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THE L$E OF EULI?RIAN INITIAL CONDITIONS IN A LACRANCIANMODEL

OF TURBULENTDIFFUSION*

J. l’. Lee andC. L. Stone
Atmospheric Sciences Group (MS-Df$66)

Loa Alamoa National Laboratory
LOB Alamon, NW87545

1. INTRODUCTION

Gifford (1982a,b) hae ahown that the random-
for~e theor:y of turbulent d~.ffusion descrfbee
many feature{] of horizontal diffueion in the
atmosphere. In thin theory Langeviri’a equation
la uoed to calculate trajectories of tracer
particles through a field of homogeneous
turbulence. The etatintics of a large number of
these particlea are used to doncribe the dlffu-
slon of puffs and plumes. Clfford analyzed
single-particle diffusion from a point ootirce.
He accounted for rel[.tive diffusion by uain8
contltioned initial velocities for the particlee,
and his firnl re6ultn contain the effective
soulce velocity an a free parameter.

In thie paper we extend Gifford’a anolyaia
to clusters of particlen from finite-size,
finite-dur{tion sources. We uae the Eulerifin
space-time velocity autocorrelation function to
descrfhe the ntatlntlc~ of the particle initial
velocitfea. Gifford’s effective source velncity
in replaced by two new paratnetern: the ratio of
the t30urce nize to the Eulnrian integral length
scale and the ratio of the rclenRc tim..t or
Snmpllng time to the Eulerian integral ttmc
scale .

2. TNf?ORf?TICALANALYSIS

We consider diffusion in one npnco ,llmrn~fnn
y and time t. This ia n rcnaonnble npproxtmntlon
to horizontal rfiffunton in the ntmowphrrc whc,c t
in the travel time downwind of the nourct,. In
our analysfn y is the croan~ind coordinate nnd v
fe the croan-wiu,f compnncnt of ttle turbulent
velocity. Smith (1968) propoaerf that tha
turbulent velocity could be wrttten OH the Bum of
correlated and random cornponcntrt, V(t + T) M

k
v(t)R (T) + v’, where R,, im the Lngranqinn nuLo-
corre @t{on function which
time Bepnrnticm T, ILL(l) - v$ti:~:-:?yn ‘“n

—.
nnd

v’ ie n
t

rnn[forn velocity. overhnrn UQllOtP
entiemhle avcr:l~cn. Cif:ord (1982n) u8rrf thin
relntion to derive n form of Langevin’n oquntion

(iv
.lF+ 13v - n(t) (1)

.—-.—------- -----
*Th~@ w,)rk wn R lmlppnrld hy Lh’ 11.s. Army
Atmnnphoric SCiPnCOR LntmrnLory nnd Lho ~1.s.
D@pnrLmenL of llnor~y. We RrnLeful~y ncknnwledgo
llHOftll, di ~ct,nfllond with Sumner M rr, Frnnk
Gifford, nnrf Willtnm ohm~tcde.

where n(t) is tile random acceleration. Gi.fford
(1982b) ahowed that the Lagrangian autocorreln-
tion function coneiatent with F?q. (1) ia an
exponential, ~ - ;;~~--;tL), for nrbitrnry
valuee of the velocity vo. The
Lagrangian integr~l time scale io tl and P -
l/tL. A general discusalon of the ap~licatlon of
t?q . (1) to turbulent diffusion c~n bi3 found in
Cifford’@ papera and the references therein.
smith’s linear velocity relation han nlno beun
uned in Montr Cnrlo oimulntiono of turbulent
diffusion. This numerical approach in equivalent
to the une of Eq. (1).

In this study we consider the diffunion of
pnrticlen relensed an one-dimnnnionnl clusters.
These cluatei’a can be uned to construct n plume
from a finite-nize, finite-durntion source ~lfI
shown schematic.ally in Fig. 1. The width of the
source la d and the relenae time ia t .
a one-dlmensionnl v~rnion of tle %;lil;
nprending-disk plurnc modol in whirl) tho cluHtert4
contnin materlnl that in reienned ~equenti~lly
from tlw nourca during nmall time incremmntfl, nnd
nxtnl diffui4ion in neglected. I%ch clunter 1*
dividrd into nn nrbitrnry numhor N of trucer
particle~ or tnggv~! elementn Of fl~lid. Ihrh

particle reproncnto n frnctlofi l/N of the mn~H {n
ona cluntoro

The t!’njectnry of enrh pnrttclc nft~,r itH
relenno iII nN~un,cd to ho Rovornmd by Kq. (1).
The pnrttrlc di~plnremcnt y(t) c~n hO foun(! Ill
tho Il,nrnturr on nrowniao motion, e.~.
Uhlcnl,crk nnd Ornntoin (19?0), And i- ltfv~ll hY

Y(t) - Y() + (%ff~)(l---ot”)- f~-’~-”t; o~~rl(c)ll.
o

+ 8-’ i ll(c)dL (2)
()
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Fig, 1. Plume fron e Finite-Size, Finite-Duretlon

Source

clustere pase the observation point. Expectad
valuee are then obtained by everaging over the
large numbur of trialawhich make up the
enaenble. Solutione for the lnetantaneoua
~oleaaa of a eingle puff, tR * O, can “e obtained
by using only one clusterpertrial,M - 1.

Themoatimportantnepectof th!.n etlldy la
tha treatment of the oarticle initinl velor~tiee
V. in {;nlculating the eneemble averapjac from
t?q. (2). Since each particleie a tra,’nr,ite
velocity ip eaual to the local value of the
turbulent field valocity v(y,t) durl.ltr itn ●nttre
trajectory. Therefort, we eet v to the
turbulent field velocity ●t ‘Z;;l nource,
i.e, v _ .~(y ,to) whera Y. i-

8
the initial

opattaf mor inate of the patticln within a
clueter and to ie the tire.. nt which the clueter
la releaned ?rom the source. The !nitlsl
velocities in each cluuter ara npatially
correlated ovnr the nwrce width d ●nd the
volocttien from clumter to clwct.er ● re temporally
correlated over thn releane time t .

f
In our

modal thin correlation of velrw ties in
accomplished by uao of the l!wlarl~n cpaca-t~me
velncit.y autocorrol~tlnn fnnrtton whtch depnndn
only (111 thFi Hpac.n aopgr~f.f.o~l..~ ..n-ryf-the. ,Mq@
reparation r , tt~(c, 1) - V(y,t)v(y + C,t +’ I)/v’*
The mnnnhle ntdttnttr.n of the lniti~l vmlucltten
can ho calculntmd for giva~i Valw+n of d and tk if

% in knnwn. Wo aahurne that, R. can tm r@pr@-
Hentod hy f-Ctxponol}ticl n,
axl!(-lcl/14)exl)(-t/tp,) , whmrm 1, and ?tK nrn ‘ho
Kulmrlnn tnt@Rral lennth and ttmc m,nlr.n~

rnaportivoly. The Cnlcllllltnd Valllmn .)f tho
[,,ltlnlvnlur!ry ●tnttuticti drIpCIIMlUI (!/1, and
tR/tK.

ThLa ●pprnxlbatton for tht particle initial
volrm!tiaa naglacte many real ●ourca *fferts awrh
aa bouyancv md mmentum of the nourco xet~rtn!
●nd L’ha amrndynamtr fntorarttor between tho
nnurre and the amhfant flow. US aeaume there !a
a trannlttnn r*Ulnl tmmodtat.ly downwind of tho
nourr~ within Wht[’h tho Offlllent comma into
aquilthrturn with cha rurhulenro 1n the
atmompllorf}. The :wlmultn o f thin (henry ●pply
downwtnd of thm trnn~ition roi; lno, ●md the ●owrre
Oluo d tihuuld tm rrgardrd nn ~he wldtll of tho
plume at tho cd of tlw trannttlnn ~aKltMi.

In rnlclllattnn t.nnemhto nveranma An
d~ncrih~d ahova ‘W acn~ime t hat t 11P random

perticle acceleration ~(t) are statistically
independent for each particle trajrrtory. We
account for inter-particle velocity correlation
when we aaelgn the particlo initial velocities
v but we do not explicitly account for these
i~;er-particle correlations when calculating the
particle trajectories. This in quite different
from the claenical approach of Ilatchelor (1950)
and Brier (1950), ir whfch relative diffusion is
described in terme of the tWO-ParLiCle Lagranglan
yelocity correlation funct ion R2L(t,~) -
vl(t)vz(t - T) /T where VI and V2 are the
velocities of two different particles and
O < t < t. Batchelor derived a kinematic rela-
tion for the mean-equare aepar&tion of a pair of
particlee in terms of ~ and R21,. Thie relation
ia exact, but it ie very difficult to apply nince
R21, ia nn unknown nonetatiorwry function of t and
‘r, even for at.~tionary homo&eneoua turbulence.
In two racent articlea, Sawford (1982a, b) haa
ueed thle approach to obtain numerical aolutiona
for the reln!lve diffusion of pairs and clusters
of particlea. Hia reaultn are dependent upon the
agaumed form Of R2L. It ia eaaily shown that our
model producen a two-particle correlation func-
tion of the form ~2L(t,t) - RE(6yo,())eXP(-t/tL)

exp(-(t - 7)ltLj where ~Yo is the initial
particle eeparatlon. Thin form wna suggested hy
Itrier (1950) and was diamiseed by Sawford (1982a)
an being phynicnlly unrenlintic. Nowever, an we
wfll chow in thie papnr, it lends L.Oreaaonnhle
reflultn that are in agreement with many of tho
known characterieticn of relative diffuninn.

Math@mnticnl dotntln of the nvcrngtng
procenn doncrthed nhovo and gonernl noluttnnn for
2 < N < - are prancnted in Leo nnd Stooc (19831)),
The clnnriicml two-pnrttcle diffunlnn ro~ult~ rnn
be obtained by ●etting N - 2 in the gonornl aolo-
tiono. Were co preaeot the aoluttonn for tho
limiting caee of N + - which in tho approprinto
limit for application to plwrnen and puffn in tho
atmonphare,

Tho dieplncamant atnttaticn whirl! wo will
cnnfiid~r in t’ltm pap~r are the rnlntlvo diffu-
atnn, the Mnndorlng, and thll totnl diffllntl)ll,
Th@ rwlntlve difftlaton Ur jN dofln~d n~ 1110

expected va]ur of thm atalwla’rd devtntlnn 1)r tho
dlaplar.emonta uf tho pnrticl~n to A rl~lntor
r~!ative to tho (.antrntd of the clwater, Thin in
equlvalmnt to tlw axl. mrtd value nf tlw ctnndfird
d@ Viati OO Of rho ~I!Ptsn LA!leo!~rI ronre; ltriat lon
dlatributiom. The menndortng ur ia defined ari
th~ oxpm-tad value of tlw etandnrd ‘ deviation (>f
th- dtnplarmmontn of thr clwntar c*nt.rotd pont-
ttona rclattva to ths mvarage centr,l~4 pnfltt toll,
where the “averafim” rentrold pnl!ttlnn refern to n
partlnwtar Irlal of M clumterrn. Thin fa
●qutvalent t n the axpeetbid VAIUII of thm “half-
width” of thn snvalop~ of p I Ihmbi eoutrotd pont-
t tnnn that WUU]d he ohnorved Itlrllltt nn
alperlmpnt . ‘t’he total dtnporatnn OT 1* dot’ino(’
hy tlw unuql rqlellqn fnr th* awmmnt (on o r
vartmncnn, cl~, - “~ ) !J”; Thin d~rilltt toll nt
ia ●~utva]wnt to tl,~” oxpa~,tnd

o*
Va 1110 0 r the

●tandtttwt dclvtat!oli (): t ha tlmo-avertiuod
ron!,ont rat {on d!~t rltlllt tIJII tttat would IICImoaniirn,l
hy n rix~d array 1,r ~amylnrn dwrinu nll
bbxpprlm~lll . th)th (t

f
nn!t o , (Ilspmlld tlpl$n tho

av@l’#1(! ttJt t Ima Wh !,1), rl~? H pllrl Il,llll!r
enpm.iment , id Pqllli] 10 1110 llnmpllll~ tlmo t!; 1)1



the releaee time tR. If tR > tq only the
material released during a period bf time equal
to the eatupling period t will be observed. If
t~ ) tR 7the samplers w 11 collect material only
durin~, a periad of time equal to the releaae time

‘R”
Therefore, the shorter of these two timen 16

t e appropriate averaging time and will determine
the values of ‘C and oT. In the remainder of
this paper tR and t$ will be used
interchangeably.

The theoretical reaulte are preoented in
termo of variance

‘hfi -d~;~*~l;;i ‘;nc);~ewt;;ib$~~defined by X
the varianco of the ve ocity
field and t

1-
ia the Log\ aneinn integral time

ucale. The theoretical plume eolutione rrre given
by

L; - ~j + ~ - (l-e-T) - (~,2)(1-e-T)2 (3)

(1-F)(F/2)(1-o-T)2

z~-x~+r- (1-e-q - (i;/2)(1-c-T)2

(4)

(5)

Wo hnve neeumed that the initial spatial
rlintributtorr of particles ia unifnrm over the

eource width corresponding to a “top-hat” con-
centration profile. Therefore, th~ dimenolonleoe

Rive” by ~jevia~ion of

etfindard the plume at the source le
- D /12 where D in th

eourcm ;id*.h, r)- d~2%q}’!n:iOnl:,:
dfmenaionlenn parameters ? ●nd R raoult ~rom thd
Oplltinl nnd temporal nveraging, raepectively, of
tho pflrticle initial velocitlnn. In gener:ll,
thry nre functionm of N, d/i., tR/t , and tha

ffunctional form of the f!wlorian npace-t ma auto-
crrrrc’l~tion f~lnrtion. For N + - and an axponon-
tlnl npare-tim- nutnrorrelntion ~unrti(ln, they
y-ro given hy tho relnttonn S - F(d/L) And
M - F(tR/tE) whore tlw fdnctfon P ia KtvRn try th~
rvlflt(~;t]

G~ 0,5

-------

‘-”’-—-----J

Equations (3)-(6) illustrate some inter-
esting propertied of atmospheric diffuairn. The
total diffuelon XT dependa upon the spatial
extent of the eource d/L and the temportl extent
of tt.e nource t /tF in a symmetric manner through
~h;tpar~te;s,~a~da~.(r~f d/L+ -(~=0) or if

t?!. ~5)dropesou~and XT <c~~ath;q~;t;;rmt;;
claeaical Taylor diffua on reeult for an exponen-
tial Lagrangian autocorr~lation function. For a
finite value of either d/L, tR/tK, or tS/tE, the
total diffueion ZT 16 lesn than Taylor diffusion.

The rqlative diffueion LR dspende only upon
t’he spatial xtent of the ao~rce, d/L, through
the parameter ;. For d/L + - (S M O) the initial
velocities are not spatially correlr!ed and Zy ia
equal to Taylor diffuaiorr. For d/L + O (~ h 1)
the initial velocftlee are perfectly correlated
in npaca and XR ia leas thnn Taylor diffusion.
The parameter d/L will be very mall for moat
concentrated aourcea in the atmosphere, but it
may bs of order unity for area aourcee.

The meandering xc vanioh?ri khen d/L + -
(~ - O) since we t.len have Taylor type diffueion.
It alao vnniehen when tq/tE + O (R - 1). Thin
lattar renult ariaea from bur definition of XC RS
the meandering of the plume ceutrofd about ita
average pomltion for a particular trial or
experiment. Tn termw of h eampling array, thin
●fmply meann that the meaaured plume width XT in
equal to the actunl plume wtdth r,~ if ts + o.

Thn inatantnnnoua relearra of puffn
corresponds to tR/t

F
.. fJ (i “ 1). Hownvcr,

becauae of the wny ~ in defined, Eqn. (?)-(5) do
not r~duce to m useful form in thtm limit. For
puffa it is ruora uaef,l! to rlcftne t.ho meanderlnR
of the c~rrtroiri r?latlve to t\~e nxin of thm menn
wind, y - 0. Ui”’} thin modifirnttnn, the aol{t-
tioua for tl~ntantanaoualy r01*8aod puffn may tre
wrttLen nri

(~/~)(l_,,-T)2

(7)

(H)

(9)

I
,*!A ., .4-- I
2 4 6 6 K)

t

Fl~, 7. !hlul’(’d I!ol’1’eldt !011 Fillil’t toll

ah pu~fm, ttllll. ( 1) *,1.1 ())4



.

reference frame, ie discuseed in detail by Lee
and Stone (1983a). We have done extenafve Monte
Carlc celculationn and have found very close
agrenentt between the numerical and analytic
results. Detafl ‘ the num,rical method and
comparisons to a[l,. : resutls are preaanted in
Lee and Stone (1983u. ,

3. RESU!,TS

The solutions for ins antaneoualy releaaed
puffs or for a Continuous I Iume with a large
sampling time, tS/tE + a, ~re shown in Fig. 3.
We hnve plotted the growth of the etandard devia-
tion Z relative to the inittal value Z. aa a
function of the after releaae T. The upper curve
i. the total or Taylor diffusion ET from EJ. (9).
The lower three curvee are the relative diffusion

% from Eq. (7) for a ranga of source aizaa
indicated by the parame~er C - d/L. Reference
lines with alopen of 1/2, 1, and 3/2 are shown
for comparison. The total d ffuaion increaaea

)like ‘1’for T < 0.5 and like T1 2 for T > 3wlth a
transition region between. Tha relative diffu-
sion curves S:IOWregions of accelerated growth in
which ZR increaaea more rapidly than T. For a
point source, d/L+ O, th

a T$2
accelerated growth

region in of the form Z for 0 < T< 0.5.
For d/L > 0 the init~al growth fa linear In T
followed by an accelerated growth region out to
T * 1.0. The region of ar,elernted growth
becomes amallcr as d/L increaecs and virtually
dioappuaro for d/L > 1. These reaulta ● ra in
guneral ●greement with Bachelor’a (1950)
similarity theory for two-particle relative
dlffuaion in the inertial eubranga.

10 I , I , vIll, 1 1 I 1 117,1 , , 1
““J

001 01 I 10
T

Fig. 1. t)tffualnrr nf Puffin and Pll,mma
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Fig. b. Ratio of Relatfve to Total Diffualon

alno represented by the curves IQ rig. 3. Thin
can be seen by lettin: d/L + O (s - I) in Eq.
(5) and comparing to Eq. (7). The lower three
curves in Fig. 3 give the total diffusion XT from
Eq. (5) for a renge of sampling times by aatting
tq/tE = C. The ~,.er cur-~e ie the l~miting value
fhr tS/tF + - (R - O). The apparant accelerated
growth of’ZT reflects the incraaaing contribution
of z the anmpling time dec~-oaaea;
i.a. ~q~~5~{e~~ea more like Eq. (3) aa R + 1.

Figure 5 ia a linear plot of the total
diffusion, relative diffualon, and meandering for
puffe and for u contlnuoua source with a large
sampling time, Eqa. (7)-{9), for d/L - 0. It la
aean that X > Zq for T ( 1.

~
For T > 3, tlla

meandering ecomea small compared to thn relattve
diffusion and approechea a constant. The
ralative diffusion in, effectively, ju~t
diaplacnd below the total diffusion for T > 1.
The accelerated growth of thn relative diffuoion
which ia obvfoua in Fign. 3 an,l fI in difficult to
aec on thin linenr plot.

1,5 ~-l---r -- r---r—--f-----r-’ -?--y--l —1—Y--I---I

--—
—-..
—.—.-.

d/L~O
10

w
~

IUTAL 01FFU90N

RELATM!OIFFLJSW4
MANOERINO /

/
,*

0
/

/

/

/
/

/

/
---’-”—’-””- “

.<.: ~ . --“
4

/

/-” 2.
/. /

./’ ~
/

0
OIL<J-.. . . 1 . A–.-*. .1 _.- L- k A . . 1 I

o 1.0 2,0 340
T

FIR. ‘1. Rolutionm for a Point %urc(~



of eampling times t ItE.
f

One implication of
Fig. 6 is that a sampl rig time Of tS * 3 t ie
required Rto measure a CPM ValUIJ that ~11wit fn a
factor of two of the long time averaged Taylor
value.

too ,, ! -~

dlL*C)

‘“ 7

I

Fig. 6. Instnntnneoun-to-Mean Concentration Ratio

4. CON(.LIISIONS

We have obtained simple aralytic aolutiona
for relative diffusion and meandering of puffs
and plumes oaaed upon the random-force theory of
turbulent diffusion. These aoltitione sasume that
tho ‘~itial velocities of the tracer particles
are identical to the turbulent field velocities
at the oource location. The rrprttial nnd tempornl
torrelfttion of thene velocities are, therefore,
determined by tbe t?:,lerian space-time nutocor-
relntton function, and the npproprlate ennemhle
nvOrn~PR can he cnlctllnted if thlfi correl~tion
funrt Ion {s kl.nwn, Thefi@ oolut!ono exhibit many
()f the knnwn fcnturos of rel~tt”ee diffwritnn nnci
nrc in Roncrol ngrrcmont w(ch sim(lnrtty tllenry
for tlwl lncrtinl n,, trrflngt.,

Our nol~lt tntlfI nro prc~entcd fil dfmen Nlonlo Nn
form Mnd nrv nppllcnhlr ro rtlrk,lllcnt rt{ffunlon on
Irny rrrqlo. To ripply thono rcHultn to nctttnl

nxprrlm~.nru, tllo nul~nl tudr o r the I!tllorlnn
I ntegrfil IeflHt)t rlcnlc L nnr! C))@ l!ulorl~n nlld

tigrnngln:l Intogrtil t!me tw:nlen tv and t
k

rnunt
ho kr,own. ‘h me Call h{, rlaterniinoj on y from
exrmrimentnl dat~{. In n compnnfon paper, Lee and

Stow (1983*), wa ptwnont n method for relntlng

r,, tO tK W[t L. Ctffotu”a (198LI, h) ●nnlynin of
IOIIR nud nhnrt rnnRm dntn .Ugg,rINLm that, for

I,urltontnl ,I!ffun nn fn *IIQ ntmnrnpherr., tl in ,,f
tlm orfk. t !of l!) no:. Thltr in mleh larrier than
~ho generally acceptmd VIIIUO cf r,l,nnd hntIled
(:tfford to mu~flent thnt very l~rgm ucalen of mo-
tt[)ll Ilholllrl 1)0 tteMlnd an t[,r}),llo,lre in Mndoltllg
Itorlzont{tl atmonplwrtc dtffualon. Ilowowr, lhtm
lenvem unnrnh,orod tllm iml)nrtntlr prnrtlrnt qll@n-
ti{)!l !~r hnw to mnko A nopnrnt lnn titwmmn the menn
wlll(l nnIl t tlrl)lllon,.o f 11 modol[nR trnnrnport nnll

dlrrllnll~ll.
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