E¢¢1
7.2368E¢01
1.3573E+n2
2.6600E%02
5.4693E+02
1.1803E*03
2.0788E+93
6,3953E+n3
1.9919E¢p4

E
MB=CC/GM

447101E+01
4.7101E%01
4o7100E01
4.7096E+(0)
4,7087£+0Y
4+7067E+0)
44 T7026E+01
4,6948E40)
4e6BOOE*D)
4.6536E401
6o60B4E+Q)
4¢5356E401
494280E+01
6.2851E+01
441182E+01
3e9909E¢01)
3,8153E+01
3.7473E+01
3.7877E401
3.9865€+01
bets101E* Q]
Se1043E40)
6ah4T79EQL
8+6053E+01
1.2128€+02

CONTINUED,

A
MR«CC/GM

~2.2401E¢02
~241556E402
*2,0699E+02
-1,9848E+0Z
~1,8998E402
~1.8148E+02
©147301E402
~146457E402
«145619E¢02
“1.4790E+02
=1439776402
=1,3166E¢02
=142415E¢02
-1,16T1E+02
~1.0947E+02
-1.0233E+02
«“9.5111E¢0}
«“847551E+01
«7.92845¢p])
*649770E401
~5,8211E+01
~443365E401
*Z2¢3241E401

5,2267E400

446506E40)

A
HB8«CC/GM

~4e2701E402
~iy1183E402
«3,5674E402
=3,8160E402
'3-66465‘02
=3,5132E+02
=3,3619E+02
«3,2106E+02
=3,(596E+02
«2,9090E¢02
«2,7591E+92
=2.6106E402
«2+,4641E4¢2
*2.3204E¢02
=2,1799E+02
=2,0426E402
=1,9071E¢02
=1, 7708E+02
=1e6298E+02
=1.4777k¢02
«143060E¢02
=1,1025E¢¢02
=8,4910E+01
=5,1687E+01
=640401E+00

FLYID,
FLUID,
FLUID,
FLUID,
FLUIDy
FLYID,
FLUIDy
FLUID,
FLUID,
FLUID,
FLUID,
FLUIOD,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLBID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLOID,

FLUID,
FLUIO,
FLUID,
FLUID,
FLUID,
FLBIO,
FLUIDy
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUIDy
FLUID,
FLUID,
FLUID,
FLYID,
FLUID,
FLUID,
FLUID,

MmMEMTHTMATmYNNYAMYTIT T TIT T TITmMONMTM ™

NN N NN NN NN NN U NN

PHASE

1.0000E400
1.0C00E«00
1,0000E¢00
1,0000E«¢00
140000E+00
1,0000E.00
1.,0000E+00
1,0000E+00
1.0000E400
1,0000E«00
9 999SE-OI
9, 9992E-01
9.9967E=01
9,9887E~01
9,9691€~01
9,9463E=01
G 9621E.ol
9.9492€-01
9,9561E=01
9.9663E-01
9.9858E«01
1,0000E+00
1.U000E+0Q0
140000€E+00
1,0000E+00

PHASE

LR REEREREEEREEREREERELEEREEREREERERRER!

1.0000E+00
140000E+00
1,0000E400
1.0000E400
1.0000E400
1,0000E+00
1.0000E+00
1,0000E+00
1.0000E+00
1,0000E400
1,0000€4+00
1.0000E+00
9 9998E-ol
9 99@3&.01
9.9975€=01
9.99675-01
9 9926E-Ol
9.9922E-01
9.,9926E~01
9.9961E«01
140000£+00
1,0000E4+00
1,0000E400

1,0000E400



TEMPERATURE =

COMPRESSJION

1.0000E-03
1.7783e-03
3.1623t-03

!623“C'03
l.00C0E~02
1.7783E=02
341623E-02
Se0234E~02
1.0000E~01
147783E-01
3.1623E=01
5.6234E=01
1000006000
1e7783E« D0
30]6235‘00
5.6234E400
1.0000E+01
1.7783E401
3.1623E401
5.6234E401
1,0000£402
1'77835002

3,1623E+02
5.6234E+02
1,0000E+03

TEMPERATURE =

COMPRESSION

1.0000€=03
1,7783E=03
3.1623E~-03
546234E=03
1.0060E=02
1.7783c=02
3.1623E-02
5.6234E~02
1:0000E=01
‘377836'01
3,1623E=01
5,6234E~01
1+0000E400
1-77836000
30]6235‘00
5.6234€+00
1000006‘01
1.7783E+01
3,1623E+01
5,6234E401
1,0000E+02
1.,7783E+02
3.1623E¢02
536234E‘°2
1300065‘0?

p
MBAR

Te9493E=93
1.4137E=n2
2.9141E"n2
4.,4711E"n2
T.9516E-n2
le4142E"9l
2+5151€E-p1
4,4728E=01
7.9529€E=01
1,4135E+00
2.9102E¢00
4.4509E+q0
T.8719E¢00
1.3871E+01
2.433BE*01
4,2569E91
T.4535E+01
1.3161E%n2
2.3575€¢02
“.3870E‘02
B8.4564E402
1.7048E*03
3,9%66E403
T.7421E¢03
1,8401E*0n%

p
MBAR

1.4136E~p2
2.5138E-92
4,4704E~02
7.9502E=92
1.4139E=0]
2e5147E-01
4o4T726E=01
7.9553E*91
1.,4150E+00
2.5170E%q0
4,4765E%900
T.9588€000
l.4140t¢01
2.5084E°n]
4,4395E*n1]
7.8321€¢91
1.,3774E¢q2
2.4203E+02
4,2726E%02
T.6438E%02
144007E¢03
2.057T1E+n3
5,2567E*q3
l.08066E%nG
2.3449€E%0¢

TABLE Il« CONTINUED ¢

5,6234E+0% DEGREES KELVIN

E
MB=CC/GM

7.7798E001
7+7800E+01
7.7803E+01
7+ 7805€+01
7e7807E+0)
7.7807€¢01
TeT801E¢0)

7.7781E401

0773“£‘0\
T¢7635E+0)
Te7439E+01
747073€%01
7.6437E901
Te5410E*01

039155‘01
7.2004E+01
649937E+D)
6,8i88E+01
6¢7389E+01
6!8305E‘01

T41845E+01
T7.9097E+0]

9.1542€¢01
141178E¢¢2
1:4%69E+02

1,0000E+06 DEGREES KELVIN

E
MB=CC/GM

1.3238E202
1¢3239E+02
143239E+02

1¢3240E%02

143240E402
103241E¢02
1¢3242E402
1:.3243E¢02
103244E902
1.3243€¢02
1.3238E4+02
1.3225E+02

1+3197€¢02 °

1.3161E%02
103064E‘02
1.288%9€+02
142672E%02
1.2418E+02
1.2189E%02
1.2086E¢02
1022385’02
1.2804E¢02
143970E+02
1.596SE+02
1.9132€402

A
#8=CC/GM

~8,0569E+02
«7.7877E+02
~7.5185E+02
~T.2493E+02
=6¢9800E+02
=6.7108E+02
=6,4415E¢02
=0el723E¢02
«S54,9028E+02
~5,6336E+02
=5,3646E+02
«5,0961t+02
=4,8288E+02
-445633E602
=443009E+02
=4,0424E402
«3,7881E+¢02
=3,5369E¢02
«3,2853E+02
«3,0273E+02
~2¢7532E402
«244493E¢02
“2.0966E+02
«1,6682E+02
=1.1230E¢02

A
MB=CC/GM

~145105E+03
=104626E+403
«1,4148E£403
«143669E+03
=-1¢3190E¢03
=le2711E403
~1¢2232E+403
=141753E+03
~1.1274E403
=140795E+03
=140316E+03
=9,8366E+02
«3,3575E+02
=B¢8792E+02
=B+4026E+02
=7.9289t¢02
*T44598E¢02
=6+9363E¢02
=6,5374E¢02
-640792E+02
=5.,6131E+02
=5.1248E¢02
-4,5928E+02
«3,9875E+02
~3,2682E¢02

FLUID,
FLUID
FLUID.
FLUID,
FLUIDs
FLUID,
FLUID,
FLUID,
FLUID.
FLUID,
FLUID,
FLUID,
FLUID,
FLU1D,
FLUID,
FLUIDy
FLUID,
FLUID,
FLUID,
FLUIDy
FLUID
FLUID
FLUIOD,
FLUID,y
FLUID,

FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUID,
FLUIO
FLUID,
FLUID,
FLUID,
FLUIDy
FLYUID,
FLUIO,
FLUID,
FLUID,
FLUID,
FLUID,
FLBID,
FLUID,y
FLUID,
FLUID,
FLUID,
FLbID,
FLUID,
FLUID,

MEUANTmAMTAANMN N NE NN AN M AN NN

PHASE

1,0000E400
1.0000E+00
1.0000E+00
lq0000E00°
1.0000t400
1,0000E+00
1.0000E«00
1.0000E+00
140000E400
1.0000E+00
1.,0000E+00
1.0000E+00
140000E+00
140000E+00
9.9998E«01
9,9996E=01
9.9993£-01
949991E-01
9. 99895.01
Y 9988E-ol
9+9993E-01
1.0000E+00
1,0000E+00
1.0000E+00
1.0000E400

PHASE

MMM NI ITNI AN Y IR

140000E4+00
1,0000€E400
1.0000E+00
1.0000E400
1,0000E400
1,0000E400
1,0000E400
1,0000E400
1,0000E+00
1,0000€+00
1,0000E400
1,0000E400
1.0000E+00
1,0000E400
1.0000E4+00
140000E+00
9.9999€-01
9,9999E-01
9.9999€-01
9,9998E-01
9.9999E 01
1.0000E400
1.0000E+00
1,0000E+00
1,0000E400
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APPENDIX
PROPERTIES OF A UNIFORM ELECTRON GAS

In this appendix, we summarize a few of the
results for an electron gas obeying Fermi-Dirac
statistics. A more complete discussion of this
problem can be found in standard references.28

According to Fermi-Dirac statistics, the num-
ber of electrons in a volume V, heving energies in
the range ¢ + ¢ + dg, is given by

dn = ll'l"l’V )5/2 € 1/2 de

(a-1)
~ oPeyy

where B = 1/kT and m is the electron mess. The
parameter & is determined from the normalization

condition, N =.fdn. Hence

N=2v (a“;‘“) Ve, 1/2)
h

v(a,1/2) = 2 f 225, . (a-2)

a+z+ 1

The energy and pressure are given by

2 E
P = 3 v 2

V(e 3/2
N“Tva 72) ¢

5/2

v({a,3/2) = f . (a-3)
3 \/—- a+Z

The Helmholtz free energy can be shown to be

A = -NkT 1ng
o
= .u_"%, (2m)5/2 fcl/QLn (lw-a_ﬁe)ds +a,
Nh

[o]

(A-4)
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where q is defined to be the electron partition
function. To verify Eq. (A-4), we note that it

.satisfies the thermodynamic relation,

22 (A
E=-T 3T\T , (A-5)

v
and also thet the entropy S = (E-A)/T vanishes as
T - O.

In order to eliminate the parameter & from

the above equations, we introduce the function

2 2/3
Y(VJT) ghka (gv> . (A'6)

From Eq. (A-2), it follows that
Via ,1/2)-=y(v,1‘)5/2 . (A-T)

It can be shown that, at high temperatures and/

or low densities,28

v(a,3/2
VE&J,%/%" 1- .1768 y - .0038 ya.... .

At low temperatures and/or high densities, we have

the following asymptotic expression.
» 2/3
v(ap;eg L h ( 5N)
via,1/2 SmkT \8uV

Let us write the energy in the form

+ 1.3606y ... .

E(V,T) = Eg(V) + 3 Nk F(y)

2 2/5
E(V) = 20 (%ff—v) = 3 WT (.4836y)

Fly) = H_H g’ig - 4836y . (A-8)

EF(V) is the Ferml energy, or zero-point energy of
the electrons. The term involving F(y) gives the
temperature-dependent contribution to the equation
of state.
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