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A.

WJ-LS;Y.!.7::;”.$27Y:.2u,+,?.7%.:9W-,p!j.~

?Cilll?.tions.

!ThediffU.SiOil,multiplication, an

described by the integral equation:

)(:jt,~) = ‘m@I
~

u’s
o dsfi(;,; f)e-~ (Ivl) f(;.+[vj, +s/lvf, ;!) (1)

%$
whereJ’(3,t,3) is the density ofneu.trons at tine t at position ?and of velocity ~~~1

? per unit volume -perunit ‘velocity volume~~;~(\v~) is the probability per

unit path length for the occurrence of any tjjpeof scattering process to .a

neutron o~ speed Ivl. ~(~,~!) is the nroba%ility per unit path Iength per

unit velocity voiume d; that a neutron of velocity ~>result from a scattering
+

oi-multiplication process suffered by a neutron of velocity vI; s thedistance

from tho point r to the yositioilof tho scattering or nultiplfcation process,

~h~ range ‘of s is fron zero to ~ at the l)ounde.r~of?the medium. If the

mccliumis not homogeilcous,&(~>,~71)~nd~(lvl) m~ also’ho functions of position.

Tvo approximationsh&o bcon U.SCCIto malkcthe integral cqu.ationmoro

tractable: The neutrons have 3con troatcd as monochromatic, and tho scattering

and multiplice,tionas isotro~ic. Corrections for the errors introduced by thcso

simplificationsarc discussed IJC1OW. For monochromatic neutrons tho magnitudo
~

of the vclbcity my bo taken to bo unity by su.itablcchoice of the unit of time. I
For isotxpic scattering and multiplication of monochromatic neutrons%d) and ~

r(7,-j7!)arc constants, (i’and will bc written as’~and (1 + f) /4firospcctivoly. ;
1,t

I+crcv”isthe total Ci’OSSsection for scattering or multiplication,

. ‘.

.whorc>)is the mc~annu~~bcr

(,

f = O_’m/f (y-l)

.,.
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is

(1

the mean incroaso in the neutron population por multipl~-a~i~ -
-——— -— —~ ‘.-,r
— -----
~~ -4+ f)@/h”lVis thcrcforo tho mcsn number of’neutrons Ieatii’ilil

sccno of a collision por unit solid angle. Thc usc of these approximations

d.cp~ild.son the c.hoiccof an appropriate avcr~c cross section and velocity,

5J mothofiscf dotcrmining these appropriate averages will l)odiscussed in

section II. With these simplifications the integral equation (1) is %cst

J)“(?,t) . +!&_
Ir-r;l

.

!l?lictine dcpcndont solutions

~(??)C?gt,in particular the

of prinaly interest arc thoso of tho form~(?,t) =

highostt consistent with tho gcomotry spocifiod

(corrcspoildi.ngto the positive definite cigcnfunctioils~(~) ). For such

cxponential~~ time dopcndcnt densities the integral equation takes the form,

(3)

the

ai’i’c

arc

As here written,quations 1 to 3 apply only to homogoncous mcd-ia. If

bofiyconsidered is of two or moro parts for which the total crosc sections

the same but diffcroiltmultiplication properties then equations (2) and (3)

corroct as written if f is understood to h the appropriate function of

position. If the total cross section also changes from ono part of the body
.

to another then the factorcrin tho intcgrand must also bo mado space dopcndcnt

and the c.xponontialfactor rooxpressod to take account of the variation of &

along the path ~ tc‘rt.

If thcr~ is only onc medium, Cquatioil(3) permits a similarity trans-

foi.mation, Chcungingthe scalo of length so that~ =~~’changes (3) into an
_>

equation inJ>(x) identical with (3) oxcopt fcr the rcplacomcnt of tho factor

(1 + f)cfby (1 + f); T’, (6’+ &):W(’J”IT@c’:Id~1~ ,;~conatr:cSpocificr.tions-rndius,

side, Ctc., - multiplied %y a factcr l/&. Thus a solution of (3) for a

sp~cificd size ad value of f,f, andgimplios the cxistcnco of a solution for

the samo value oftiand for a ncw size, f, cad $’such,ijz<~hc reciprocal radius..

(or side, etc.), (1 + f), md o’

UNCLA$$[FIED

-’C:;*3

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



,.

Z?$!!!!!!!
~lWIYS I)c tpkon to bo unity‘bya suitdblo choice of tho unit of lin~t=

Tho Clxmactor of tho Solution in the Interior. UNCLASSIFIED
A difforcntid equation which o,pnroximatcsto tho roquircmcnts of

~~.t~grr,lcquntion (3) in rcgioilsfar removed from any boundary or intorf.aco

of b,?odiffcront mcdio.may be found ly tdcing~” to ho a solution of thcj,jwavc

ccy~.n.tion(~~+k2)~= 0. (?iorcstrictly’oyoxprcssingy, as canalwaysbo dono,

in terms of such WO.VOequation solutions, It is thoa soon that only ono value
.,

of k ccoacntor,) The integration on~l is then carried to infinity with

constxultf and.#,

As the gcnoral IIwo,vcfunction~!(tho term will bc used

the sonso of a solutioilof tho equation (~~+ k2)~ = O ) can bo

piano WO.VVsoluiions and the kcri~clof the integral equation is

Symmetric and linom, it suffices to use any ono such. If then
t

or for a

throughout in

built up from

spherically

J
00

= (I---(1+f) dr ~-(cf+$’)r
——..-. —— ---- sinkr=~(l+f) tan-lk

o kr
—..——.-.—.

k d~p

hyperbolic vfavofunction, 0]=,

(4)
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=.~~UNCLASSIFIED=========+.
%dtmtingk/#for tho critic-alcasQ (~- O) and.for, say, f = $+x b~tHRRi57iY-”— ‘-’----”

-..—---- ..

cqu.ations(4) ad (5) gives k/3”~ 1,45 and 1,000 r~spcctively. T@ two term

C-XpL?.ISiOilis thus not sufficiently aCCuratc. (As iS to l)cmcpected sinco in

this rrngc the power scri’csis not convergent.)

Still xaothor simple wpproximato oqu.ationis that of IJclomenta.rydiffu-

sion thoor~yif’ Treating the flux of neutrons as in oloncntal~ kinetic theory

which is cquiv,alc:otto equation.5 for critical cases cad snail f; for non~

critical cases (6) gives a VO.lUCof k which is oqu.alto the k of (5) divided.

by the Squc,roroot of 1 + Y/g=. !.

c. Bou.ndnryco~zditioil~for an c.pproxirmtoamlytic solution.

The rcplaomont of the integral equation (3) ly the wavo equation

vith its scalo f,wtor dctorniilcd%y cquntion (~) gives quito qccuratoly tho

condition on the form of the ncutroildistribution in tho dcop interior of tho

body ad. a fair rcqycsm tation even C1OSC to the surfc.coor intcrfacos, hut it

doos not proviib a bomd.ary condition, If the wavo equation is used to specify

tho foi-mof the solution thi~out tho intmior or tho interiors of all tho

scpcwate regions involved, tho rcquircmcmt that the wavo cqua.tionsolution

satisfy the intcrgral equation at the surfncc su.pvliosa %ounibarycondition,

As tho integral involved is difficult to ovaluato, cvon for tho simplest wavo

fu~ctions, it is c~ilv~niontto approximate to tha integral by trot~,tingtho

loundd.esaplano end.roplc.cingthe wn.vofu~ctioifibythe corresponding plnno

7,70,Tis, Trlus,fol”Oxa.lilplcl,in the pro%lcm of the Untampoil(h.omogencous)sphoro

tho solution is (si~zkr) /r, wjth k dctormiizctlby oqua.+io~~(’>)~.andtho radhw

,. -
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\

$nnar surfo.coo Tho phr.seof the coro solutioil,honco tho coro

atot,>rninodby 23 cqu.ationsimiltnrto (7) which oquatos tho

tho two solutio:m at the interface to tho sum of tho two

ccmtributions to the i::tc

..”

‘ , . . ..-. .

-.
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~hc ~yyors of this analytic

s iallregions ,nroundtho.boundnrics.

)’)0

o.pproximationmethod.o.rcconfinod to

They arc thus groo.testfor small untampod

spheres cml vanish with incrcasink coro and tamper thickness.

The boundo~~ coilditionconsistent with tho assuiiptionsof the

clcmonto,rydiffusion thcoly is the continuity of tho density and its doriva-

tim divided by<””. This requires tho v.mishing ofj> at tho outor boundary

which is at variance bothviith the malytic approximation and numorica.1

results. Tho offsot, tho distmlcc from the %oundary to tho zero of tho

~malytic solutim-1,is onc half mean frco path for a critical to,mpods-phoroor

for an infinite u.nlxmpcdsphere aad approximately ono half for fi.nitosizo

mld y’.* Tho clcncnt&y diffusion theory is thorcforc reasonably accurato only i

for rndii very large compared with a.half mc.nnfroo path. ‘,

Sonc rcsul.tsof tho thrco methods of calculations which aro of

interest arc:

radius el.
numcr. cliff.

f =~-, # - 0, un.t,ampcd 1973 2.57

f =+, ;’J= O, ta.rpr thiclc_noss2 1.34 1.60

:?= :;,a“= O, i:lfinitctcuzpcr ---- 1.2t?

,,

Onal.
1.t30

1.31

1.07

D. Tho exact solut-ionof the intcgrcalequations.

Sii~cotho ir,tcgy,~,lcqu.ationis linear md homogcnoous a solution can

b~ found by successive applic,~,tioilof the integral opo~”ationto o,iiassumed trial

function, The asstmcd trial fl~nctionwill consist of i:,,~.gorpositionof

I
I
I
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the fundamcntol is the o~ly solution which is ovcrywhoro positive thoro

dcmgcr of choosing a trial function which contains it only in’small

??oi’a sphere, tamped or untamyod; the integral oqu.o,tion(3)tbydoing

tl~c,r;lgulo,rintegrations,con bc put in tho form.

u.(r)s r&’(r) (
‘) ‘r’ ‘-V

u(r~)

mfl [
E(r--r!)- E (r+.rl)

1

For a kernel of this fypo, consisting of the sm of two terms which for

~-iffc~c~ltr ~o,lu.esdiff~r ojll~by a d~sp~~ncmcnt in r!, tho i:ltcgrationcat?b~

c!arrictlout xun-orically with comparative case; This easo of integration

permits tho iteration *O l)ccontinued until any desired accuracy is cittaincd.

& this ncms~ms

tho inner .aailouter

accuxacy of various

dctormincd for a considerable nunbor of choicos of f o~d

radii. By compc.risenwith these exact solutions tho

~J1a~Yticapnroxil~ati’onsconsidorcd has %ccn ascertained...

Work is in progress which it is hoped-,

solution to tho problon or at least to a %cttor

will load to am exact analytic

.amlytic approximation.

Section II. Tho Evaluation of the Physical Conshnts

In Trohloms in which tho slowing of the neutrons or tho inhomo-

gcncity of tho ~l~utroilspcctrun is significant this inhomogcncity can bo

to~:olli:lto~,cco~~t~y trcp,tingthe llcutrollsas sopmatod into two or throo

pha30s, tho slowing bciilgroprcscntoclby transitions from ono phase to =nothor.

These ~roblcms have boon troatod %y Scrhor using olcmcnt.arydiffusion theory.

This S.O.U.Onothod can ho applied to tho integral troatmont.

If the scattering of tho neutrons cannot bo troatod as isotropic tho

intcgrr.1oquo.tion(3) nust bo nodifiod, There will still exist auniquo wavo

function solution %ut the dt?torminationof k will dcpcnilon tho details of .tho

.-.
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uaity equo.tioil(q) noy bc roplaccd %y:

Tdlcic)..{= 1< h.rtid=,CCQd’j-<,.arotho first tno Lcgcndro coofficionts in
~= -j’

tkc $cattori:lgcross-section. Similar cxtcndcd cqxrossibns ccuiho used if

tho higbcr ~cgond.~cc!oef$iciontsaro significazn~.

fl.onth.;?O:act solution;
.,-....
,: d,~
(----
~a~ ‘: (/“’-) = 1

3-. #- ~ ]:/<4/”

whore the n~s arc the Lcgonilrccoofficicnts of ~ho

Th.osooqtiationsaro dorivod

F
/.-.-..
il=cl

hnguln.r

tho neutrons,

#-
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sumxRY I?agc 9 . .. ...-= . -
..._—------

‘-”the critical mass of a fissionable %iR ~

the neutron disti-ibu.tioqin a,non-ckitical

oiltlICsolution of an integral Oquati.On.

~~c~.~/-’(y) is the dmsity of ncu.trons at tho ~oint r without regard for

t.il”t?cti~nof motion. ;J- is the rcciproc.al man free path for ,any typo of

collision, scattering, co.pturc,or fission. It is here assumed that all of

,thoscattering is isotropic and that all cross-sections arc indcpondont of

vclocitj-t The fact that *]IOactual scattering is not~sotropic cm %0 t.akcn

into account ‘byintroducing for tho scattering cnoss-section m qymopriato

avola~c value. The nature of this o,vcrG~ingyroccss is discussed illsection

~j, Sinilar~~ it is to bc ‘assuredthat all mu.trom have o,.?.?appropriate no,tn

volocityl The above into~ral cqu~tion applies only to tho doninant solution of

tho tino-dcpoildcntintegral.cqu.ation,that solution vhich filcroasosnest

rnmidly or clccrcascsr.~ostslowly in tine, with tho time dopcndo~lcco~t. t
,,.

is lmrc i?CO.SUl-Od in u-nitssuch that the VolOCity is unity. 1 ~ f roprcsants

the nu.lti~licationof the ncu-tronspcr collision, thus for each neutron colli-

sion a no~annunbcr 1 A f neutrons cnorgc. !i’honbovc oquntion is obtainod by

cquo.tiagthe ncu.trcmdensity ,nteach point to the sun of the contributions to

it fron all other points, taking account of tho attenuation duc to scattering

ad the change in tin-oof the SCO.1Oof tlnodistri%u.tion.

The sinpl-cstapproach to the solution of tho,ooquation (a) is to

uso tho approximation of cloncnt.arydiffusion theory, tho assumption that tho

nmtroa iio?~itychn.rgcsvery slightly \7ithina mean froc path and very slov71y

with tine. With this ~.pproximationthe integral equation is

difforontial cqu~tion of the fern:

(a+ I&Lo It2. 3(f -~) >;”

roplacod ‘bya

(b)

obtainod fron a continuit
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l.%,

Ccildition conaistont with &Ms troo.t?ontis tho assumption

‘“bwndnry tho nou.trm donsity vanishes &d that at ~L~ intorfaco of two typos

I?ith this ~Bozination tha CM t:.c~.:.rtii-x mu bo found~ E’orf w ~

%ich i8 cmsistont with prcsont lmovrlodgc of tho @y3ical constants invol+o~,.,

tho crit~dl mdius for a naked sphorg Is 2Afjj’ nom froo paths. l% snail a

radius is dot .oonsis$ontwith the msunpt~on of a slowly vowing notiti?on

diotribukion, !Phorofoko;nofo accumto notlmds of solution aro roquirod.

A bottcr approxlrm$ion to tho ktogr~ oquakion is obtainod %y

MSU+W that tho noutrbn di,stributfon ie a wavo funct~on solution, Oiw or

0]=, and pvc.luccting k by s’ubstitutioain &o Intogml. equation, (assuriing &.

bmndiiios infinito~v far fron tho rogioh considorod.) This gives for k ‘

* = + Or*#- rospoctivoly, (c)

Tho valuo of k so dot mninod gives very accu.mtoly tho shapo of tho neutron
.

distribution in tho interior, holding good to within nbout a h.tif n noan froo

with of tho boundarys,,.:..’,+:+.{,.,,, In tho limit of mall k tl-m abo+o o~rossion roducos to

k2 = 3 (1 + #/,r)2
%’%

(d)

In tkm linit of mall f and ~ this roducos to (b). ~i10 for large k both

(d) and (b) aro quito wrong, for small k (d) is noro accurato than (b),

particularly if f md & arb upprociablo.

With tlm interior bohwior of tho solution dotorninod by (c) it is

only nocos sr.ry to find an a~roprinto boundzqy condition to havo an analytic

approxi:lati on to tho solution. Tho bounda~~ condition that haa boon used is

the rcquironont that if tho interior solution bo continuod to tho surfaco it

thorc satisfy tho integral equation, This loads for 7.t;Tical untmpod sphcro

to a sino solution vmishing

Sinco tho intogml

about ono half ~.oan froc pn:b bg-_tho boundary.

m Oxtxrt.,
,.. .—

— .— .
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;.

solytion can bo found by itorati. on. A trial function is asamo -

grdl oym%tion applied ropoe.todly until tho mumossivo approximants toy differ

only by a constant fnctor, Tho intogml. omxa,l.or ffm a sphoro can bo put into

~. nvr.arically convoniont fern so that tho ! iitpg~.~t.l:~fi can to carried out with

cm~sidorablo cccuracy. This process has boon co,rriod out rough~v for nany

CMOS md cogsclontiously for a fow cases and provos that *ho analytic approx-

izmtion previously discussed is roliablo for both tmpod and untmpod sphoros

too$otit .01 in~)!~.

T&Joeppondod curves givo tho rosd.ts of this cinalysis.

In nhyparticukr caso of intmost for o. tmpod oruntanpod sphoro &

4’ , cm bo dotorminod with groat accuracy 1# nunorical integration using tho
,.
‘?,.

“ (
ma~tic qqmoximtion ad a first trial function.

\ it has provodpossiblo to find omct amlytic solutions to tho intogml

oquatioa for tho untmpod or infinitely

hopod that ‘tha SOJIO nothods w 10d to

problons.

tmpod half-infinito slab. It is

oiaet solutions for tho sphoricziL
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