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WHAT 1S SPH ?
.

Overview, Comments, !tkieste

Smooth Particle Hydrodynamics Workshop

September, 21,1993, LANL

Bob Stellingwerf

Los Alamos National Laboratory

Applied Theoretical Division

.Los Alamos



SPH is a MONTE C-O Tbdmique!

+

●

●

●

●

●

Fust pmpmxl as such by Lucy in 1977.

Many improvements have been made to SPH since th~ but it still is
based on a Monte Carlo integration step.

Basic Monte Carlo theo~ uniform samp~ i=lJ?, over volume Vi

For random sampling with probability density pdV (IA@:

P (r) - ;~w(r-r’j) = ~w (r-?ybj

where zuf+ is a kemd that provides a 1- compact’supporti

Then for any specific quantity Q (sometMng/gm)p we am compute the
ammspmding “density” q = pQ (something/cc) via

Los Alamos



SPH is a MON’Z%?C-O Tbchdqm (contiued)

Noq, sinceQ, isa amstamh and all of the local variation of Q@) has
~t0the2uf*,weha~

W (r) “ ~QJvw(H$ AMRJ

Now, to do ph~ti we interpret the b as the mass assodated witk

&“particle” ~ and the interpolated veloa as the mean vekity of that
~-d~,-~ea@@k gmngian schemel

N-~ that the “particle& are still actually Monte Carlo
Z* Pk@ * k-~ overlap, and SPH is actually nut a particle——

sch&e at ~ much less a I+yangh hydro schem~ ‘ -

Mach progress since Lucy can be attriiiiutedto Mona- who notuk
L Since an interpolation is involved to a ply the integral theorem

&considerable body of intapolation eory can be appl.iecL
2 By a lying some algebraic tri~ the SPH equations can be

%’ma etoconserve - momen~ angular momentum and
(optionally) total energy.

a

3. The sampling error can be reduced by starting with a regular grid
of poink

Los Alamos



SEW Volume ~ement

●

●

●

☞

●

●

Abndyfomnofthe Monte Carioi.ntegml forSl?His
(f(~)) = ~f(O w(PJWV = ~jv(r-rJ)AV’

Altothec possible choice might be
~, ~jfdp’j)

i = ~w(q-rj)

- this has the advantage that neitk the mass nor the density enters
the rnterpolatio~ and edge efftxts are eliminated (functions are
constant to the ed e of the kernel), but the im lied boundary

Jcondition atthe geofanobject is W= O,raL than P=o.

Another problem with ti Of these aknative$ is that qm.metry
●

heqmred h momentum and energy conse.ma tiO1’t) is UStIdk ~~ but
notau possibilitieshavebeenC?xplom’a

.

.

Los Alamos
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SPH Problem Areas

Adec@e cownageof+r?is neededtoap proximate the lntegd This
~ lots of neigh- and prefambly a ●

~@&
Intqdation theory on the otherItan&requiresregularspacingand
g.iveskkstlltswi thnarmv kernels A balance is needed.

Spherical particles impose a maximmnlDstminthat can betol~
andimplyan elasti&tylimit thatcancause prema~ti~(tennis
ball probltmt). W~dening the kernel Kxes this inmost ~

InstdMities dated to the “cell-centered” averaging am sometimes seen,
‘rlleam?mm?toften encmntered in quiescent regions mder tensio~
although the analogtms compressimud instability has nti been seem

Mer6cesi.n +hi&mmeqUantities(sU! !&asmeanmol&weight)
Varydiswn” tlmmusly can cause large fluctuations when peltdld

_*~*e-of~ fommlacmmot becxmstantatthe
edge of an cd3jecL This is incompatible with a solid equation of state

DemWes given by integrating a continuityequationmay not be
●

cmmstentwith themassesused inthein@ral~

LosAlamos



SPH- Some Comments

T- Ball Problem extra viscwsity, diffemit k- or simply
~~e~ ● Iengthbnoreneighkm )fithk The

●opttmumfixmaybe toaI.lownon-spheIicaI kernek

~-Y@~f=t-=I=- ● entsafemodekhery
well fidmthductileandbrittlema_evenwit houtafractum
modelo BendAsphaUgmodd sh0w8pmmise Ofmodelingikcture
aaUmtdyonaud-

-~ Equati’om seems towOI’k#butno amsMent Wayofsetting
the ~~~ thatlm$sisconmved hashprop’osd

I.n?afacaE for individual problems a ~le solution an often be
foandbyarefanymatlhng

● ~* and placement of partid-
Ni9general ~t is known. Probably the most sdoas problem now
facingtlletedlnkp

~tmedinstaMity usually seezaatvqlatetimei mdaxing
pmblemmudlammterformatioa vk@llgthe~average
sum- helps ~). Not normally a serious problem for most
application

LosAlamos
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Topics in SPH
.

Capt David Amd.ahl

..

.,

21 September 1993
SPH Meeting v

Los Alamos NM
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● Aero-SPH
– Review
– Revisit the Previous Work

– Variable H
– Wa

– Supersonic Airfoil
II Heating
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Review
● SPH Requires No Grid

Saves Time and Opens Problem Domain
of Traditional CFD Methods

● Validate SPH
●

* ● Boundary Conditions .
Solid Boundary, In-Flow, and Out-Flow

● Inviscid, compressible Flow
Supersonic with Local Sub-Sonic Regions



Ramp Problem
.
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Mach = 2.0 ---- -- ---.-
Dens~ty = 1.0

Pressure = 1.0
P
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. vvma wnnel vwm a a-LqJ

Mach = 3.0

Density = 1.4

Pressure = .10
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- Supersonic Airfdil in a Tunnel
.

NACA 0012 Airfoil

-.

Mach = 1.2

Density = 1.0

Pressure = 1.0
Angle of Attack = 1.25 Deg
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Conclusion
● Boundary Conditions ! ! !

● Noise Reductionr Sharpen Discontinuities

● Overall, Improved Quality of Solution
.
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PROGRESS ON INTERFACE
PROBLEMS IN SPH

Charles P. Luehr & Firooz A. Allahdadi

USAF Phillips Laboratory, PL/WSSD

OUTLINE:

1. Cutoff Method for Separated Impact

2. Density Deviation Cancellation

Effective Relative Velocity Scheme

Velocity Divergence Based on
Estimates Used in Artificial
Viscosity Theory

-6@-



CUTOFF METHOD FOR
SEPARATED IMPACT

Smoothing fhnction cutoff with shutoff:
DiH. kinds interact by cutoff method
Same kinds interact as usual.

Example (see diagram):
Dim. is 1. Cutoff dist., d= 2h13.
No. of particles per h is 3/2.

Procedure:

1. Find active particles (i.e., particles
within dist. d from any particle
of the other kind).

2. For all i and j of cliff. kinds:
If neither is active, they do
not interact.

b. ~If either is active, they
interact as usual.

-W=



.
.

. #C!’fOrg impact
%\ %\*

w with cutoff %*
-9,

r

Tla!!gQf ;I?wLct

W w;th cutoff

w

V=O

‘*•
●\\

‘*
●**

r

i!!!uz

shutoff
cutoff

1-

9
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DensityVs x plFwal, mm=wooo, nsf=slq ----

)1111111111111111111

-1.0 45 0.0 0.5 1.0 1.5 20 ~ 3.0

x—CwdmkS

Max Density = 2.770667

w t)ensity = 2708231

AI* =2.5W0 “
9eta=2.5aK)

Eps=o.moo

G1=0.50W

G2=1.0000
CFL = 03000

CakaWOn

29DeCmt)ef1992
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DENSITY DEVIATION
CANCELLATION

Continuity Equation:

dpildt= -qvev)i

with

gives

dpildt= ~,m,(vi-vj)mviwu

New velocity divergence:

Deviation factors due to an
interface with a vacuum cancel out.

-7A-



New Continuity Equation:



EFFECTWE RELATIVE
VELOCITY SCHEME

Usual Continuity Equation:

dp~ldt= zjmj(vi-vj)eViwy

Replace

Use eff.

mj Withmt.

rel. v l.: 2mj(mi+mj)-l(vi-vj

M~ = 2mimj(mpmj)-1

New Continuity Equation:

New density by summation:



Comparison with usual density by sum:

‘xiiwi/

If mj=mt,

If mj>>mt,

H mj<<mt,

M ij

m
j

2m1

2m
j

‘-l
-- rnj (’justright)

S mj (too large)

~ mj (toe small)

Continuity Equation with
density deviation cancellation: .

d~ldt = ~II(x, ~’Wu)-lx, kt’’$vt-vj).vlwg



The resultirw SPH eauations.

Let

Density by summation:

Velocity Divergence:

Velocity Gradient:



Continuity Equatiom:

d~ldt= -Pt(w*

= piRt-lEjNumj(vt-vj)~Vtwu
,

Energy Equatio.m:

Momentum Equations:

~tldt = ~jmj[Nv@iRi)-lTtoViwv

+N’’’’@’lT-jq#”J#”J
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Comments:

The above equations are for the
“Effective Relative Velocity” scheme
combined with the “Density Deviation
Cancellation” idea.

To get the equations without the
“Density Deviation Cancellation” idea,
replace all R1 and l?!!(on the right side

of the equations) with pj and pj

respectively.

To get the equations without the
“Effective Relative Velocity” scheme,
replace Nfl and Nji with 1 everywhere.

,
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VELOCITY DIVERGENCE BASED
ON ESTIMATES USED IN
ARTIFICIAL VISCOSITY THEORY

Estimate of contrib. to vel. div. at
particle i due to particle j:

pi-rf2(ri-rj).(vpj)

An averaging procedure weighted by

‘jwu
gives:

(Vq = -(zjmjw~)-lzj{mj(v~ -vj)
●[- pprjl-2(ri-rj)wJ }

The result: In the SPH governing
equations, Vtwu is replaced by

-ppf2(ri-rj)wv



Boundaries and Interfaces
in SPH

Louis Baker
Dagonet Software



Problem:
Robust SPH for

large density differences
various EOS

. .

Riemarm Shock Tube
- Aluminum Impact Test Cases

.



. . SPH Interpolation

Gibbs Phenomenaat Discontinuities
Kernel:CardinalB-Spline~
Okforuniformspacing, no boundaries
Choice: either

1) ensure smoothness
2) modifyinterpolation for jumps



Cubic Cardinal B-Splines
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DONIW

Mass Match
Mass Adjust
Ratio Zone



DO’S

Use Summation, Not Continuity
Needtore-normalize density forEOS
VolumeMatch
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Methodology and Tests of Adaptive
SPH
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1 Caveat

The Ohio group (Mike Owan and Jens Villumsen) and the h
group (Paul Shapiro ~d Hugolifartell)lmwcollaborated on the
kdc ideas and goals for the development of Asph, but the two
groups han independently derived their uwn @h theories and
algorithms as well as developed entirely independent codes based
on th~ ideas. The bodies of work of both of these groups are

based on the same basic principles and should give tilar tits.

All the work presented tod~ is the redt of our development in
Ohio and any questions on this material should be di~ed to
either Mike Owen or Jens Villumsen; q~~ions pertaining to the

b development should be ref~ed to Paul Shapiro or Hugo
Mtiell.

●
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a DaMtiona

Standard Smoothed Particle Hydrodynamics (Sph)

●

●

●

●

Utilizaa single isotropicsmoothing scaleper particle.

Interpolation kernel TV(?!,h) may be expreaaed as

()11W(?,h.)= w ;
a

(1)

Smoothing scale allawd to vary spatially horn particle to
p~icle as well as temporally.

Artifiaal viscosi~ is implemented for any convergent flow
within the gas.

Adaptive Smoothed Particle Hydrodynamics (Asph)
● Utilizesanani80tropicsmoothing scale per particle, aa em-

bodied by the H tensor.

● The smoothing tensor is allmwed to w both Spatially and
temporally, as in Standard Sph,

. The interpolation kernel ~(?, H) mqy be expti as

W(F,H) = W(Hfl (2)

● Time are two cunent wrhtions of Asph, unsuppxwasedand
mlpp!’emed:

-1o7-



- UnsuppressedAsphutilizes the artficial viscosity for

any convergentflcnv,as in Standard Sph.

- Suppressed Asph ernployaa more restrictive alg~
rithm for implementingthe artificial viscosi~

I
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● Through the use of aspherical kernels, phenomena that are

nonisotropic can bebetter reprwerted (better resolution for
Qgiven number of Sph nodes).

- Standard Sph: h. a p-~ in 2d; h. a p-~ in3d.

- Asph: His allcwedto adapt inarbitrarydirectionto non-

isotropicdensi~ evolution,thereby i.mprcwingresolution;
so long as the radius of the szkotropy (shock) is greater
than its ~icsl thickness,Asph will have the advantage.

● we are primarily interested in simdating the evolution of

@mcture in the early un.iverae, where in general gravitational

instability drives highly nonisotropic evolution. Asph has
been tuned to solve the Zeldcnkh pancake problem as well
as possible, = we consider this our canonical problem.

● Asph is in a - more kgrangian than Standard Sph, as
we are able to more accurately track and maintain a consix
tent set of neighboxafor a givenAsph node. The goal of the
Asph algorithm is to maintain an equal number of neighbor-
ing nodes in all directionshorn the node of interest.

-loD-



● Spuriousheating resulting from overuseof the artificialvi%
cosi~ can art&iaUy interfkre with the collapseof the Sph
gas ma tiuence the developmentof the he stm:ture we
wish to examine (galaxie, clusters, etc).

I

.
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4 Disadvantages to Asph

● @h k more c.omputationdy expensivethan Standard Sph
~or a givtm number of nodes; this h hopefully balanced by
the improvedresolution,

● A.sphisnot guaranteedangularmomentumconsenmtionsince
forces are not in general radial. We believe in fact angular

momentum cawwation willbe met so long M the shape of
the smoothing kemeJfaithfully followsthe shape of the un-
derlyingfluid element,but this remains to be demonstrated;
regardlessangular momentum consemtion is not ngorousiy
guarant=d as in Standard Sph.

. Our currentartificialviscositysuppressionalgorithmmildly
violates energy consemation,but this is a small ~ect.
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5 TheH tensor transformation

● The II tmnsfoxmationmaps tim real position space to nor-
malizedposition space: o

- Standard Sph: ~ = F/ha ~
-Asph: ~z=HF

● Shape of anisotropic smoothing volume as defined by H is
restricted to be elliptical in 2d or ellipsoidalin 3d:

- 2d: His a symmetric 2x2 matrix

- 3d: His a symmetric 3x3 matrix

6 Evolving the H transformation

● The smoothing volume for an individualAsph node is treated
analogouslyto a fluid element, and is therefore evolved in
accordance with the changes in the local veloci~field as
embodiedby the rateof-strain tensor n = 8G/8F

● H is evolved through a 6rst order treatment of the local

*Od~ fi~do
AU= oAF (3)

%striction to W order transformationson H guaranteesH
will remain metric and therefore elliptical (ellipsoidal).
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7 Artificial viscosity Suppraesion

Weareattempting to develop a more restrictive criterion for
the we of the artiWil viscositythan the traditional use for any
convergentflow. Our reasoningbehind this tiort is:

The traditional criterionfor the artifiaal viscosityswitch on
isoverkillin the sensethe the art&ial viscosi~ willbe active
for gas which is not undergoingshocking.

Overuseof the artificialviscosi~ can spuriouslyheat the ay~
tern, which is potentially a seriousproblem for collapsesim-
ulations.

Somecharacteristicsof our new (and experimental) criterion for
the artiMd viscosi~:

● It &stinguishesbetween the applicationof the artifiaal vis-

cosi~ in the momentum and energy equations.

● It is paramete.rizedin terms of the resolution wer the scale
of interest and the local Velocities-b-idly a Asing time
criterion on a pair-by-pair basis.

●
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● The newcriteriondoesnot explicitlyrely on charactmisticsof
Asph and could in principlebe applied in Sph as well. How-
ever, it is uncertain whether the Mer eEectiveresolution of
Sph wouldnegate the usefulness of the criterion; Asph’e im-
prmed resolutionshouldgiveit better stopping power (larger
18G/8q).

● OUI~t par~eteriution of the criterion has been purely

empirically calibrated against the 2d Zeldovich pancake prob-
lem.

● Much moreworkis neededhereto extend the usefubs (and
testing) of the criterion.



8 Tbchnicalaspects of the code

● our cumnt (A)Sph code at ohio State is maintained under a

make I@em andisccdgurable through preprocessorflags
at compiletime for a varie~

-1,2, or 3d
- Standard Sph or Asph

of situations.These include:

- Cosmologicalor Standard space dynamical equations
- Choiceof CosmoIogicaImodels
- With or Without grati~
- Suppressedor UnsuppressedArtiMal Viscosity
- A choice of -etnzation schemes in the dynamical

equations

● Individual smoothing scales(h,) or H transformations are
maintained for each Sph/Asph node.

. The code f=tures an qmhronous integrator based on a
second order RungeKutta scheme; this allows us to main-
tain individual times and timesteps for eaih Sph node. The
asynchronousalgorithm has been designedwith the folluwing
dmracteristics:

- implementedwith assumptionthat on ‘local”scales(scales
the size of a loud smoothing kernel) times and tirnesteps
willbesimilar.
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●

●

●

- msic algorithm:

* Every particle is assigned a current time (ti) and a
target time (t~~ = t~+ Ati).

* The integrator 100ks globally for the smallest target

time.

* All particles with this smallesttarget time are Aected
and integrated (in local groups as batch~, if possible).

* The newly integrated particles are Agned their new

cument and target times, and the cycle repeats.

Men compiled for cosmolo~ the code integrat= all quanti-
ties in terms af a power of the expansionfactor rather than
time @ = u“).

The code has been optimized for use on the Cray YMP at
the Ohio SuperComputer Center-~ically hits calculation
speeds on the order of 100 Mflopsor aver (problem depen-
dent).

Cunent status in

- Standard Sph
~da

developmentof code:

my implemented and tested in 1,2, and

-- Asph fullyimplementedin 2d; partially in 3d.

9
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. 9 hsts of Asph and the code

Wehave run a variety of test problems for the sake of testing
both our code and the technique of Asph. In standard space for
both Standard Sph and &ph we have run:

● the Remann shocktube problem in 1,2, and 3d

Q the Sedov blastwave solution for ld and Sd

In cosmologicalscenerieswe hwerun (both Sph and Asph):

● the Zeldovichpancake solution for Id and 2d

● the growthofa voidin Id and 2d (essentiallya gravitationally

drivenbktwave)

c a Zd Hot I)arrk Matter model

9

We have focussedon the Zeldovichpancake as our canonical
problem, as we expect this to genericallyrepresent the sort of
situation we are interested in.
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10 2d Shochube Simulation

● HighDensi~ region initial conditions:

-ppl, p~=l, w~=ovz<o
● I&wDend@regioninitialconditions:

- p*= 0.25, p~ = 0.1795,w~= o Vz>0
● t~= o,tg = O*15
● periodic @em (z, #) E ([-1, 1],[-1, 1])

● Particles seeded on initial grid

NtuneIMSimulationParameters:

● N&m= 25000

- High deui~ region: N== 100, Nti= 200
- Lowdensi~region:N.= 50, Nu = lN

● (it G [5x10-$0.005]
● h,~[0.005,0.051

9
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11 Single Wave Plamar ad Zeldovkh Pancake Simulations

Backgmmd &)S%IdOgiCdandPhysicalParameters:
●

●

●

●

●

●

●

●

●

●

b

~-DeSitter cosmology(0 = 1, A = O)

&=$&=o.5

Nummical Simtitioa Pammetem

•N~-N~=4096
●aul, (p-~”)

● dp e [lb, 0.06]
● h,g [10-89OJ]

● h @h srnootldng kerd h ratios limited to h2/hl >0.01

●
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12 Tilted-Shifted Planar 2d Zeldovich Pancake Simulations

BdCground bologicd and Physical Parameters:

● Eimtein-DeSitter cosmolo~ (0 = 1, A = O)

● rl~ = 0.1 n~~= 0.9
● Ho=50km/mc/Mpc
● adti~= ltGund=4,Ujw= 5,ao=1000
● ~ti~ = 999,Z-A= 249,z~~ = 199
.&=l OMpc@a=l s Jk=50Mpc0a=5
•&=2,~-1
● T’= WOOK* q = 1.49x lo-]a

● ‘y- Cpfcv- 6/3

● P- Hydrog~ gas(p - 1)
● NoMative Cooling implemented

NumedcalSimulation Parameters:

●N&f#@n=Jv~=4096
●cu-l, (p=#)
● dp ~ [10-$0.0$]

● h,E [10-8,0“1]

● FbrAsphsmoothing kernel axle ratioa limited to ha/hi>0,01



2d tllted+hfftedpancake:Baryonparticlepositions@a=5 (%meh=4)

1

.8

.6

.4

.2

0
“o 02 ,4 .6 .8 1

-120-



-189” ‘



25 .3 35 .4 .45



● D I I I I I I I I

22 -
I 1 .

m .

m .

20 -
x

x .
m x 9
m x .

18 “ 9
- x -

.[”1
1“ I

-m-

-- -

-n‘1 1- 1 i

20 22 m m

1 I I I I I 1 1 I I I I i

‘m’ k

x
x
x
%
x

x

x

x

I

-1

Iog(x-Q) (m)

-131-



-m

.

\

I
m

●

.

-MOW “

●

i :

3ado’J“
m

B

●

-Mom “

o

80 m S4 m

,
Iog(x-~ (m)



2dtlttod+hiftod panoakeQ a=5(q#): AsphwithArtVlscSuppressIon
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1S 2d Hot Dark Matter Simulations

xwd hOlO@~ =d Physical Parametem:
● E&t&-DeSitter cosmology(fl = 1, A = O)

● 0--0.1 fz~ - O.g

●

●

●

●

●

●

●

4fundumtal WW08 aaou pdOdiC box
HDM deasi~pOW81syctrum810pe= -4withmtrafactor of k to
mimic M pow8r spectnm

Particles dhplaced ~OIS reguhr grid with wavMof random 8Zlpk
tude and phaoe.

~ = 2.88K o q = 1.156X 10-11

y 9 cp/q? - 6/3

Pure Hy&ogen gas (p - 1)
No~Miw bOkIg imphmanted

NumericalSimdationPuametem

● Nhm - Ndm-

●k=l,( p-a”)
● dp E [104,0.05],

16384

h,c [lOd,O.l],hg/hl>0.01
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Barympoeltionafor2dSupptwed AephHDMmodel0 a=31.O(z=O.0)
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2d HDM Temperature isocontours for Standard Sph @ a=25
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2d HDM Temperature isoeontours for UnsuppressedAsph @ a=25
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Zd HDM Temperature lsocontours for Suppressed Asph @ a=25

Law GJ’%w 8 lQa~
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15 conclu9ioM

● *h Shorn pmnise in generalfor alluwing impruved rcdu-
tion within a simulation for a given number of Asph nodes
W. Standard Sph, particularly in inttically anisotropic

8ituatiorm

● ‘I’he ddopmmt of an imprmed criterion for the use of the

~aal -~ in order to reduce spurious heating in com-
bination with the impruved resolution of Asph will hopefully

alluw us to immtigate a wider range ofscalesin cosmological
structure fmrwtion Scenariosm

Fhture work and considerations:

● The general principles of Asph need to be tried out in a wider
range of test problems, in order to explore the benefits and
limits of the current technique.

QThe questionofangular momentumconservationunder Asph
needs further investigation,since it would seem angular m~
mentum consemtion under Asph is dependent upon the H
tensor properly followingthe hid element approucimation.

● The artificialfkosi~ 6upprmsionalgonthrn needsmuchmore
r&ementinordertoextenditsapplicabili~ and reliabili~;
mod notably it should beconvertedto anentirely10CEJcri-
terion.
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Linked Penetration Computations
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MOTIVATIONAND DISCUSSION
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SPH and StandardElementResults
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SPH PENETRATION COMPUTATION
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Linked SPH Results Compared to Test Data
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SPH Attachment to StandardGrid
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!lbpica in SPH

Chuck Wmgate

Los Alarms National Laboratory

Los A1amos
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Shock Tube (Density Jump = 4) - SPH Results”

90, 160, 360 particles and analytic
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Strong Shock Tube (TP37C) - SPH Results
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STABILITY AND CONSISTENCY OF THE SPH -
MEII+OD

m

J. W. Swegle* and D. L Hick#

●Sandia NMbnal Labomtoti

‘Michkym Ttinological University

WotMq)
Presented at the

on Advances in Smoothed Partbk Hydrodynamics
lJIN~ S@ember21-22, IB3



Outline

1. Short reviewofstabilitycriterion

2 StaMity, the keti fmc%on, and area vedom

3. COmistemy of w-l

4A” dptable factors in SPH numerics
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Stability Regimes
WT>O - unstable

W-T<O = sWle

Cubicb-splinekernel

w’~~ +W”<o W’>(I+
~>OStableT> O (tension) unstable

T< () uns@b@ T< 0 (compression)Shbk

@u

u = h

b

-14d w= JWWi62111w
M~ 9Wg
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Physical Basis of Instability - Hfective Stress

Fhte d~reme eat o
● -

f motion

Wlieahf motion

A(%W’)
x-. .

m

*effective stress is -0 (E) W’ (c)

\

/

Kwrw,cancauseinstabilities
cfrequencydependence not - unstable

taken into account
stable unstable

(33=



●

Effective Stress at Noise Frequency

o
8X -s (+ W’) A=-d5w’-w a
& = -66W’ at A~ifi, o mnstant c

efi

-cJA W’
tension

- x“ m stable unstable

- crefl- -W ; effective stress is a

constant multiple of w’ at k
ntin

Tensile stress decreases with h

increasing particle separation.
unstable stable

77Tus,ntiw hequency gfows unboundtxtl’y compression

when W%> O,so any level of tensile stress
is unstabk even atzem strainwithcubic

v

b-s@ine kernel.

/
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Stability Criterion for Arbitrary Smoothing Length

(+ ‘f+1+#f+3+ +’’+5+... >o’>o ~ unstable

(1# ‘f+l+ti’f+3 +1’#’’+5+m.. )<o<o - stable

CLJtic b-dine kernel

q h=AX

v v

h=2AX



8

Kernel Function and Instability

Stabil-Ryis cJuaranteedin all regimes when W“ = O
“ However, such kernels have other difficulties

W’A

7he SPH kernel has a conf/ict between stability in the
tensile regime and the requirement of local support
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Stress, Force, and Area Vectors

/

V
1-nmmalto

!Mnfacewith

equalto area

sumoverallareas



SPH andAm Vectors

-’0=
Kernel fundkm def mes area vectors

* if’= +’,w = -Vol%ot’%yv
m



Area Vectors in 1 D
.

●loy, motknl means areas are cmstant by definition
e SPHareas depend on the irwte~rticle Sepamtbn .
●ariabbSmmuliilmgulmdlJmSafea vaiations

-areas amstinnotwnstant Wdsdensny-based

Stiaunstaw in tenskm

“&am~~ Cmstantrw’nwes’b stabi” My

-Spatiafdiffemnce scheme is Lax-wendmff



-ii

c
●

●

dE
l



Consistency

Definition of consistence: *
d~

m
● / fms

discwtfzed forms nxfuce to the

OfmO Oqti
J

px =

SvmmetrizedSPH eauation of motion

J
x —

J= I (;f+wev’w
SPH form of the equation of motion is not

consistent with the continuum equation.



Example:Accelerations at a Mat=”al Interface

● Stan&wdswkcderationsdonotcormspond to -&/ (pAX)
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Alternate Equation of Motion

‘=-iim’[(a’+wv’w= 4-’0‘~)
Uirtd derivationleads to asvnl metric foml

N #
(v@=- ~f ~ ● VJW *

$= -$,m’($)ev’wJ=lP

7his form seems to behave correctly at density discontinuities.
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ConsWency and the Kernel Function

Normality condition

f
wqx,h)& = 1

Consistence requirefnen[

●inl D(k= b), consistency(correctgradient)requkes

W’(x=h) =–-!-
2h2

Consistent and nonnalitv are not ecauivalent
● * bqllhe (W4) satisfies both consistency and normality

●
P =-vov, tip(x) =

-F ~( mfW x - x], h) fordens”~
3=1

* nofmaJitycondition Is blevan~ since W never appeam



b
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Adjustable Factors in SW Numerics
.8R~

● W&0@ ~m~
● Stabilityctiterkm(stable time step factor)
● Srrlmthin’gIengwparticleSpacingratio(3)
● Comtantsmoothinglengthw. variablesmoothinglength(2)
● Kernel sum density vs. continuity equation (2)
“vonrwemann i3”-ViScHty “ VS.SPH (Mmaghan) viscosity (2)
● initial pa- packing (rectangular, tmqcmal, radial) (2)
● OrckOCIpwlkk &trMtkm vs. perturbedparticlecfistibution(2)

a J (f+(f ~tc )(2)

(9( 1
● Equationofmotionsymmdrizatim( — +—

P2 ‘ P;PJ ‘ “

●ebcityg rackttqmmemam● “ ($( Vj-V3q, +f-V@(2)
P 3Xj p

J

● Kernel ~ (-9 e~ “ , gaussian, supwgaussian)(3)

Numberofmmbhmtbns=3x2x2x2x2x2x2x2x3= 1152

k d
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Conclusions

A numerkal method must be;

● stable

● consistent

● COnsewative

Satisfying one or two of these conditions is relatively
easy. The challenge is to make SPH meet all three

simultaneously.



SPH: Instabilities, Wdl Heating,.
and Conservative Smoothing.

by.
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L Instabilities in SPH.
.

II. Conservative Smoothing can stabilize SPH.

But is there anything left except FLATLAND?

111. Test Problems
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. .

Instabilities in SPH
.

Sticient condition for instabilities:

. Nearest neighbor case: .

dv” <0

This analysis is for a uniformstress: ~

U=p+q

Note: instabilities are possible for both cases

.

{

u >0, positive .

c <0, negative“

. . . .
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*

Conservative smoothing can
stabilize SPH. ,

But is there anything left
FLATLAIYI13?

.

except

Consemtive smoothingon the s.mom. of
the artifical viscosity type:

8T7tM?Zj = 877207?2j

+csm.

-
* 877W77Zj+~ - 8m07nj)1+~ (

‘amj-i * (87?107?Zj - S77tO?72j.~) m

Conservative smoothingon the s.i.erg. of
the artfical heat conduction type: -

uiergj
+caiej+~ * (siergj+l - Sit!t’gj)

‘C8dej-~ * (Shgj - 8kTgj-1)



● Conservative smooth@g on the s.vol. of the

OUI amlysis shows that we can stabilize SPH
with mnservative smouthing of the type de-
scribed above. The result boils down, approx-
imately, to the following timestep restriction
for an ideal gas (~ = 1.4) in compression:

Nl blown conservative smoothgw(tij+~ =
0.25) was assumed to get this result. We ds
tided to test
experiments.

.

this theory with some numerical

.

● ar



Test Problems

Several years ago, we developed a set of hy-
drocode test problernq E* k PdZI (1968):AFVVL

TRAM12].

These test problems have seven categories:

SCTP I Single Shock Wave Problems

SCTP II Single Rarefaction Wave Problems

SCTP III Accelerating Wave Problems d

SCTP IV Decelerating Wave Problems

SCTP V Riemann’s Resolution of the Dis-
continuity Problems

SCTP VI Shock Collision Problems

SCTP VII Shock Overtake Shock Problems

.
9“!

,.. . -0. . !

I

-228”
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Along with these test problems (whose solu-
tion’sare known6xa@y) wedevelopeda pr~
cedure forquantitativelycomparinghy&omdes
usingthe 81,82,~= norms to measurethe er-
ror in variousfixnctions.We compared a von
Neumaan-Richtmyer code with a Lax-Wmdroff
code.

Next we show some samples of the tables ULd
graphs from that comparison.
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Recently we tried to run an SPH calculation
on SCTP VI-B. Our SPH calculation is of the
fallowing form: b

,,,

UT=(v@,J!?)

FT=
(-u, q u ● a)

.

●pu= -div F
.

● Aij

= 2VoliVoljg~ad=iWijA ij

= W(q - q, h)wij

The results were follows.
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I Breaking the 10,000,000 particle limit in SPH I

Mike Warren (LANL T-6, UCSB)

msw@eagle. lanl.gov

H. Zurek, J● G ● A w (LANL T-6)

J. K. Salmon, M. B. Davies (Caltech)

P. Laguna (Penn State)
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TheN-bodyProblem
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Multipole Approximation

x

-306-



.

-306-





#

i!!
9

.



-309”



thrryamdlatm Iqrumfa.tkm

x Y z

Imlla)l 01Iolcml Illollco

l.lol,oll,oll,lm,lll,ml.m,llo MxmJykB’y

olsn47106@mlby

-310-



#-
110 /~\ 111

#

110110

,.,,O,O=



md

t=lm’’@l’uN’WM1- 1 I 1 1 I I 1 [



I



Asmn. h ●rror. h macr, h 8tk. h
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;iotos.h

z
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•~Wtp . h ~uoofi.h
.h

randoms2,h
hap . h rddata. h

colloctivg.h koy.h si~alo.h

2475 total

2569total

aont 1. li.hw
X’%roo.0 Ohn.c
Nsgo,a aollactivo.o
8DTwritm.c ●rror.a
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3707total
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4681 total
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L
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2865 total
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Avfprintf,o
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1047 total
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I

typedef struct {
float mass;
float pos [NDIM];
float vel [l!? DIM];
float h;
float
float
float
float

float
float
float
flOat
float
float
float
flOat

rho;
pr;
vscmnd;
rho est;
key~

acc [NDIM];
phi ;
u;
udot ;
pos_last [NDIM];
udot last;
drho-dt;
hdot~

unsigned int ident;
unsigned int nterms;
unsigned int nbrs;

} body? *bodyptr;



Modelling Relativistic Collapse:
SPH VS FEM ,

Patti& J. Mann
Department ofApplied Mathematics

University of Western Ontario.

Now, here, you see, it takes all the running
you can do, to keep in the same place. If
you want to get somewhere else, you must
run twice as fast as that. “Through the
Looking Glass”, Lewis Carroll, 187’1



Rationale

Einstein’s Equations

. Extremely non-linear

s complicated

● few analyticsolutionsinnon-linearregimes

Therejom

Two Possibilities

1. Self-Checking codes:

2. Code-Code comparison: ****

-U8-



Self-Checking Codes

. M. Choptuik: multi-gridmethods

● Spherical,

● Advanced

Code-Code

Vacuum, Scalar fields.

Numerical Methods.

Comparison

. Spherical Symmetry: done

. A handful of non-spherical simulations.

. Basic Method finitedifference~

Alternate Methods

●

●

●

●

S’ectnzl Methods J. Marck,S.Bonnazola

Multi-grid MethodsM. Choptuik, A. Lanza

Finite Element Method8P. Mann

Particle Methods P. Mann, M. Dubal, W.
Miller, A. Kheyfets

Direct Comparison

● FEM V8 SPH P. Mann



Choice of Methods

●

●

●

●

self-gravitatingfluid

Evolutionequations+ ellipticconstraints

non-spherical

robust,Easy (at least 2 codes)

Finite Element Method: FEM

Standard, Wd-developed
Particularly good for non-symmetric prob-
lems

Equations appear only in quadrature rou-
tines

Smoothed Particle Hydrdyn~mics: SPH

●

●

●

Astrophysical standard

Easy physical basis

Wonderful for gravity(clustering)

“320-



Which SPH?

Relativity: problem with length. (proper vs
word vs ...)

Therefore must extend classic SPH

There are two generic approaches

1. Physical particles

. Particles move

. Particles move
@9**

on fluid characteristics
with locally fiat coords

. (see Kheyfets, Miller)

2. Numerical Interpolation

● ‘~Particles”parametrize an interpolation

~ Interpolation solves set of pale’s



ADM 3+1

The sph interpolation requires:

● time: initial value

. space: boundary value fo~et Einstein

● mass: conserved

therefore:

● ADM 3+1 space-time split

. Standardl Universally used



ADM S+-1 (cent’d)

J. W. York, ‘Kinematic and D~namic8 of General Relativity” in

&wvx8 of Gfuvitationa/ Radiation, ed. &. Smaw

This Project:

Spherical metric

SChwarzschild Coordinates

t = time at infinity

r= meal radius

z = TCOS(0),etc.

2 elliptic equationson a timeslice

particlesaveragedontoId,sphericalgrid

FEM solver for metric

metric interpolated onto particles

Metric:

ds2 = -=b2(l-2m/r)dt2+dr2/(1 -2m/r)+r2d~2

where b = b(r, t) and m = m(r,t).



Fluid

Euler’s Equation

S&+ V 9

1
Xa-—
r

Equations

.

(w’.) = -bp,. +

P’%-?)+

&j$q’’(+’+(o’)]
8;1 Ov’xa

+zfo;r—-
(
Va- ‘—

or T )
1

Internal Energy Equation

E,t + V ● (E3)
dA

=-pAV@-px

Mass Conservation

q + v
where

A=u*~~

3-velocity = v~ = ua/ut

E=Ae D=Apo

P=pO+e
w = (p + pypo



S, A9 v Relationships

o Nasty

QAUvariables involved (fluid, metric, even pres-
sure)

● Iteratecorrector(twice)

9



SPH: Density

D givesa conservedrestmass.
Thereforewrite

D = ~mkwk
k

where

o w~ = TV(IF- F&k)

● ~J@: p~tkle ?d m~s

a F&(t): particle position

● h@: smoothing length



SPH: Momentum
Internal Energy

~ isa momentum: ~= D~
Therefore

where ~~(t) are interpolation parameters.

Also E=Dno

mass-weighted interpolations

Only ~ and E used as physical quantities, not
the parameters ~&and c~

no divisions by D(fi)

-s27-



Weighted Residwil Method

● Insert approximation in equation

● Multiply by weight ~~(~,t)

● Integrate over slice ~

jE,tfidV = /(-V QilE - ...)ZjdV

Time Derivative explicitdifferentiation:

Weight Galerkin

● Fi = W(7- fi, hi)

● Lo’calsupport:hi



Integration

● (Gauss Quadrature: overlapping particles)

. “particle position” quadrature ***

Therefore

w ij=-

- timederivative terms

● Matrixequation

● Sparse, but varying pattern

. Use condensation (“mass-lumping” )

Similarlyfor

● Zd(t)

● rnJt)

ms29-



Code
(Predictor-Corrector)

1. Defie fi, hi and update h and r

2. Predict:

(a) Predict Z~,c~,m~

(b) Sum & ~i,~i
(c) Compute A, il

(d) Metric solution

3. Correct:

()a
(b)

()c

(d)

()e

(f)

Define % and update positions

Compute rn~,Z~,?~

Sum Si, Di, Ei

Compute A, ili

Metric solution

Re-compute A, Oi

Iterate corrector: “P(lJC)2”

“330”



NOTES

e Interpolations used only as interpolations

e

●

●

●

- Kernel defined in coordinate space

Choose ~fi = Oi

- (not necessary)

hi usingstandardschemes

Finalvievaluationisnecessary

Modifiedweight:includer2D,etc.

-3s1”



C++ vs Fortran

Codes inboth C++ and Fortran

FEM C++ is twice as fast as Fortran!!!
-

-

Fortran data structure: d(n), e(n), ...

C++ data structure: node[n].d, node[n].e,

SPH C++ is slightlyfaster (insignificant)

- Double Sum!
- Same difference in data

C++ is as advertised

Carefully thought out

Local objects

understandable code

structure.

objects

Many more compilererrors,
errors

fewer runtirne

Reusable (eg, FEM/SPH i/q Spherical
solver)



Tests

1b

2●

3*

4●

Shock Tube: SPH vs.

Spherical Symmetry:

3d Collapse: SPH vs.

FEM (done)

SPH vs. FEM (done)

FEM (in progress)

3d Collision:SPH (in progress) vs. FEM (not
yet)

Summary

Commrable results*

SPH smooths

FEM is more

FEM is much

more than F~M

sensitive to instability

faster for equivalent resolution

-- (but no bir.ning in SPH yet)

Robust,

(almost

Comoving

freefall)

SPH better during horizon formation&
0

-

. . .



lhture

Q Non-spherical ‘1’ests in progm$~

o Gravitational Radiation estimates in progress

. Gravity-Perturbed ~ Poisson’s Eq’n: Col-
liding neutron stars

. Gravity 4 2d Axisymmetric in ptvgnw

● Gravity + 3d (Huge job here)



.

1. Ivhoductmti(why

IL. SPI
{

a.. %vudiow
IIS.. kernel

,..—



THEOREM:
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SPI’I :

3.. Easy {wtpkwitd{w .
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CONCLUSIONS :
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REIATMSTIC SPH

AVOIDANCE OF VELOCITY-BIASED KERNELS

Arkady Khefietg,Winner A. Miller and Wojciech H. Zurek

Our contention is that any truly relativistic application of SPH should re-
flect the followingthree requirements:

1.The kinematics of the zmoothed particles zhould be relativistic;

2. The state equation for the fluid zhould be relativistic; and

3. The interactions between the smoothed particles should be treated
in a Lorentz-covariant fahion.

The Lorentz covariant treatment ofMeractiow between the zmoothed
partickwcanbeacldevedifoneaamnwthat the relativistic hydrodynem.ical
contact interaction ar~ mediated by kernels whae mpports reside in the
local frame cozaovingwith the fluid.



SEMI-RELA’I’MSTIC SPH

It appears to us to be commonpractice to satis& only the &st require-

ment and to neglect the other two.

● The H requirement is ordinarilytaken caxe of automatically via ap-

plyingthe SPH discretization tdnique to the Lorentz covariant hy-

drodynamic quations (e.g. the Wilson equations).

● The equation of tiate is typically assumed to be either non-relativistic

or ukmlativistic. TM should be more or less reasonable excluding

problems involvingvadations in the temperature born non-relativistic

to relativistic (collision of two clouds of cold gas moving with respect

to each other at ukarelativistic speeds). At mildly relativistic temper-

aturesthis could lead to quantitative K?ors, but probably, one could

get away with this qualitatively. This ie not a serious problem since

these awumptiona are made explicitly and can be @y corrected.

● The short range forces responsible for hydrodynamic interactions are

ordinarily represented by spherical kernele in the proper space of an

obeerver,or in M arbitrary spacelikemction of spacetime. Thh pro-

cedure is obviouslymotrelativisticallyinmriant,u it depends on the.
choiceof observar. It doesmotallowone tomake any mindjudgments

● concerningthe ecaleof the kernelsand does not allow one to draw any

conclusion concerningthe applicability of the SPHtechrdque for any

particular c-o
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f“to!MeANACmmMiNott :

469=



.

.

.

.

.

.

i i

.

.

t“ 1 I I . IQ
t

[

t



RELATMSTIC SPH .

The SPH representation of contact (hydrodynamical) forces can be
tie selativistically invariant E one oae assumes that the relativistic hy-
drodymmical contact interactions are mediated bykernels whose supports
reside in the local kne comovingwiththefluid.

The dkmtizedSPH equations for a l-dimensional relativistic isen-
ta’epic fluid

where

G(N) - ~

d ‘+%$?1
L(@) “ “K=

(t?
“m

andK,,(n@h the n-th hyperbolic Besselfunction.
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DISCUSSION

The main problem:

Thekernels dependon the choice of observer. Their supports, if pro-

jeded on the comovbg kme of the fluid, become ellipEoi&l. The elliptici~

depemb on the choice of the okwer.

Statement.

Fbr any choice of the smoothing length for the kernel (~heric.al kernels) in

the observer’sproper space, the obaener can be picked in such a way that

the smoothed particle approximation brakes down.

F& any given scale, one can pi&an observermch that in the direction

of MO motion the smoothed particles will become decoupled. The suggestion

to ttart from an obsm and to choose the scale such that there will be

a dcient number of particles in the direction of the obeerver’s motioa

will ordinarily leadto silly aituatbns (the scale of the smoothed particle

becomessmaller than the barym size, etc).

A suggestion to pkk a %aaonable obsemr” it sometixm forwarded.

However, a %aaonable obmr” in thi.acontact meam the one that does

not move tao M (relatkistically) Mth respect to fluid.

8tatamant.

The rnoct %easonable’ ok is the one that doe. not move with mpect

to the fluid,i,a.the observer of the comovingham,

-m-



.
CONCLUSION

Q Zkuly relativistic SPH k IXWSSaSy for the problems that invoke in-

teractions of parts of fluid moving relativistidy with respect to each

other (no %easonablew global observer exists).

● ‘Ruly relativi~~ic SPH COn_ intri~ic criteria of its applicability.

Such a csiterion is totally absent h semirelativistic SPH.

Q When using semi-relativistic SPH one Add employ the fully rela-

tivistic SIW theory when picking a %eammblem obmrvez. When parts

of the fluid move at relativistic speeds with respect to eadh other tis

should be done locally.

-!M6-



Tidal compression and disruption of stars
near a supernmmive rotating black hole

Hanno sponhob”

Abctmct
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ft. qmnflolz

1 lkid ~rOC-42S amuid Black.
scenario

Inaddtbntoha guatudon, tldd lntcmctbn

Holes- The

objdaad astu(k, lffl)q ~ui Importanttoklnthopre
cu9dfMing activ8g8u’u-amcAag W9fundunwalprwuthm
alstth9wYwing H.nuofruweh:on on@dd@tha’oi9th@appli*
tiOllOfthO~Oftkhtkb~pdhkl hadkknboththomlatbistlc
(M, Fhh-% 1978,Mad.bn, 1975)sndthaMcd can-. On th
othar side w havs & mphlmhtd works dth the emprudbk dine
stm modd (Q& Lnmlnotand &ta, 1$06)Wk tiAOw b usumul
tO&dWQ’S~@dddd8d&~ ewaduriagavwyckca-
coantm LatQT,t.hiD4pplicw08khum@x&8nd9dtoa Aativi$tkw8iOn
(LmmlwtaadMA. 1$S5) h W a~ t d a Sch~d.BHl,
U@ m Wlk hUml’lxl fcu rda.tlv’btk tldd forms (Muck, 1983).

A thirdtrsstmmt of such 3Dw0ti with& ~ -PG*
thnddortbbmmamwwudnmm~an- cmHth~-not
thatsceumt9u Conwntkaalhydrod~c Cudu,mody applkdto to-
wrktd~wkhbdhandow: Tbo ruantly intmdud partl-
da methods(Lucy,1977,Mon@ma,1992)amv helpfulto understand
~ dat# d M iatrinsicaD=proCu9.

_ w hsw pticipk dMcnMa to tmst odf-~witat!ng -s
lnGasord RAtMtypro pdy,ltnauu tornaudul tolncludcth
-* h tidal kmu (Muck, 198S)in tmcba pwtkk PW.lam.
Aa ddu ShOftdaaiptkn of 8ilnpksPE-dmalat&omfoTtldd -of
SehwwMld= andKerr-Bhck=Ecdma pdytrcp BWa(Spcmhdz,1991)
Jshwpmmtad umoroaadcdwd dskatcdpspar. ABU=
tud appllatbn in tlm vW@ of ● SchwmAlld”BH& d-hod &
w ~ & le93

2 Tidal Processes around 13hic&Hoka - moti-



lntot.hbolt, thfrutianwhkhisajutd Intc$outerrqlumorttt imu,
WhM tha diskk fully wdvd [CAM)], md thaihction,Whkh runahu

intbodhk.

1A% da u primary body ●mudw bluh hoi. (BH)with&mass

of Id . . .l@Me, opdandtywithaJ@U momentum. lb modal the MC-
cmd~wut~~~wdlddtthc wwlntoamumkoffiddck+
mantsad dmulati M QBcountaof tha ncmduy ~ withthaMuckhoi.;
tMOmaa&that wQAwtkqu&tloM dmotkmiathaaUnMnod Mdof
(I)thobkkhok aad(il)thstultsdf.

3 The Method: Smoothed Particle Hy&ody-
namb
A mmatlyhtrodncd numdd tied (Lacy,197?,~ aadH,Ule,1987,
W andKoch-ti, 1089)- -M Pal?tw Hydrodyaamlu(SPH)
“8nlm*M* d’UUiptloatoShlatohGWIUthlaofg~
m-ti~uhmdtiti~ntaa~d~d~s~
of NguuJu9pUeQls, 918mant#,-iat8r@won polnt90’?pUtkk
TbaohQthowaCtd$y8t@maMhutoun Mla9nJt8mmbad8uch
dalmnts. Pb’ra Computwoaalmmhod Whh s 9nJtonumbr d &malts,
wahHtop8rform 19calmr@ng ova finltavohlmufaanrqwitly,wa
haw to tntrodua a procadm for W20th@ out bed nuct* h th,

putIc19numb’mt

(%W J(#)&wA(r- f)dr’

(2)

(a)

.

-W”



4 Geodesics
ffciency

H. Sponhok

arcnuzd a Bkk Holeand tidal ef-

(6)

whcm(So,d, S2,ns) m (c’, s’, e’, z+) o (t, r,0,~) knoto tha BoyeE
IJndqcdst-uaordhataaand k tho w af th BH w hsw MDX- M.
Fbrtho~ti wow, theconvcntkm G=c=l. pa,E, Lsnthc
rat mus, ~, anduqul.u mommtum about tho d of ~otry
pa ualt m, ~~vdy; K b Cuter’mthkd intqral: K = (al? - L)t.
Tho dot d~O* th dhrcnththm with m- to tho p- timo r,~.
WMioutrutrictioa w ad p = 1.Physkally mothtad - tht stu b
u9u.m8’dMrut in in.nnlty dbtarmo —w, ma”pu&olic” orbit:E= 1,

Tho gmdahx may bc obtsinod dthcr u the fbrmalsohtkm or by
mmrkal in~stion of th. qs. ofmotion (4) - (6). Th~numorkal

18

‘-J70-



~ddcompmuiauiand diSIW@kMl of8tummar& rotatingbkk bale

(1)Thcguduia of tut-prtick chango bythoindneaeaof thomvw
tum duts of tho opac+thnoM Wd M by th 8a@LIxmomentum of tha
MI. In Boycr.Llndquict~din~ta e.g. d the typicalradius d pmgmde
tut-~cb-orldti ~ to on. Schwarsschild-rd.lutfaran~rcmo (a m1)
rotstingBE.

-au
“..-..*-*”

.--aoc 1

-to e m 40 00

(2) Fixad ~f’oadbtmw
● EsMviotlc orbh: th gu)duic tds todnd araund tho IUi (Fig,1).

“%71”



H. $m.bob! ..

(S) A non+anhhlngsp!.n-momontuma of tho BE tits in tlw hnown

“Raxa+Drag#ng” affut; the horkm am inwudo~d on th formar

8
*1

i o “ - “ “ 8mbabo draamo”

-1 “
r -“”= ~-t”
h -8

-8
-6 0 e 10 16

r/MOu*
L--&Q a-U

5 The tickd ffdd of the SBH Kerrspace-time

(7)



Tidalcomprahn ad dhuption ofst.m nar ArotatingWcJrbcde

(8)

Fb ticSagclbwodty d tbo Cu3rdlnbtwystm Wo hav,:

(la)

(14)

(15)
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H.Sponlloh

6 Range of Application

The nonaut ~ment d gmd Aativity apddly the flht (Ncw-
tenh) trwtmmt of oelf.gravitationof the Stu IVkts b tho followhg
-dlti kr q d applkaih:

ady M tho Isngth=ti af tho star R(> AL) IJsmall compuod to tho
kngthccals oftbcmatric. Thoaxtmalmstrich a~umR4msnn
tsnsorchuuterisd byt.hofbkwin gtikngthscabm:

●ltdwmhw4turde’** .

●Mubomog8altydo:t-* .

sT=Tjmuaca19:7N~ .ls~aftho Kmr=motric this

canditbau can ha Q@ &d ban) & cam~cntc ((la)- (16))
af th Wmun-tmmr with rapt to tho usadtetradsys~:

mr’o kngth d L
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~ddtxtm~on ad (i&lWPth oistumnom ● rvtatir@bkk hole

~NOC OF APPLICATION POR TIDAL TENSOM - E%AMPLE8

Bov
AO V
Gov
MOV

2:
Mom
M 1
Fox

RGiMt ((AuP)

18.
S3
1.1
0.5

:::
6.0

16.
la.
16.

7.5
9.6
1.1
0.6
8.

%
40.
60.
a45.

8.6”I
1.2 “1
0.6“?
0.8“1
2.2”1
7.8“1
1.8“1
1.8“1
9.8“1
1.2“1

! 1.22
P 0,75
I@ 0,46
P 0.82
P 1.88
P 4.s1
,? 10.0
,7 6.80
,+ 113
# 41.7

1.6“m
7.5*1(P
8.8● 10Q
2.1“lN
2.8.1P
1.1.10’0
X7“10SQ
3.0~1010
4.a“loio
3.1“101’

b Mudabluk bdswith cutvatuwrdhu XW@~=~lL.
‘ MuhlW.af~ ~=~flb~p=l.l,~D#R@~~
d M~~dsb~w~haW.dptiti.~=0.5, rp=ZO

*-J%(*) (Af,~: SchmrnchilAdhm d th m)

6.1 ~M”cal traatment, non-ruktivistic we vs.
Geocksk, Ri erzunn-tensor

Asti~ tut let’smnapam tho dudcd trastmant whhthomph new-
tonha t!daJ fbmu to ● shsdlu ~putatkm using th lntqwd godmic,

ad ticRkmM.rl”tuMor.
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H. Sponboh

Both COllipUt&ti dmuldshowtha ssmo resultsin a ckskal, hear
w: ThoIinaum~tlvhtic onwuntar@P, H(MmH< & < rP).
In Fi& u tbaformalJ@kdaJlorbitichwll; theConlputbtlon w the
cxmct (nan=lhur) Nowanisa tidal fo-.

T’hhb 8 _P~~ with 10UIp&ticbu;thoSPH-width2h~
sPaA9tot ikn@hafthotickt~tthtti-dth~kashti
unitim inti ofthelkh~d tituMDH; the projactkm of the
lntqolAon-pointo ento k quatcuialkym i, mlugul by thoktor of
10.

ThQdmulationhNtob9annpwd dth Fig.&

1 I I

)0 -MOO o I

‘Ama’z3’:x%rA%i!-
Y’18-cl Urdcthwtm-t= bth’thmanhaumit

Althoughtha m.mbard pwlck (1OOO)k wk rutdctod,thab“
**g4voati#0*t$wtho~w Ofthaddvwmoftho

(IdBthbtiC) tidal k ud themoodtlm+ aadlqth+cak.

●
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7 Nonlinear Newtonian encounter

-Vorydwp panatmdon dthostw into tholkbebbewmdiwusd
in cnaaoctim with

● tidal Mud muclmu pmwdng d th otu’s matter (’Nucb



H. Sponhoh

8 Tidal compr-”on — relativistic c~e

ofW din*.

L,.;
-uaFiwat

40 .-”-+m-hdhm
%4.

im \*\,
~ \,\,~..,.......\,.

Oe I . .

I
i

~

MO ‘~

~ ,..

I
.“..

i.”.’

+ lbhO-Mdh19
.

-SOO-lao-loo-w o
M@Malt r.

A= Q.m ● = O.000

Figure 9: Gedm”c for vq k enuwnter. & - RR/r, = 9. Proper-time
J’enmimnarAy Ulxkgud.
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add aqirawh ad diSIW@kMldst.an near ● rota.c@ bhck hole

9 liziluence of BH-Rotation on Tidal comprea-
aion

Fbmthocampradcmdthob’tar thcreuwiduau alredybytho
rotatbwmodin9durbitafth9 Btu%Fbr~arbits, thQmMt afth
stukelooer tothemr@nal buundmldtkragivaa perihakilstmmcnan=
pamdtoa~mscc+mtdng BH. Thap~anofweral
-pruciaas -tbadmmcbd momatsaly.

Maximal. Dfchto

I ‘“y

Lo .....
! i
!, i
!: ~
!: !

1!
!:, I
!. :

.
0.1b- .

-m-loo o Im
Bg@rNdt r.

?L=l.B+w& w- Low

-8W-lW o 100
4y=7~ ~

$.-7.00, .
Figure11:IkwJw va timoaad mhthe magdtwba of tbe pd.odpal am dtie
star far tic mantntcr with the SchwunchiJd Bli (@. FJg. 12.~ = &/r, = 7.
lm Ptick)

Figure 12: Deashyvm, UmcandrahUvemagnltudadthepriudpaJmnt#tbe
staribrtbe~ amdarithtbeKarBli(@ ~. U). ~=&/Fp=7.
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H. spodiok

.
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~

,

~

-8 0 6
r/Moo8*, r-6c@

#,- 7.00,MMMIS+OO&L l.O& a -0.000

Figure13:knob- treatment fa J@rJM a = 0.8, & = RA/rp
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Tidalcom~”on and dbuptioa ofske mar a rotating bkk boJe

● Re3nph

1) SBH llfE~ = SOsl@Mo.

c Simulatkm with the came~ but Wkeat angular momentum of the
SBH(f&. 14-19).

2) EmmmeKerr-SBHJ4SH= l@A#o(~. 20-22).
A roughimpreeeloafm the angularmomentum-iriduen~of the SBHonto
the tidal procasm~ be obteinedfromthe figs. 14-10. Weident&the
avantof ● succdul disruptionof the star ae tho Ixruee of the total
aterw & abovesaro(W. 15,17,19)-d the demeee d mtrel eteuu
-density ae wellM● mmsww of theprindpd axis of the star (figs.
14,16,18).
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@oooParticJa9*)

Iadeed,thlodiwuptloa-aveatoccursb ● Schwamchlld=hde(l@. 14,
15)●mmientafkthetradtbmafthe*W throughthe parhtrom. With
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theeame Rocbe-coeff. ~(theeeme perihel-distance),butforaprogrsde
orbit (figs. 16, 17), the tidaldisruption-event happens ● considerable time
later (after the perbtmn-transition) fix M enwunterwith a moderately
rotatingKerr-BH.On● *ted retrogradeorbit (figs. 18, 19), disruption
occursa reeecmabletimepriorto the trauskionthroughthe perktron (in
all the amputations, weInterruptthe simulation,if thastaris disrupted.
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11 Tidal disruptions by a 109M0KemBH
l’k amounter of● lM~ maln=nqmawtiu encmnter with a 109M0

artremc Korr=Bll(S@.30- 22) redta In ● Au tidaldhIFtiOWeVent,
(PoeMve total ~U~, da dmity of th star,in- prindph
As.) Ia coanoctlm with tho fhelikq d AGN we M9U!nC,th~t tho tidal
dhraption -W of ttua ●m importentu fiellhg pmam also for the
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W- of the formm tit?: No d?W~tiC chu@B occur fbr IN@ iimhh#
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vke verk F& the above examplee.g. the distribution in energy and
anguk momentumis *s + * 10-4,respectively.

Forthe exunpltdescribedin (figs. 20- 22), weexpect et resultof the
tidal procesethat the debrislewe the cloeeenvironmentof the BHonsim-
ilar geodesicas the f-er star ((fig. 20). The resultinghighlyelongated
ftegment d an accretbdhk msy be 18tervery feet tramformedinto ●

circular accretion diskbagmentdue to perihel-shiftdects and viscosity
(Syeretd.,1991).

w “
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40 ;

80 ‘

t

8 48810

Figure 20: ~ajectory of the centne of mw of tbe star. PosMon of the
Scbwarsschild43Hand its ScbwarxmbihiTadhu.m~”cben Scbwarsenbchs.
Ihwhe+miEb, - &/rp = 0.42, ‘carmnkd” SpinoftheKerT-SBHa=0.998.
r, - r-b+ 0.1
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Etgeamelt T-
Mm=lOE+ooMaM# l,OMO

Figure 21: ~d~C, ~Whtid ad to:d @D@r# V& tixno. ~qrade enoountef

WM th KerrM. Rochdmft ffEM a 0. Zhjutqy (Ffg. 20,5000 Putkhs)
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