APPROVED FOR PUBLI C RELEASE

£

CIC 14 REPORT T OLLFCTION

REPRODUCTION
COPY

0
o~
<<
©
N
|
™
o

LOS ALAMOS



ABOUT THIS REPORT
This official electronic version was created by scanning 
the best available paper or microfiche copy of the 
original report at a 300 dpi resolution.  Original 
color illustrations appear as black and white images.

For additional information or comments, contact: 
Library Without Walls Project 
Los Alamos National Laboratory Research Library
Los Alamos, NM 87544 
Phone: (505)667-4448 
E-mail: lwwp@lanl.gov



APPROVED FOR PUBLI C RELEASE
T T wevswwes iy

_.13_ pages.
INTEGRAL DIFFUSI O PROBLE“'S

.By S.P. F:anke] and ®, Nelson _ % -
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described by the integral equation:

Sm
* < 4 @S

F (%,4,9) = 'dV'S ds o (v,v!) o™ (1v1) P(F=sF/ 11, t-s/rvi, ¥1) (1) -

2 X . . . bcd . Cf)@*

waere £ (#,4,7) is the density of neutrons at tirme t at position T and of velocity STy}

hY)

v per unit volume per unit "velocity volume";07(\v!') is the probability mer }; (:‘)
unit path length for the occurrence of any type of scattering process to a 5 F
00

nevtron of speod !vl. OJ(?,;') is the probability per unit path length per é é
: = : ~> " o
vnit velocity volume av that a neutron of velocity v result from a scattering g )
- (3]
or multiplication process suffercd by a ncutron of volocity v': s the distance . .

from the point r to the position of the scattering or multiplication process.

Tho range of s is from zoro to ga, at the boundary of the medium, If tho
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Per EM,

medium is not homogencous,ov(;;,y‘) a.ndcl(\vl) may a.lso‘bo functions of position.
™o approximations hé,vo. beon used to make the integral cquation more

tractable: The ncutrons have beon trcated as monochromatic, and tho scattering

and multiplication as isotronic. Corroctions for the orrors introducod by theso

simplifications. arc discussed bolow, For monochromatic noubtrons tho magnitudo

- of the veldeity may bo takon to be unity by suitablc choice of the unit of timo.

For iso’mpic scattoring and multiplication of monochromatic noutrons T(lv') and

(7,7 l) arc constants, and will be written as T and (1 < f)f/hﬁrospectivoly.

Ecreg'is the total cross scction for scattering or multiplication,

0= Gy 40y K

£ =0pfpy (/-1)
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process., (1 + £)9 /UiTis therefors tho meen number of noutrons leavi®ig tho
scene of a collision per unit solid angle. The usc of these approximations
(’.!.oponds on the choice of an appropriate average cross scction and volocity.
The methods of determining these appropriato averages will be discusscd in

scction II. With thesc simplifications the integral cquation (1) 1s best

writton in torms of tho total donsity, f(r,%) =fdx7f(1’~’,t,?’r). UNCLASS”:IED

= 2 ) 5 = S5 9
P(R,8) = ._‘,;.1,"__"___.2,. 1+ fe ) r=rtl P(x!, t=|r=r') (2)
Fay LT

The time dependont solutions of primary intcrest arc thoso of tho form?(g?,t) =
S 4
f(r) Oo/t, in particular the highostg’consistent with tho gcomctry spocificd
5
(corresponding to the positive definite cigenfunctions f (r) ). For such

cxponontial.ly time dependent densitics the integral cquation takos the form,

P = (gf%_‘-- 1 rg o~ T o) (3)
Jlr-rt|2 gy

As here written, qquations 1 to 3 apply only to homogencous media. If
the body considered is of two or morc parts for which the total cross scctions
arc the same but differont multiplication propertics thon cquations (2) and (3)
arc corroct as written if f is understood to be the appropriatc function of -
position., If the total cross scction slso changes from ono part of the body
to another thon the factor g in tho intcgrand must also be mado space dependent
and the oxponontial factor rocxpresscd to take account of the variation of o
along the path—;; to _17".

If there is only onc medium, cquation (3) permits a similarity {rans-
formation. Changing thc scale of length so that * =dx changes (3) into an
cquation inf’ (;) idontical with (3) oxcopt for tho roplacoment of tho factor
(1 4+ f)¢vy (L % ey, (o § ) owelopfy) ond tho zeomatric spoeificotions-radius,
side, cte., ~ multiplicd by a factor 1/j.. Thus a solution of (3) for a
speeificd size and valuc of f,7, a.ndé/implios the oxisicnco of a solution for
the samc valuc of ¢“and for a now size, f, and §7 sug}},jﬁ);%tho reciprocal radius

S

i %amc factor,

PSS

(or side, ctec.), (1 + ), and (¢

UNCLASSIFIED
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Jney alwoys be token to bo unity by o suitabls choice of tho unit of longt'ﬁ'?”‘%

B. Tho Character of the Solution in tho intorior. UNCLASS'F’ED

A difforential oquation which apnroximates %o tho requircments of
the Intogrnl cquation (3) in regions far removed from any boundary or intorface
of to diffcront media moy be found by taking ° to be a solution of thg{,wo.vo
aguntion (4 +k2))°= 0. (Hore strictly by oxpressing f, os con always bo dono,
in torms of such wave cquation solutions., It is thon soon that only onc valuc
of k& can ontor.) Thc intogration on ~17" is then carriocd to infinity with
constont £ and o,

As tho genorol '"wove function" (the torm will be uscd throughout in
the sonsc of a solution of tho cquation (O 4 ke) f) = 0 ) can VYo built up from
plonc wave solutions ond the koracl of the integral cquation is sphor’ica.lly

symmcetric and lincar, it sufficos to usc any onc such, If then

' . 1 (oo . .
ofKT | orte1 g £ lap  ar o™l T EIT i
Hax 1o

. /1 .
(Oo ar (T 4§ )rg ds ot EAT

St 5 1

00

=g {1+ f) ‘.1_1'«.2—(0/*5/ )x sin kr = ¢'(1 + f) tan™ (W)
o kr s o/_l_-_&

or for a hyporbolic wovo function, olm,
-1
1= 4(151£) tenh 1 (41)
x e

. o=l . . e .
Expanding the ton ~ to two torms givos an algobraic apovroximation to this rolo~

tionship dctermining kfy from f and §/4 .




APPROVED FOR PUBLI C RELEASE

Evalu"lfi'ng 1'2/0/ for the critical case (é}- O) and for, sar, £ = %-! bﬁé%“”g’é‘“’af’""w”‘““"“

cyvations (4) aand (5) gives kfs” = 1.45 and 1.000 rospectively. The two torm
cxpension is thus not suffieiontly accurate. (As is to be oxpcctéd sinco in
this renge the power scerics is not convergent.)

Still anothor simplc opnroximate cquation is thot of Wslomentary Aiffu-

sion theory." Troating the flux of noutrons as in olomentary kinctic theory
givos: ~lyv a5 ff=y £
3
N2 )
(x/y )™ = 3(£+ &/ ) (6)

which is cquivalent to cquation 5 for critical cascs and small f; for non-
. critical cascs (5) gives a valuc of k which is cqual %o the k of (5) dividod .

by the squarc root of 1 & ¥/, .

C. 3Boundory conditions for an aporoximetc analytic solution.

‘ The reploccoront of the integral coquation (3) by the wave cquation
with its scalo factor dotormined by cquation (X) gives quito accuratcly tho
condition on the form of the ncutron distribution in the dcop intorior of the
body and a fair rcproscntation cven closc to the surfoaco or interfaces, but it
doos not provids a boundory condition, If the wave cquoation is uscd to spceify
the form of the solution thruout tho interior or the intoriors of all tho
soporate reogions involved, the rcquirement that the wavo cguation solution
satisfy the intcrgralchuation at the surfnce supnlios a bowndary condition,
As the intogral involved is difficult %o ovoluato, cven for the simplcst wave
fugctions, it is convoniont to approximote to tho integral by treating tho

boundaries s plance and roplecing the wave functio® by the corresponding plano

wave, Thus, for oxomple, in the problem of the untampod (homogencous) sphoro

tho solution is (sin kr) 6@? wﬁ Dk ﬁ*%ofﬁ%lald%yR%l@%Sl%?; (}‘L_)_’,rf-;mmd the radiue
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L { W

f
. i
si1 ko = 27 1+4f ] dah \dre’t‘ﬁ‘*i)r sin k (a=~,%)
)
t

J o ool
. . ~(5 +¥)r . »
L=y (1+6) 'Q,’a‘_ dre (cos Fv —cot Ko sin k/'r)
5 \
uOoowo
/
4
. [ -1
= (1 + ) )\ 1 ten®™ ¥ - 1 cot kaln 1+ w}_ge_m' \
3 )k Ty ok (o +¥) /
\ 2
2 S WP ¢
tonknz 9 (1 4 £) In 14 ~In (1 + 59 \
= SRR o o
ey

In the nroblom of the tamped sphore the body consists of o sphcriéal core ‘;n
which multiplication occurs; surroudded by o spﬁorical sholl of material (the
tomper) for which o moy or moy not have the samp value ws in tho corc.zmd for
which £ = ¢, Thon in tho core the solution hos the form (sin kr) /r and in
the texper (sin (V'r- }/T)or (sian (B-k 'v)/r} ns & is negativo of positive,
The phosc of the ein or sinh at the outer boundary of the tamper is dotormined

by ogquation (7) or tho correspo: 1(11“:* con dl‘blo‘l for tho sinh:

L—
tan (% "b-B) = -11 (1 +("" 3_ ]

<¢:Tfr"~
< i
tonh (B-k'b) = ~In { 1= \&+ )/
2 tonh™t k! 1Y)
Tty

whore b is the radius of the outor boundrry of the tomnor. k' is dotermincd

bv qumtlon 4 or U, uesing the tomps v volue of ¢, on assumod </ and. £ = 0.
Thisz, with o spocifiocd tomper thicknoss, dotormincs the »hasc of tho tampor
solvtion at tho innor surfacce. The nhase of tho corc solution, henco tho éoro
fnrlius, is thon doternined by an cquation similar to (7) vhich cquotos tho

common vrlue of the two solutlo.zs at the intorface to tho sum of tho two

contributions to the integry]
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/ < / R i e

- { ( kx ) ( [ x 2) %ﬂ
b Xk :%n 12§ -y = cot (k! a~B) 1n (1 4+ \ & +.&

- tan—t It

THY X

4|

/oy ) 2
= eoth (B-k'a) 1n |1 -( Py 4 P NS,
tonh™1 k!
gy

The crrors of this analytic approxzimation method are confined %o

s1a0ll rogilons around tho.boundrrics. Thoy arc thus groatost for small untamped

spheres and vanish with increasiﬁg corc and tomper thickness.
The boundary condition consistont with tho assumptions of the ‘ ‘

clomentory diffusion theory is the continuity of the donsity and its doriva-

tivo divided by +~. This requires the vaaishing of,f at tho outer boundory

which is at variance both with the analytic approximation and numerieal

results. Tho offsct, tho distance from the boundary to the zoro of tho (i

analytic éolution, is one half mcon frec path for a critical tamped sphore or N

for aa infinite untamped spherc and approximately onc haolf for finite sizo

and Y ¥ The olomontéry‘diffusion theory is thercforec roosonably accurate only

for radii very large comparcd with a half mean froo path. . \\ |

Sonc results of the threo methods of calculations which are of

intercst arc:
) radius el.
anal. numer., diff.
%, & = 0, untampod . 1.80 1.73 2,57

H
i

f =2, i =0, tampor thicknoss 2 1.31 1.34 1.60

e’}
1
X
0(.
]

0, infinitc tamper 1.07 —— 1.28

D. Tho cxact solution of the integral cquations.

Since tho integrrl cquation is linear and homogenocous a solution can
be found by successive opplicntion of the integral oporation to an assumed trial

function, The agssumed trial function will consist of o

<
-

cigenfunctions of the cquation. The fundamontal‘quééfgéégésponding to tho e
e F f‘:./ e . -
Vs Pt

tains sinfnatien alfanitgor

_svporposition of

\

e

highest oigeavalue, will pro

* In error; Cf. LA-8.
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Since the Ffundamental is the oaly solution which is overywherc positive thoro
is no donger of choosing o trial function which contains it only in small
part., For a spherc, tamped or untampc&g the integral oquation (3)‘by doing

the angular intogrations, can be put in tho form.

! « 7 ulr') {:E(r~r‘) - B (r+r')]
/ - Yo

-

w(r) = re(r) =(€N 1
’ ]

ot

R&)

Whore EX) = Jﬁ‘ oY dy

’ x ¥
For o ¢ernol of this fypoc, consisting of tho sum of two torms which for
diffeorent r volues diffor only by o dispiacomont in r!', tho intcgration can bo
carrictl out aum orically with éomparativo casc: This easo of intogration
permits the iteration to be continued until any desired accuracy is attained.
By this mcons ¥ was detormined for o consideroble numbor of choicos of f ond
the inner and outer radii, By comporison with these oxact solutions tho ’
asccuracy of various onalytic approximations considered has been ascortalned.

Work is in progress which it is hoped will load to an exact anélytic

solution to the problem or at lcast to a better analytic approximation.

Scction II. The Evaluqtion of the Physical Constants

In probleoms in which the slowing of the ncutrons or the inhomo-
goneity of tho noutron spoctrun is significant this inhomogencity can bo
tokon into account by treating the ncutrons as soparated into two or throo
phases, tho slowing being ropresented by transitions from onc phasc to another.
Thase problems have beon treatod by Serbor using olementary diffusion theory.
This samc mothod can be applicd to the intogral troatmont.

If the scatteoring of the ncutrons cannot bo troated as isotropic the
intecgral ocquation (3) must be modificd, There will still oxist a uniquo wavo

function solution but the dotermination of ¥k will dcpend on tho details of tho

angular distribution. In thc limit 0¢c§g§¥}




APPROVED FOR PUBLI C RELEASE

o ;,:i;://z —:'

":":::’;:‘—’f__," __,,.—-ﬁ"“":—;‘ «««««
3 Y ’/_/
as the tronsport crods~scction (l-cas$)q (@ )« ~ If k is comparable with

wity ocquetion (4) nay be roplaced by:

1+ { = g™l K - G ) (1 - ton~l A
T+ ¢ T TWEEY v
1- LG 1 - ten™ )0
VY G
WAk y) 0
whc%e}{ = k% arid oy and 7, are tho first two Legendre coofficionts in

TT =)

the scattoring cross-soction, Similar cxtended expressibns cait bo used if
the higher legondre doefficionts aro siganificant. Thesc oquations arc dorived

from tha oxoct solution:

w v
i “n O < ~ j
s v (M) = ) A 02’6//’"/ (1+£ )
1=0 T AP ' a no
T - Y kA 1= 0 5%+ 1 -

whore the n's arc the Legondre cocfficionts of the angular diséribution of

tho noutrons.
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Thae determination of the critical mass of o fissionobleo &

thic rate of growth or decay of the ncutron distribution in a non-ckitical

¢ anount of the nateriol dononds on the solution of an integrel oquation.

‘f)(l‘) = { ar! 1l - f a1+ —-(.7.— ...(';':; ‘.r...r'l '(rl)
Aol —riie I T ’f

(a)
tero 4 (x) is tho donsity of noutrons at tho noint r without regard for
&irgction nf motion.';r is the rcciprocal mean free path for any type of
cnllision, scattering, capturc, or fission., It is horce assumcd that all of
the scattoring is isotropic and that all cross—soctions arc indepondont of
velocity. The fact thot tho actual scattering is notisotropic can bo taken
into adcdount by introducing for the scattoring cwoss-scction an apnropriato
dvorago value. The naturc of this averdging process is discussed in soction
iI. Siniloarly it is to be assumed that oll nouvtrons have an appropriate ncan
volocityl The above intogral cquation opplics only to tho dominant solution of
ho tino-dependent integral cquation, that solution which 4ncressos nost
rapidly or decrcascs most slowly in tinme, with the time dopondohcc oéft. t
is hore neosured in units such that éﬁc volocity is unity. 1 + £ ropresonts
the nultiplication of the ncutrons per collision, thus for cach necutron colli-
sion a nean number 1 + f ncutrons cmerge. Tho nbove cquation is obtained by
equating the neutron density ot cach point to the sum of the contributioans to
it from all other peoints, taking account of tho attenuation duc to scattering
and the change in $ino of the scalc of the distribution.

Thc simplest approach to the solution of tho < ocquation (a) is to
usc tho a@proximation of clomentary diffusion theory, tho assumption that the
noutron dongityr chongos very slightly within a mean free path and vory slowly
with time., With this opproximation the inteogrsl cquation is roplacod by a

diffeorential cquation of the form:

(o K)Aa0 K = 3(f -

obtained fron a continuity %ﬁ%gé“.
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cnnd.ifion conaistont with this trov.tnonﬁ{ ie tho assurption _
* boundary tho noutron (_ldnsity vmisﬁos and that a1;: ang- intorfaco of two typos
of ratorial tho donsity and flux is coﬁtinttous.

¥ith this opproxiration the efitica’ radius con bo foundi For f w3
Mich 18 consistont with prosont k:now‘lodgc of tho physical constants involved,
tho critieal rodius for a nokod sphore 18 2457 necoa froo upaths. S0 snall o
rodius 48 dot consistont with the osmmp’tion of o slowly vorying noution
dletribution, Ihoroforo; no¥o a.ccﬁra.to nothods of solution arc roquirod.

A bottor approxination to tho intogral oquation is obtainod by
assuning that tho noutrén distribution is o wave function solution, ol¥X op
01”"‘“_,.’0.116. ovelunting k by substitution tn tho intogral oquation, (assuriing tho

boundarios’ infinitoly for fron tho rogion considorod.) Thiis gives for k

14 Yo = tm}"l kfr+y  or tanh™) k/o +&  rospoctivoly. (e)
l+¢ kfor + & kfg + ¥

The value of k so dotorninod gives vory accuratoly tho shopo of tho noutron
" distribution in tho intorior, holding good to within nbout o half a noan froo

path of tho boundary, In the 1linit of small k tho abovo oxprossion roducos to

X° - 1+ ¥-)2 (£-0 (a)

In tho 1irit of snnll f and & this roducos to (b). Wpilo for large k both
(d) and (b) aro guito wrong, for srall k (d) is noro accurato than (b),
particularly if f and & arc approciablo.

With tho intorior bohavior of the solution dotorminod by (c¢) it is
only nocossary to find an appropriate boundery condit;on to havoe an analytic
approxzination to tho solution, Tho boundary condition that has boon usod is
the roquircnont thot if tho intorior solution bo continued to tho surfaco it
thoro satisfy tho intogi‘al oquatioﬁ. This loads for n t:mical untanpod sphoro
to a sino solution venishing about ono half -can froo rash v'ﬁb%tho boundary.

8inco tho intogral ogue

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

solﬂ&ion‘can bo found by itoration. A trial function is ossumod™wnd
gral oﬁaration applicd ropoatedly until tho succoasivo approximants to P différ
only by a constapt foctor. Tho intogral ovcralor for a sphors ean be put into
~ nurorically convoniont forn so that the intogration ~an bo carried out with
coigiderabloe aécuracy. This process has boon carricd out roughly for nany
cosos ond consciontiously for a fow cascs and provos that the analy£ic approx-
inmation proviously discussed is roliable for both tumpéd and uvntempod sphoros
to about .Oi in ¥/,

Tho aprondod curvos give tho rosults of this analysis.

In ahy porticular casc of 1ntofost for o tanpod or untanpod sphoro ¢~
con bo dotormined with groat accuracy by numoricel intogration using tho
caalytic epproxination as a first trial function.

It has provod possible to find oxact analytic solutions to tho intogral
oquation for tho untanmped or infinitely torped half-infinito slab. It is

hoped that ‘tho sano nothods nay load to oxact solutions for tho sphorical

prodlons.,
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