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IJVa nel&r&~O~e to sc;ne.orevicusfissicn~all thesewhichare caused . This

WWM include,fcu- imstance, phctcmeutrcm erd.tted frm a be:yllium Lmlwr

kecausecf the ~amna-rxiia$iclncf some fissicnprodlict.

‘w rate of scureefissicristS(t) nay cr may not dependexp~~cit& Cm tihe

time t, but it certai,r!lyd%’s netdependon the previcmsfissim historyGf tki~

system The dal@~terfissicns,howevey,do. SorJ%of themare causedby *prompt%

ncutrens,i.e., thosewhichare emittedwithinan exceedinglyshcu%timx.

(<lO-M” SE2CC2KXIS accordfrq~to fiucleartheory,<10-9 seccndsaccordi~ tc

ex~x’rin..et,tale;-idence)of the fissicnitself,and causefi.ssicmafteran avcrace

ti.r,e~.wkiti lies te:iseerlabcut IC4 f~r a Pu.239cr U-235metal4ssenLbly,and,.’

abcwt. 10-39 eccmis for a gra; hite pile. Othersare causedby ‘dellayedrnrwtutrori .

whict, a re emittedby certainfissicmfra~rmts (apregnantnucMW) after a Line

of the crdercf secc-x!s,The decay curvefor the pregnanbnucleiis fairly

welj knownboth in the easecf

We introducethe fufwtior~

givenfissic.nshouldproducea

The avera~enumberof daughter
/aa

Pu-239arr(iC-235,

writedcwn thiefissi.cmrate l?(t) at the timet as ths sun of

and daughterfissicm ard get

[

en

= S(t) +K F(t. - C!p(z :Mt (2)
d

)- Thi3equationis a convenientstarti5gpointfor all calculati.cnsin this
●

*
chaFter. It cwnects the fissic.nrateat.a ,:iventime ‘twiththe physical

.
●

conditicwsof the s~st..emat thisti~ ahd withothefissionr%tesat all previcus

M:;i U,,,,,,,,,,,,
-;., ● .“a~:00 ● .●
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vfh9x*e the a j
are

!M ccmumtedfrcm

.
●

.
a *

is of the nt’hdegreein-.J\ar,.<!hencecannGtbe solvedexplfcitJy

Wwever,wne simpleconclusions cm Le drawn wi%cut, sclving the

(1) Being Gf the n‘h degree,it must have n soluticcsfox-i
.’\*

(2) All scluticnsare real, Plcttti~the ri@t hand side of

%ua&inn (7)against Am geta curve which hasaneflative slcyw

evereywhtire except at the points where -d%hecomseq~alto m+ of

the >k. At these points Lhe curve jumps from-m to -t m . ~

n of them. ..*....–

in;$srsecticm.s

scalutlon3ana

of this curve

theremustbe
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(3)As lcngas K<l, all solutionsare negative. [SinceZfk = 1,

a positivevalueofA wouldmke t!ieri~hthand side cf Equaticm(7)

<1. Or K> l,) Therefczre, as longas K <1 all the timedepmdent

solutionsof cur integral e@atimare sw c: exfonenthls which

decrease withtime,leavingeventuallyonlythe time-independent

Su2uticlns/(1 - K] wh~ch is,therefore,indeedthe equi~ibriumfi.m~m

rate.

(4) Tf K>l, ofiesolutionfcr~beccms pcsi:ive. It represents

an exponentialwhichgrows with timeantiwhich eventuallyexceedsall

otJ)e~ terms. The other solutions, hmvevfir,are all still ne&at,iveand

not veryd~fferentfrm the correspord~n.gvaluesOfxk (withthe

exceptioncf the smallest&le.

)% is xen that the time behaviorof the assemblyis fairlycomplicatedand

not in generalto be describedby a simpleexponoritial.If ofiesudderil~alters
.

the cm?djtionscf the system(fcr instanceB by ranovingor intrcducirwa neutrcm

sourceor by alterj~ thearra~,ementof tampingmaterialjtke subsequentfissiori
,

rate is a superpsiticn of aU the sell’.~ticrisjustmenticmed,‘withcoefficients.a,1

which depend m the character of the alteration. Aftera wliilethe sold~ions

with the greater(negative)valuescf./\die cub and onlythe one with the least

t3egcitlveA is left. IienCe,afterch.a~~ifigthe reac~ivit~of an assembly,fcr

instancein an attempttc make it just critical,one always has to ‘waitabGuta

minuteor two for the transitoryeffectsto die out teforecne can judgethe

effect of the change on the reactivity.

We said beforethata certain fracticn,whirhwe shall=12 f, cf all the

neutrons iS emittednet in the fissionact itselfbut as a result.of the

.
● g_d~~y of Certainfiss~anf~~~rlts (*fJrf?~Mn~ !I~~Clei*)o ‘he decay curve

k

-0
of t!xse delayedneutrensh.?sbeenmeasuredrepeatedly,both forU-235and Pu-239,

.

and Sf3Vf2rSl a~LW!@-S have beenmade to fepr~s~rlt the curve as a sum of (i?xpO-
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eachwith its characteristicdecayperhd). The

~ UNCLASSIFIED
two longestperiodsarc quite

accuratelyknownsinceit has been possib~eto isolateth~ corresponding

radioact$~eisotopes(ofbrcmineand iodine)by chexzicalmethods. concerning

the shorterperiods,differentobserversdon~t agree too well. Actually, the

disagreementhardlyeffectsthe

behavicrof an &s8enbl#.

Sincethe delayedneutrons

shapeof the decaycurveor the calculatedtime

have lower emrgiea than the pro~ptneutrons,

their chance of prc~ducing a fissionis d~fferent(usuallylarger)by a factor

whichwe call K. (Anapprcti~te calcd.ationof & was attemptedby F.

llelioffmannin LA-471). Strictlyspeakingwe shouldintroducea different~

for eachof the diffemmt of

about the respctive neutron

The promptneutronsare

pregnantnuclei,but not enoughis yet known

energies to Justifysuch niceties. .

emittedwit]lina negligibletime of the instant

when the neutr~nwhich causedthe fissionhit the nucleus. Howeverjthey have

to travelmm distanceand in some caseshave to be sloweddown,beforethey

can causefissionthenselvesaThe averqy the lost in tLis

Of coursesc~r;leneutrons may take shortertties@d sone (for

which returnafterhavingsufferedseveralcollisionsin the

wueh longer:

Takingall this titoaccountwe wn write

way we call ‘Pe.

instance those

hmper) may take

(8)‘

wherothe firstterm refersto the j)r~pt neutronsand f is the fmcticn of

neutronswhichare deiayed. If wo approximatethis term by an exponential

po(~)= (1~~) e ‘Tho we haveexpressedp(t) entirdy as a mm of exponentials”

and can now e%preasthe time behavior of tkiesystemby Equation(6),with the
.s

valuesof~ determinedby Equation(7).

d.0 It;uaticm(?) can dSO be used to determineK if the periodT = ~/A

of the syateuhas beenmeasured. We rewriteEquation(7) by subtractingboth
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If we furthermoremke use of ~uat~or!s[5), (8)vieget

Thisequationcm be further simplified if one considers that 3’f << I (ab@lt

usually ~ seccml or more,and that in the inte P!23tiw? casea,K ‘is

1. Hencewe can ‘wrihe approximtqIy

.
.

.

d o.

The behaviorof a systemfcr‘whichK = 1 is so characteristict’natin this

case the me.as’uremerttof K prments r.o “@ohlem. In systems which 2re sliflttly

sub=-criticalor super-critical$the quantity-wewant to measuceis reallyK - 1

unit, The reactivityi!lmicrcir+.wis

The absolutemea3’xenentof the

inethmwhichhas been usedwith some
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in the s~tem, which,fmtkermora,usmlly variesfrom pointto point. Also, it is

nofiaccuratelytrue thxitall the boronbl~bbkdoes is to absorbas many neutrons

as the.fissilematerialwhich it repla~es,becausethis statementis true only

on an averageand not foreach individualrieulmmenergy. Experinwts which have

beencarriedout by thi..methodare describedin Chaptersh (Waterboiler)and

5 (H@rides) wherethe difficultiesof thismethodare di.scdqsedin more.ie’tail.

2.2-2 RelativeMeasurements—.—.——. ...—

For subcriticalsystems,a scalelinearin K can be establishedby the sim@e

proce(iureof measuringthe neutron intensi&y in severdl different states of the

systemt for im~tance for several dffferent posit ion3 of the contr~l rod. The

recipro~~l of the neutron fn$ensity is a measure of 1 - K, the negative

‘excessresetivltyw● However,the unitsare completelyarbitraryand depend,

furthermore, m the constancyof the neuLrondetectm used,

Severalmethods for ~easuringthe exeessreactivitydependon the time

behaviorof the system, If a reactoris slightlyabove crftid, the neutron

fluxwillgrow exponentiallyrdth time (in the absenceof a neutron scwce), and

this rate of grow%is connectedwith the excess

In particular, for a system exceedin~l.y;lo3eto

of the chainreactionis a linearfuncticmof K

reactivitybylkqwtion (9).

critic.ale the rate of :rowth

- 1 an3 the numberof timf?sthe

flux e-foldsin one hour is

leacisto the unit calledone

reactivitywhiohwill turna

directlyproportionalto K - 1. This reasontng

‘inhour.rnwhichwe may defineas the changein

jus$ criticalsystemintome with an e-fold-

..0 H~~ver, M ~ > 1, as in most of the assembliesdiscussedin thisva~~~c then

‘5 by the same factor.the valueof the in~,ouriS greater than ~.~ x ~~

With an appropriately rapid control mechanism, T can be nnde as small
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nfiwmv
be used for negative

for K smiler

(9) or frcma

cuwe*) the

.
.

excessreactivityof a reactorin a givenstatecan be immediatelyobtainedin

waitsof me inhour,frGm a measurement of T,

The valuesofK1 and & of a reactorin two differentstatescan also be

compared~providedK1 and & are< IS by makinga soidentransitionf~on one

s~ateto the other,for instanceby rapidlyshiftingthe controlrod. The

imnediateeffect.of this transitiondependsexchsively on the changein K3,

the prompt-multiplimtiflnconstant;shede~.~d n.sutrcmtake sometime to

adjustthemselvesad mayP therefore, be regarded 3s -partof the source,in

f,~~f~st i~~~qto Sincethe prompt-multiplicationis due to the fraeticn

~ - ~f of all theneutronsemittedas a resultof fission(seeEquation(8)),

W’&have

‘P=K( I-Yf) (lo)

Imwdk?.elyafterthe transitionwe find the fissionrate chan~edby a faztor

After several m.inl~testhe fissionrats will have adjusteditselfto the new

stateof the systemand willhave changedaltogetherby a factor

(u. )

. If bothA and B are measuredwe can solvethe two linear~uati.ons(13)and

o
(M) afidget the two excessreaetivitiest.

.
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The difficultyliesin measuringA; it is necessaryboth to effectthe

transitionand to record the change in fission rate iYitiiiG a time shcrkcompared

to the fastestdelawd-neutronpericd,that i32within a fraction of a second.

The change of fissicin rate with time is i~hstz?dted in the l?i.~~rf?2 belcw.

The transitioncan soaetims ‘be performed w~th sufficient speed, bnt pm

I
F5gure2

recc)rdersas were used in most of cur ex-yerimenL9 are not fast ermgh to permit

unit 3f excess reacLivlty ani to call,one Ivmrirelltriof 2 f ‘me Cent”, In

con3 tiantrbl;t the SCY.1IW?! h Wlltienly changed, Tf, .fGrktance,a source is

only 1/0 - Kp) but growswit!lina few minutes to its equilibrium vake

.

UNCM$SIFIEIII”’
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term in ~ f whichare negligikleoThe difficultyof measurinc C is the gam

4 as that of measurirgA ir,tnefichsnge-of-~ mothrxl, Of ecmww,both the

immediate ati the ultimate c.hafigein i’jswicn rate is the same (apart from the

s~n), whcthev a given source is suddenly inserted or swk?e~ly removed, and the

Iat?.eris often easier to do,

~%SWMENT OF y..-..——

As it was pOintcd out.in the last section,the v21ue ci’the inhour

f~l’a U-235 s~st.t?~with if = 1 is 2.5 x 10~j that is. if a just critical

systemis changedso that K increasesby 2.5 x IC‘5, the fissicnratewill

.

.

)
.

,+

-o.

then e-foldin

~he~~~fie!~ain

ratheri.kanby

very littlecn

Iiowever,in

leakaCeis the

neutrcm (with

me hour, This is ver:fnearlythe case for a

10s5 cf neutrons is in the system itself (fC~i”

leakage; the CCImpetii;~Glltetween fissien and

the speed of the ne~trofisa

smallreactorssuchas thosewhichare describedin this volume,

main process con~ting with fissfcnc,and the slGw delayed

mea!; energies cIfaround(L5 million electron vO~t~) leak atitmuch

kss than We fasterpromptneutrGns(meanenergy1 to 2 mil.licflelectronvolts

&nce,the factorY which indicatesthe rektive efi’iciencyofdekyed and

prompt neutrcms1s > 1. The value of the inhouris thenCreateythan 2.5 x

104 by a factor~ . Hence,anabsolutecalibraticrsof.the K scsle, fur

instanceby the borcmbubblemethod,amc,untsto a measurementof b’. In this

way valuesof 1.6 - 1.6 for $ were observedin scme cases, An experimental

measurakent of Lhe quantity 8 f is given in Chapter 4, Section 4.2.

It mightbe possibleto measure # directlyby ccml~ringthe fisstcn rates

obtainedwith two neutronscmrcessimu~latingthe eller&yspectra cf dela-,yed

and prcmq% neutrons,regpecttvely. NCIsuch m?asuremnts WEUW attm~ted.

Of course )’can never be greater than ~] A the delayed neutrcms mnnot be

utilizedtetterthan 100 Fer Centeam.pt tha ywni% cneqat kast th :rw:th
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To measdreto is difficuIt ber~usecf itssrmllriess.In the water-

boiler(SeeChapter L) ‘t’Ois about 10-4 seccnds,in a hydride(SeaCk~pter5)

aixat 10- seconds~ in metalabout10-g seccmcls.

OR the etherhand,the very smallnesscf’~ois usefulsinceit helpsto

separateit frc=mthe mwh longerperiodsof thedelayedneutrcnso If any of

the parameterswhichinfluencethe fissiGn rate (suchas K or Lhe source

strength S), is suddenly changed, the fission rate wi 11 adjust itself rapidly

to ike new cc.nditinn as far as the prompt neutrons are concerned wM.]e the

.
.

.

\whereS representsthe de’layedneutrcnsand is treatedas time-independent.

I’& Cit KP-2

e TO =e ‘ ~= —‘&O

Tinisfcllcwsdirectlyfrom@.mtion (7) if one repi.acesK by %, the sum by a

singlet.erm~~ by M , fk by 1 ad >kby 1~
e’

If Xp > 1, the systemis supcrcriticalfc.rprcmq)tneutronsand willblow

●
up in a veryshcmttimeunlessstepsare takento prevent,tlxit.In Chapter9

●
an expwiment is described(the‘dragonexperiment=)whel”ethe condition

>
. Kp } 1 was indeedrealized,for a tim shortenoughto preven$a disaster.
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fission rate F are the sum of a constant and a smll purely harmonic term

%
= K. +K&%: I F = E. + feiwt

Eauatim (2) then beccmea

●

✎

F* : S +KOFO F. = s/’(l-Ho)

J

.iwt+ro
f : %+%f+ & dT

1
. KFo+~of i~

f?

(h this calculation

Cf an im,gi M ry term

(14)

the term with Kf has been neglected), me occurrence

indicates that.the variation in fission rate is Sk tfted ~n

phasetitttirespectto the variation. ‘Ms phaseshiftis

Now (1 - Ko)/T’o is ncthinge]se but.theaveracevalue@f1A \, whileKc

mightbe replacedby I* for the SC%+ of accumcy withwhi~iithe phaseshiftcan

be measured, i’hep~se shiftthenbecomessimplyw l’.!~,the W’M1 ~1’~~fcr

a gy9temof timocort3tant[cJ-~( for instancejaresistanceR and ~agacityC, such

that l/CR=lCX\)disturbedby a force (fc!rinstance,an electromotive force)

of frequency w/2Tr* Hence,by measuringthe phaseshiftone de+.ermbes& .

An exparimmt of thistype $s describedin LA-183and in Chapter 4 of this

s Volume.

●
It is a ccrmnonfeatureof all thesemethodsof meastiring~e that, all one

+
* really measures is- 8 (Kp-~)/To ● ~ene~ io ~et’ TO one has to knew the

(prompt) excess reactivity Kp - L Ike difficultiesof measuringexcess

.

reactivities have been explainedin a previo’us section.
UI!ICMSW +’
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A nuclearchainreactionccnsistscf individua1 pracesseswhichhappenat

randcm, “This has the effectthat if the same experi.mntis repeatedseveral

times,the remits fluctuate. Such fluctuationoccursalwayswhen randomevents

are involv%d,as,for instance,in Otiinar’yradioactivedecay,j in n~dear C!!ain

reactionsthe fluctuationsare accentuatedby the multiplicationme&hanismand

Pan assumefctrmidableproportions.

R, F%JYin in VolumeVI of the TechnioalSeries has describedmethodsfor

calculating the flucti~atioms in oert.af.ncases which were of practical interest

tc the Project, car~ing the calculation to a considenble degree of refinement

and complexity where this was required. In this chapter a simplified treatmmt.

.is xntrcducedt of a less ambitious scope, sufficient for the fiterpretationM

the experiments with whichthisvolumedeals, The methcds‘wedare large~

“easeden Feyr&manr9report, but some of his equationsare derivedin a different
●

.

.

J

way whichwas firstS?iggested by Ularnand Hawkins.r

Z+S-l The Methd of *Generati~iJmctions*.. —. ..—

A faw fle??eZYd~remarks‘willmakewhat follms easier. Weare concernedWith

exmrimerits in which the result is a whole number, e.g. the number of pulses

recordedduringa givenperiod, If one suchexperimentis repeatedmwiy timxs

the resultwill in generalfluctuateand”weshallcall pk the probability

that the resultof oneexperj.menti9 the number k . CR= then defines the

a
generating functionp: ~M@

k fii,th is ~ VeP~ suitable vehicle for c=rr@’W

a
all the statistical infcrrationabout the ex~riment, and one frcmwhichuseful

information can be easilyextracted.Furt:hermcre,the generating function of a

combinedexperimentis,fnsome cases,asimplealgebraiccombinat$cnof the

Generatingfunctiensof the irtdivi~i’ualex~rtients, It is convenierit to associate

generating functions with fictitious experiments as weU# in other wcmis, with

any Question starting with *HOWmany?*~ This will be done, even if m nethcd

lHICIASSIFIEb
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“P has beendevisedLo give an w.actanswer,or if the answeria nGt kriowrr,We

shalluse bold capitalsto indicategeneratir~g functions; for irrstance we shall

associate the function@@k .’ with the question!f~~~~r~ neUtl’011~
o

are generatedby an individuali’issicn?!lwhere #k i:;the probabilitythat just

k are Cenerated,Equally,we shalluserin connectionwith the question

?lHow~ny fi~gir.nsoccurirta singlechainin a .@von (subcriticalsystem?’i

alth{jughwe know no w&y of fir({iingcut.

&j-&&rM.r@icM Cf Qc&i&?rl&

If two (similar or different&.$~:crirr.e!]tswith the respective&onerati..—..—. —— .— —— —.. ——

functicmF and~ am made and theirresultsare ad~-t~~~~er]crat,ir~g. —...— —— -.. -----— -

functionof this mmbined~wiment is the~ruduct of thrrindividr.ral—— —...- —— —....— . ..........—-.—-

~]erat,i~j~funct$icr~~——... F Q~ , pl*ovicen; 0.;:: of on?!(?qwment ticms

tiotj.llflufnicot?!atof the other,

For instance,the Probabilityof getting the rem.dt [’4?’ is the ywbability

of getti~lg IWM in the first.experimmt and J’4’I in the seccmd,plus thatof’
.

ge~tit![;tlll~in tilefird,and 1131!in the secondl etc. or fog4+ f~.gq+ f-#2+ f3g~+f’~go
.

‘i’hi~,howcver, is $AHLthe coefficierkof X4 in

(/?.+g;x+g2x% .,...j. In particular,if an

generatingi’unctionrelatir~to the sun of the

generatingfunctionG oftiiemq;erimrj+,.

rr.

IrAsomeapplicationsthe nurxborn itselfis

previousexperiment with the gerreratin[: function

resultis is the ntii pcmer of the

The gcmmting function of the ccmbir:ec] cxperimmt is fo+ fl ~+ f2G2 + ● ,***. .

SF(G (x)),

‘&? rmy state this as f 011 Cwtr:

Of thu Secyndo-—. —.. . . . . UNCLAWFIE$
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mike thesethinssclearer, Let us considera long-

Iivedradioactivesamplein which }Jatoms disintegrateper secondon an arer.sge.

What is the generatingfunctior,P associa Led wi i.h the quest +.on *HOWmany

atom ‘3SSintegrateduring cm secom.itm

the probabilitythat one shoulddis.ti.tegrtiteis Ndt and the rmaimier, 1- I’kit .,

is the probabilityfo~ no ,disintegration,‘fhegeneratingfunctionis,therefore,

(1-lkit) + (I?dtjx = J + Nib (x-l)

A time Lahrval or onesecondcan be regsrdedas the SUM ofl/dt intervals

of the I.engthdt● We the.refcm

m 1 t by tmkingthe (t/dt;th

tocite In thisway wc get.

get the generatingfunction referring to the irter -

power of the gene?akin: function which refers

The c~~ff~cie~t~ giv~ the pro~~~liby that in a given seccnd just.0, ~, 2 etc.

atom shoiilddisintegrateand w see t12at our methcd permits a fairly shple

derivationof the ‘wellknownPoigscndistributicm.

A secondexa~nlerefersto a particlecounter(G.!iecounter,boron’chambers

+tc.) Weasswnotlmt the counteris used tcwcord certainprims~ events,e.g.

disintegrationin a source,fiasjnnin a reaetar etc. We define its efficiency

E as the probability. for me individualprimary event to be recorded, (we

thus include in

mterial), The

c
●

E mch factorsas solid angle or absorptiond~e tG inknwmi.ng

.0 If n primary events occur, what the counter does is to repea~i n time;; the.

ex-perimfit described b~ the generating function c , and the mtcme i9

lJIWIAS$IFIEh
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cY1
therefore described by the generating function .

If &he number of primry events is itself subject .to fluctwtions and

associated with a &HM3ra%ing fUllctiGnT , tJ’W2we klve to let ? operate

m C in order t. get the generating fumtion of the counting experiment. If, ~H

Hcr,ce the nurher of pulses per second again follows a Poisson clistributim~

th~s is obvious since the p.ilsesare independent events just a3 much as the

primaryevenM (the disintegrations In the source) only their average rate per

second is not N but EN , Hmwver, t!jeformalism can be used in cases ‘where the

primary events do not folluma Poissond3,stribution0i~eshallve~y sacn encounter

such casea.

2.5-3 Mcmentsof kheDistribution—— .—

The problemswhere one can actua!?ydeberminethe generatingfunction

cases this is all thatis needed.

i3y dif’ferenLhtl.~ the gene~ating functiofi once we get ~ z fl+2fPx+3f3x5-...

l-f we n~ set x Xl, Wt? obtain
z

n.fn= ~ , the mean value of theresdt.
a

arxl generally

—--

.0 of Cctu%t? F i3 alway3 1 siwe it k the sum of the probabilitiesof.
X=1

all possibleresults,

tJt+ICLASsIFttb
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IX-22

e

4 p- ~ ?J(x-1)indepondmt events if N is their avera~e nlmber,we found to be -

“s By differentiatingwe Get

- P’
a- (X=2)=

~e N(l-1) = ~ (asit has to be)

b =p’~x=zj = ~~ N(l-l)=N2; m=b+a-aa=N (asiswel.lknuwn)
.

Another exaqle refarsto the counting cf non-Poisson evmits with a

counter of efficiencyE. The generatingfunctionof the primaryevents

be F’ , that of the counter,C = 1 + E(x-1). If a, b and m referto the

number,ofpimary events, am bR, and mR to

we find

a~ =a*E,
bli

=b- E2, mR= aR(l+E

the number of recorded events,

%2
+)=a@@~-} (M)

.
●

Hence, if the deviation frm a Poisson distribution 3.s such that m>a,

ther$mR>aRas well, varying kwssatronglywith 8 as E decreases and not
a

at all when E = (1, as must c%e”krly be the case,

&&~$d@im i&ti~@&widual Fam_CkyLi~o

A8 a firsta;)plicationto chainro~ctions,we ask what ia the lengthof

an individualfissionohain,that is, the totalnumberof fissionsresulting

from a singlepw’entfimion ina 8ubcritica~8ystem (including the parent

fi~8i0n). Thislengthwill vary from one chainto anotherknd we wouldlike to

know how big the variationsare, We can obtainan equationby lookingat this

problemin two differentways and equat5.ngwhatwe see. On the”onehand,we

can regardthe t~uestionas one whole and associate with it the generating

function~ (x)=~tnp wheretn is tho probabil.itythat the chainslmuld

cons%stcif$.mtn fi.8sion8.On the etherhand,weoan splitthe process into

the followingthreestages: the parent

of thesecausesecondary fi.8sions;each
●

chain.

●

o The ftisbstagehas the gefic~ating
●

prchbility of the Mxwation of just n

.

fissiongenerate8acnr.eneutrons; some

of these is itseif the parent of a
.

neutrcanu. Each ot these neutrono .

independently has a probabilityK/~ of causing f$ssion~ncl hence the

UNCIASSlflE~
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. m function F z 1+ (K/v)(ac-2). me generating function

1

of secotiary fissions,M, is, therefore, obtained by

F; F=@ (F)* wgenerati~f~ctionf~rt~~e

for the total number

letting @ operateon

nuc:berof fiss$.cmsin

each one of the chains which takes it8 origin frorii a secofidary fission is &gain

T iefined above. Since figoverns the number of thmechai.ns, the totals as

number 0 f fissionsin all of them is governed by M (T). In this nuriberthe

originalparentfissionis not included; if we want to includeit we must

multiplyM(T’)with X9 the generatingfunctionfor an w.priment for which

we know ;heansweris 1. The resultingex~;ressionx ● MR) now refersto the

totalnumberof neutronsin the entirechainand must,therefore,be the sameas

T ●

Hence, we get this equation:

T ...M(T) (19)

If we assumeMto be known it wouldbe possiblein prin.~ple,but rather

d~ff~cult(l)to calculateT . However, we can again calculate moments by

(i) —--—-—— -
Underthe specialassumptionthat the numberof neutronsemittedin one
fissionfollowsa Poissondistribvtion,T can be workedout explicitly
and the result is

T=~ @)n=lj-ti ● ~

taldngderivativesand settingXSJ. (Intho formulaewhichfollow,x is always

equal1 eventhoughit is not indicated).Thuswe get

* We can calculate

● M’; @n(F’)’+ ~’F”
●

.
● x=lj t~~ F; k/v and,

valueof the numbern

(21)
the valuesof.l%’al~dM“aince M=~ (F);M’=~’F’anti

.
It’we remwiberthat h = b(x-l)(K/v) We find (&LwaYs for

F“= O. on the otherhand,~ is simplyu , the mean

of neutronsemittedin

mean valueof n(n-1) which ~ue &all aJJ X2.

-

one fission,and+ the
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b ●

11-* , UNCLASSIFIED

Introducing this in equations (2~) and (21] we get

‘“A; b= ‘*’Q; ‘ ‘“’+’=Q*:
*

Tilefirst of these equations isagain obvious ei.ncethe avemge len@h of

a chain is nothing else but the factor1/(l-~)by .yhieh‘tM nmlm of’original

masurenerzts of these fluctuations may be wted to determ,iw X2 *

In practicalreactorsone neverdealswith a singlechin {exceptfn’bmb) .

Tkually there are many ‘sfiurcefissions”, that is, fissions which are nst ‘,:“
.,

cased by a fissiarineutron’ and,usually they ecme at rmckmq Therefore$lf there

are S on an averageduringthe timet, the generating functicm for their

numtw-- jn t j..s=~$(x’~), (S** Xquatl*.(l@))* T.,@* the gQn.rating fuuetion-.

for the totalnumber cf fissions in all the chains wh~ch originate in t$e time’

interval t, we have to let s operate on T which ~ives us

u’:d-i: S/(M)3 ~: s2(#)2+s T”* 32“~)z + s

,*
,,

Se far we have spokenabout the number @f fissions happening in a reactor

%=’R
[
1+ E =)+ 2K(MI),1(l.iii---

whsre ~ is the mean recorded’ln,un;ero

(22)

BltCtmA$SIFiEI
..<
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Let U8 firstmx-d.~r q <?~+n.reactop’wltho~ttintitronSoume.p,.
we.shall.. ., ,..,. ‘,

use the @ymbol~.(t,x)~~p (t)# for ‘the&@a,ting functioncomqoQ&~
,., Jk. ..-..,. ,. ,

“tothe numberofn~tr9&’@stit ~ the systm; that &ans, ~(t) i$”the ““,’
. .. . .,. ., ,.,

prchabiMty that them .sh&ldbq;.~:Li8ut~n~_j~n the aystecsat \he’tfye,t.
.. ,TG”.4:.- “’: -, :.,. .-. ---- ,,.

establisha @fferent”@lequatbrifw ~ (t,x)we &oceed as follows.
H at the.,...... .’. ...:.,, ,, . .,,,...... ..,. .

.be@nningof the amd.1~ik ,i.ri&r@dt, one neu@m i$ pmkmt$ what~s the
, -.:..--”. . ...:

generat~~ function ”des~ribi~ ~hejwberof n~ron,a at tfieend=ofthizJinterval?’
,’ .. . ...“,..... ..... ..!=,
The followiggthingsmay h&peri”d&& d~~ ‘ ,
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we find one neutronat the end of Gur intervaldt$ this case contributea
.
s term (1-dt~)x to our generatingfunction.

(2) The neutronmsyhave causedfissionJprobability(iC~ti)(dt/T).

In this casem neutronsare producedwithth~ probability#m2 so our term

(K/z#)(dt/&}~@m@or (K/#(dt~)jj(x),

(3) me neutron may have leaked out or may have beenabsorbed,

is)

probability(14/~(dt~); resultsno neutronat the end of dt, hencethe term

in our generating,fundtionis just (l-K/U)(dt,h).

Hence, the co&lete generatingfunctionwhichdescribesthe numberof neutrons

at the eridof the intervaldt is

If now the generatingfunctionat the the t is P (t,x)sthe generatingfunctions

at time t + dt is obtainedby letting ~ operateon the generatingfunction

x + g dt~ which describeswhat happens in the intervaldt.

Yhuswe get

p (t*t,x) = p (t,X+g * )

P (t$x]+ dt ~ P (t,x)= ~ (t:) + g ~

1 $&gg

hence

(23)

.

The sameequationis derivedby R. Feyman in VolumeVX of the Technical.

Series,by a slightlycMfferentprocedureand his notationis slightlydifferent.

We car.againobtainthe momentsof the distributionby differentiating

● I@,uM.on(X3)withrespectto x, and then puttingx = 1. ~ differentiatingP (x$t>
.

once we get$ since
()
e ~ ; 5 a(t)$the averagenumberof neutronspresent.

● ax xw~
b

,
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For a divergent chain (‘A> !3 ) botila and b become ‘wry largefor lar&e t

ani the secmd tem in ~ becmws qu~ckly w.gligit,leso that b grcwa

proportimw 1 t0 az* This is plausible since the fluctuat~~.m in a divergent
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Since 1 - ~ d%+s ~~ *x is the generating function representing the

arrival of a source nc.utronin the in:erval dt ~ the probability of -which

is irdepenhent of the numkr of neutrons alreadjjpz’esente @r lky~ation(24)

then ckangesinto

Thfs equation,too. is derived in Feynmnts chspter in Volme VI

(If OUr sygtnm Conkins a source of F fissicns per second, rather than S

rieutrcns,we merely have tc replace 6k,eterm S% (x-l)in Equaticn(27) by F’%(@ -l).

?3yforming the firsk &n& second duriviztlvesof’Equationz?we got

a

and 2cK k-+
%+= P a+ 23a

~f~<o (i.e*,in a subcritical system) a static solution wi 11 establish

Eqllatf.on(28) has been del*ivA for a subcritical s}wteiri,Hcwnver, ?.f
>

●
a system, after having run at a K ‘3’1i@t ly below 1 fGr some tine, i3 s1.CUJQ’
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l-maim clc)seto 10 In a dragonexperiment (see Chapter 9> K is first

kept sli~t ly below 1 for a comparatively lon~ time~ it is then shvly raisdd

ak~we 1 (slowly if time is measuzwd in terms of ‘t ) and finally lowvred again .

belaw 1. As soon as K exceeds 1 the neutrons begin b multiplyvery

rapidlyand soon theirnumberis so largethatb/a2 may be mgatied as
,.

acci~ratelyconstant(the number is so large that no further increase of the

fluctuationscan takeplace). This meansthat the numberof neutronspresent,

ai a certain tim after the system has become supereritical$ fluctuates frcm

*
one experiment to another. but the ‘shapeK of the p??l.se(neutron hvel plotted

against time) is always the s.xm, Hence,the&lative fluctuation Of the

(integrated)pulsesize shouldbe the sam as the R Iativefluctuationof the

neutrcn level, as izxiicatedby Equation (28).

A mere suitable measure than b/a2 for the relative fluctuation is the

relative mean square deviation fn-fi)2/ifz~ (b+~~sz )/a2 s (b/a2)+ (l/a)-1, whsre the

term l/aoaa be neglected since we are only interested in oases where a is

very largee

so we get for the relative mean sqwire deviationof a dragonpulse

(29)

where J, the in~n~ity of the pulse, may be measured in arbft~ry Unit% Sin’W

from dra~on measurements one should be able to get a fairly accurate figure for

a calibrated muck f.is sion source to determineX2 from observationsof how the

pulsesize varies from onedrop to another. Some observationsof that sortare
●

☛
reportedin Chapter 9 , but no definite concl~ ion oanb e

*.
o

~5-7 E’luctuaticin9in a Stationary ~~actol$

*

Ekjuaticm (28) tells us how th~ojq?$mbneous number of

drawn frm them.

neutrons in a reactor
.0:: ●.*

fluctuates- hayn to use a detectcr

UMC\kS,SlfiEb
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which is made sensitive fcr ~rids “o~~;r?l~~<<~ so that the wutrm level

does fiG~ change during any one of these ‘gates-. Such an experiment would

be very hani to desi.~nin such a wayt,hat it eives relevant results,

Tf the gate tinw ‘i’is made longer

but more difficult to interpret. The

~~happening during T can be forued by

the time ‘J.’,but this is not so for 1?,

the ex~riment becomes easier to perform,

mean value A for the numker of fi3sicms

simply integrating the fission rate over

the mean vahe of N(N - 1) bemuse of

the ‘mmicrya of the system. In general,th~s memory has very complicated ef’fects

because of the presence of delayed neutrons of sever~ldiffererit p~ridsa

Howeve~*,if T is small compared ta these ~riods cr,ecan treat the delayed

neutrons as a (slowly varying) source of random n~~trons and include them in

the value of Se In this ease only the mean life ~Oof the prompt neutrons

enters into the calculation, %asuremen% of this kind nave teen carried out

(see Chapter 5) and can be used to get We value of ~. and fif x2 .

To calculate ?3,the mean value of N(N - 1), where M is the number @f

fissions occurring in the time T, we use a generating functior~of twovariabl.es

x and y, where x refers (as before) to the number n of neutrons present at the

time t while y refers to the ‘fission score%, s ai tile time tj that is~to the

number cf fissions which have takenplacebetweentime zer’zand time t. In

etherwcwds,if ourgenerating functionis-p(t, x, y) ,%ik (’t)xi # ,d-.J

then Pik(t )is tk.e prchability that at the time t there should be just i.

neutronspresentand that.simultaneously,the fissim score slhuulcibe k. me

~lculation of meanvalues goes very much as in the case of one var~able~

I

I
1

I
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UNCLASSIFIE, ●:.::.-.r Thodinferentialequation for P can ag”n~;k-d‘written
*
9

~ i3P : ~*+p, ~t(x-l)
F- -

(30)

bUt c iS naffa fUncti@n Qf bcth x and y

By form~ the first and second derivatives of Equation (39) (inchding the

mixed derivative) ati setting x=y=l Gne gets 5 eqmticms frcm w!~ichA and 3

(iriwhich we are mainly interested) can be calculated.Since we are considering

a s%ati~ry systemwe a~~u# da/dt= db/dtis O , I?lefissionscorn9 arbi

the quantities A, B, and

Gbtaifiedby inte.gration ~

that A, UC and Z must be

Z relating to it keep growing with time and are

the integration constants are fixed Ly the CoI?dithL

zerc at tlv: time zeroe TM final result3 are

:
...

*

where % : ~<% henoe W i = +

From Eq~=ticm (32) we can calculate the fIuctuations of the number of fissions

reccrded by a detector of efficiency E in perjods of the dum Lion T eaohc If aR

denotes the mean number of fissions counted in a periql T, and ~ the metan

s~lllal’eCkViRtirJIl Of that number, we get, with the help of Equation (M)

%? : ax
(
,+ EQ’W) , %[+E ‘z~’;(’;+’~ Wl[, .~;’q’’])(,,
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Thus,bymeasurimgthedependanceof Lhe fluctuations on the gate width T,one

can get information onl~l , and from tlw asymptotic value (fcr Large T) one can

CW43 col’-lckls5Cm3 regarding l? . Measurementsof thatkind are describedin

(kptexw hand 8.

Strictly speaking, measurements of thts kind should be interpreted on the

basis of calc~Aationswhich take the existence of several delayed neutron

‘fheydiffer from a true scmrce in that they show greater than normal fluctua-

tions, but these ape com@rativelyslow. ln the measurements de~cribed in

Cha@er 8 , the fluctuations due to the varying length of prompt chains were

:
““

co

caNyrlMxJfrom a numberof short runs during which the deb~gd neutron inteasity

multiplic~bion factorfor promptneut mm alone (which we previ3USljjcalled

Z 5-43 The Ross1 ExJwrfient—— ---------- ...—

Il.Rossi proposed a .method for zmsurin~ CM whichdepends on Me existence

of iluctus t ions and i8Jheref ore ,treatedin this section (2). The meLhoiok

-mT--———-–-’--”——
------- .. . . *—.. .—— .

Since in this section 4 (as defined hefcore)is alw~ys negative we
shall we the letter d to denote I4 ! , in contrastto the previous
sections,

generat.i.n~functions dces not lend.~tself naturally to Me treatnent of tl-in

B prohkrn and I shall give an appro~te calculation which was given by ?0
●

‘o

CWof fsw: in LA431. & more accurate calculation is given by R. Feynmn in

*
his chaptes on fluctuations in Vo3~~e VI of the Technical 43erim. ?m

“.”:*.

‘-

Iv+l~! wy~n
L;2j!%Y :’0:. ~ ,,● ●

;*.: ‘..-
--A.*C :* : :

●** :.*

:o~o ●

●*‘ ..: b’9..:.* 9
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different neutrons emittedin it causedthetwv sub-chatns which,mspmtively ,

gave rise to the two p@;3es. % denote by t , and t2 the tiresat whichthe

two pukes cccar, and by to the time M th~ ‘nearestcommcn&ncestor*, The

prctabi,lityfm thisancestorto happenin the timein@rvalto* ~dto~s Ndto

.#

+ o

if IVis the fission rate in the syuteq ‘Jh probability that just m

neutrons are euitMd in this fission is~m c The expected number of

neutrons present in the system at the tine t,is m •~
.C@@.J

● Wld the

probability that one of them should cause a pulse in counter No, 1 in the

interva~ dt~ is El dt#=-~

The expected number of neutrons present at time t~.”io(m-1)~
-% (*2-%)

$

here we write (m-l) instead of m bemuse we kflm that the second pulse

descends from one of the othor m-l neutrons emitted in the ancestorf isoi.on

anflnot from the same fieutrcm from which Lhe fir~f puke destendss other%vise

our fission WCUM not be thesnearest common ancestor.M The probabil~ty that

--(tZ-t)
these (m-l)e ““ neutronsshouId producea pulsein counter NCJO2

2

M ‘At? in%mval dt2. is~dt2~ii- E *nd E2are the efficienciesof the t~

counters, m.asuredin countsper i’i.ssions

By mul:.ip%~ingall these factora’tie~9t

Ndto@m me
“*( tl-~) ~1~~

(m-l)e
-Qc(tz-t)

---+

E2dtZ
“ -Cl w

ctleof
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~bi.s expressha has ssible values of t@ .,;

that iqfrcm-oo to ‘1
if *1< t2 3 , it must a130 be s.unmwdover all

valws of m. ThisgivM

To this has to be added the number of ‘ac(?identaln pairs $ t@t is, of thGse

-wherethe two pulses recorded are oawed by neutrons originati~g fromdifferent

fission cl-lains , Different chains are statistically independentand hence

the numhe2* cf these pailY is simply

to get p(t) , w}lre t : t2 - *2 ●

N El dt

NW the tem NE2 is simply the counting raLe C in the seecml counter, and

if we replace q &J (l-Kp)/ll we get.

This is egsenti’&fy,~&nti.cal with &yxiti.on(3) in Chapter 8, where

furthw discussion %f”t% -.<,e~uattons can be found together with a description
,.

h

“y”’,%.
of the experiments to which., :WZerC

..+,~

●
● ✎ ●✎ ✎

i
.“.

‘...,
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