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ABSTRACT

With the assumption of infinite conductivity a simple model
may be constructed for the dynamic construction of a current carrying
plasma, i.e., the pinch effect. The magneto-hydrodynamic equations of
this model are discussed and solved. It is also shown that the in-
finite conductivity model can be derived from a picture of particles

orbiting without collisions in the fields set up by their motioms.
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I. INTRODUCTION

The perhapsatron is a device designed to study the compres-
sion and heating of ionized plasma by electromagnetic means with the
production of thermonuclear reactions as the ultimate goal. It is a
long cylinder or torus with an applied axial electriérfield. This in-
duces an axial current flow. The current interacts with its own mag-
netic field in such a way as to cause radial contraction--the so-called
pinch effect.

The theoretical problems in this device are very difficult.

In particular the problem of determining the conductivity of ionized

materials in strong electric and magnetic fields is very difficult. In
this paper we will assume infinite conduectivity. This leads to a thin
surface layer of current whose value is determined by inductive effects.
The best justification for this approximation is that the inductive-
limited current is smaliwcompared to the current calculated, for example,
from the conductivity proportional to T3/2 law, which 1s as reasonable

a guess as one can make at the conductivity. Thus it seems fair to
assume that it is primarily the inductance which limits the current.
This condition is not well satisfied for small elec?g}p fields, for very
confined pinches, for poorly ionized material, or if a steady-state is
reached. In these caseé_the conductivity is not effectively infinite.
However, for most cases of interest it should be a fair approximation

during the implosive phase.
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In Section II we will calculate the inductive equations for
the current.

In Section V we will calculate in some detail the properties
of the surface layer of current in the limit of no collisions. We will
in particular show that strong fields exist at the surface layer. A
circumferential magnetic field is set up by longitudinal motion of the
electrons near the surface. This magnetic field reflects the electrons,
but not the heavy ions. These, héwever, can not escape because when
they attempt to escape a strong space-charge radial electric field draws
them back. Finally we find that the crossed electric and magnetic
fields give the electrons Just the correct drift velocity to produce a
current sufficient to reflect all the particles. Thus the conclusion
is reached that the surface layer acts exactly like a hydrodynamic
piston in reflecting all incident particles.

In Sectiors II1 and IV we discuss the hydrodynamic equations
which result from reflection of the particles by the magnetic wall.
This is a complex problem because the gas is not many mean-free paths
thick. If it were, then & standard hydrodynamic calculation would be
correct. Some calculations on this model have been made. If no colli-
sions at all occur then particles reflected from the surface layer move
radially inward, through the axis, and radially outward until they
strike the far wall. Some consequences of this model are also dis-

cussed.
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II, INDUCTIVE EQUATIONS

A cross-section of the torus is shown in Fig. 1.

The inner and outer circles are the copper conductor enclos-
ing the torus, The shaded region represents the plasma. At the left
we see the leads for the applied voltage which apply & potential V

across the gap. We will now integrate the Maxwell Equation

> >
curlf:-%ﬂ , (1)

around the dotted integration path. The x's represent H into the paper,
the dots H out of the paper. The path runs along the inside of the
copper, goes halfway around the torus, comes into the outer surface of
the plasma, goes around this surface and closes itself at the midpoint
of the potential gap.

Integrating the above equation we obtain

fg.dé’:-(l?%//ﬂds (2)

Note: We are using the electrostatic system of units throughout. Thus
1

3 x 109
let us first evaluate the line integral. By symmetry the

emf is in units of 300 volts, H is in gausses, I in amperes,

line integrals at the sho}t ends cancel if we integrate to the center
of the potential gap, thus eliminating the radial component of the

fields at the gap. In fact these integrals are both zero.

-6-

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

INTEGRATION PATH MAGNETIC FIELD

POTENTIAL {
GAP

7 COPPER
CONDUCTORS

PLASMA

Fig. 1 Cross-section of the torus.
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Integrating halfway across the gap we get a contribution 1/2.
The rest of the integration around the copper gives 'niothing since the
tangential electric field vanishes at a conductor surface. Finally if

we call the field at the plasma surface Es we obtain

j[gg.d?=é‘f+vrﬂ£s. (3)
To evaluate the right hand side of the equation we use the Maxwell
Equation
curl —;( = h:r‘-j’ . (&)
This tells us that H = g—g— where 1 is the current carried by the

plasma and R is the minor radius of a point in the torus. The in-

tegral of H may be written as

/Hds /dL/dR—-—vr/i/dr— (5)

where Ro is the minor radius of the gas and -l-%. the minor radius of

the copper. _

We thus finally obtain from (2)

) - & +i_22ng_i (6)

-8.
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v
We will use the symbol 13 o for - 5?;35 . 1t is the effec-
tive electrie field per unit length of thetorus., We still have one
boundary condition to fulfill--that the electric field in the moving

frame of the plasma must vanish, again because the plasma is assumed

in this model to be a perfect conductor. So

g' = ]? + (ﬁg x'; ) = § 4+ éo !

or

6 = - ——52—— (7)

or t

I 4nd =S [ B at (8)
It will be noted that equation (8) is of the correct form for

a purely inductive system. It tells us how to relate the current and

plasma radius to the applied voltage.
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11I. SNOW-PLOW MODEL

We must now consider the hydrodynamic equations. They are
linked to the inductive ecuation by the requirement that the material
pressure at the surface must balance the magnetic pressure; in other
words, that the momentum transfer to the gas is balanced by the force
which the magnetic field produces on the current.

Thus we have

2
Ho ;2
2

Ps = = 2
8T 27me Ro

— (9)

where Ps is the material pressure which serves as the boundary condition
for the hydrodynamic problem.

As we have mentiored before several hydrodynamic models are
possible. There is the usual hydrodynamic model where (9) serves as a
boundary condition for a standard type implosion. There 1s the free-
particle model where the atoms are assumed to bounce freely back and
forth between the incoming magnetic walls. Some standard hydrodynamic
implosions have been run by A. Rosenbluth and will be discussed later.
Petschek and Goad are considering the free-particle model.

However, the simplest hydrodynamic model, the only one not
requiring complex equations and machine integrations, is the snow-plow
model. In this we assume that all material which has been swept up by

the magnetic piston is piled up in a very thin layer at the piston and

«]10-
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travels in with it. This of course gives no information about com-
pressions but 1s otherwise reasonably accurate until the arrival of
the back-shock from the center. We now write the momentum equation

" for the snow-plow.

MR =27 R P (10)
[o] o] 8

QJIQ:
ot

where M is the mass per unit length swept up by the snow-plow. In

more detail

a =2 2] :
H{’ITJOO[R-RO:’RO}=-2TTROPS (11)

Here Ay is the initial gas density. We have assumed that initially

the outer radius of the gas is at the radius of the outer conductor,

R. Substituting (8) and (9) we get

(12)

w{(F-n2)R ) - /2 z‘ﬁ_
R

I /20 Ro-zn2

Thus we have an ordinary differential equation for the behavior of the
pinch. It may easily be reduced to dimensionless form. If, for example,

f()is constant in time, then we may substitute

W 2
e

o (13)

~
feo] | IO’JU
\)
ct
3
:|

-11-
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3 2
— ( n- 3 ) ) -'rl[b -:n 7],2_ )

Equation (14) has been modified to allow for the possibility
that the initial radius of the gas is less than that of the copper con-
ductor. This makes the initial inductance non-zero. The parameter b
is the logarithm of the ratio of copper radius to initial gas radius.
The scaling laws apply for a given value of b. In practice, because
of the glass containing tube, b is about .l.

Equation (14) has been numerically integrated by C. Kazek.

The results are shown in Fig. 2 for various values of b.

Equation (13) gives the scaling laws for the system. It
should be noted that the same scaling applies for any hydrodynamic
model (though not if mixed models are needed--i.e. hydrodynamic for
high density, free-particle for low density). The experimental agree-
ment with (14) is only fair. Quantities seem correctly given within
about a factor 2. 1In particular, the fourth-root dependence of velocity
on density does not agree well with the experiment which indicates more of
a square-root law. Howe&er, it must be noted that the quantity /%)is

the density of ionized material, not the overall density, and the degree

of ionization is not well-known. In fact there are good reasons to
expect that it is small and variable. The presence of neutral material
complicates the problem, for it may make some collisions with the
ionized material, thue receiving some energy and momentum, but even-

tually lesking through the magnetic walls.

-12-

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

1.6

14 -

1.2 K
1.0
08

-13-

APPROVED FOR PUBLI C RELEASE

06 —
04 —
02 -
o)

1.0

o2 03 04 05 06 07 08 09

0.l

" Fig. 2a Snow-plow solution of pinch equations for b = O.
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Fig. 2b Snow-plow solution of pinch equations for b = .l.
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Fig. 2c Snow-plow solution of pinch equations for b = .2.
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Fig. 24 Snow-plow solution of pinch equations for b = .5.
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Comparing the orders of magnitude of (13) with the current
allowed by the T3/2 conductivity, one can find for completely ionized
material with only Rutherford Scattering a rough criterion for the

validity of the infinite conductivity approximation during the implosive
phase:
-2 1

€, "R p \
6 o o Xo (1u1)

where A is the ion atomic mass number.

- UosE
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IV, MORE CCMPLEX HYDRODYNAMIC MODELS

As has been mentioned earlier, if there are many mean-free
paths of material, the particles reflected from the magnetic walls
will make scatterings with the other particles ahead of the wall and
share their energy and momentum. In this case we have a standard im-
plosion problem with the magnetic wall acting like a piston with the
boundary condition given by (8) and (9). It will be shown later that
it is reasonable to assume that most of the energy is in thermal
motion so that a 7 of 5/3 is used. .

Several such implosions have peen run by A. Rosenbluth as
shown in Figs. 3, 4, and 5. Qualitatively the sequence of events is
that a first shock develops and in the early stages we have a behavior
much like the snow-plow model. Then, however, a back-shock turns the
surface around and it bounces outwards. After a time it turns around
again and another shock develops. As can be seen from Fig. 3 these
wiggles are dying down fairly rapidly and the radius asymptotically
goes to zero. For the constant ¢c>case the density at the first
maximum is about 30, at the fourth maximum about 100.

Unfortunately the happy achievement of infinite density can
not be attained in practice since instabilities seem to disrupt the
pinch after about the first shock. It should be mentioned that the
scaling laws (13) can be used to relate this problem to other cases

with different fc)and_/ao. Those particular laws, of course,apply only

LS X%
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Fig. 3 Hydrodynamic solution of pinch equations.
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Fig. 4 Current as a function of time for the two probleus
described in Fig. 3.
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to Eo constant in time and a given ratio of initial gas radius to
- conductor radius.

It is also planned to run a problem with anﬁélternating

r.f. 5'.

(o}

The opposite extreme to the hydrodynamic model, where thermal

equilibrium is assumed ahééd of the piston,is the fréé-particle model.
In this model the particles are assumed to make no cq;lisions and hence
move freely except when being reflected from the magnetic wall. The
condition of reflection is that, in the frame of reference where the
wall is stationary, the éémponent of particle veloecity normal to the
wall is reversed in sign upon reflection. In this médel all particles
move purely radially. for a while the wall reflects only particles at
rest, but eventually a wa;e of particles which have é;gh once reflected
will hit the opposite wali. This is analagous to a gyé;odynamic back
shock. Petschek has integrated the momentum equationgfpr times prior
to the back shock and has shown in the constant E})é&se that the back
shock occurs at density about 16 times initial density. A plot of a
complete free-particle implosion would look very similar to Figs. 3,
4, and 5. One can show that after many waves of partiéles are involved
the free-particle gas acfé like a material of '?’equ;is 3.

One interestinéjfeature of the free-particigfmodel is that all
particles must pass through the axis, creating a high local density

there. One can also show that if the applied & ° is varied so as to

make the current constant in time, then all particles make their first

. -22-

|
It
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traversal of the axis at the same time, thus creating a super-pinch.
This might be achieved by putting a large inductance in series with the
system. Pure hydrogen or deuterium at high temperatures should behave

like a free-particle gas.

V. SURFACE LAYER MODEL IN THE LIMIT OF NO

COLLISIONS

In order to understand the mechanism by which the current is
carried and the particles are reflected at the surface, it is instrue-
tive to look at the microscopic conditions in the surface layer. We
will assume the layer is thin so we can use the plane approximation.

We will also assume, to make the algebra easier,that all particles ahead
of the layer are at rest, so that in the frame in which the layer is
stationary all particles ahead of the layer move into it with a constant
velocity, which we will call V. Finally we must assume that in this
stationary frame of reference the longitudinal electric field is zero.
As we have already remarked, this is the condition for an infinitely
conducting medium, and it is easy to show that no static solution can
exist in the presence of a longitudinal electric field.

The conditions in the layer are shown in Fig. 6 in a pic-
ture of particle orbits. Here x is the direction of a minor radius of
the torus, y 1s along the axis of the torus.

At large negative values of x all particles travel with a

velocity V. As they come into the surface layer they are deflected by

-23-
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the fields in the layer and perform an orbit finally being reflected
with & velocity V. 1In the layer the electric field is in the nega-
tive x direction. The electric field arises from charge separation.
The magnetic field 1s in the z direction. It arises from the

Y component of velocity in the electron orbits. All particles of a
given kind perform the same orbit. We assume two kinds of particles,
electrons and singly charged heavy ions.

There are no forces acting in the z direction so there will
be no motion in the z direction, and the system is assumed infinite in
the y direction so all quantities depend only on x.

Our procedure will be to solve for the particle orbits with
arbitrary f and H. Having found the orbits,we know the current and
charge densities, hence can solve Maxwell's Fquations for the fields.
In this way a completely self-consistent solution is obtained so that
we have calculated the mechanism of conductivity and reflection.

First we unite the equations of motion for the particles

x e [gﬁ_* d_y]
dt2 m ¢ dt
(15)
a®y | _eF ax
dt2 me dt

We now eliminate the time and use x as the independent variable. We

let

-25.
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ax 2y

Then we can write

p2.2 (8 al] (@
- (16)
P g% = - %g P (o)
(16b) can be immediatel&ﬁ;ntegrated to give -
q=-%& [ Hax. (17=)

me

Substituting into (16a) and integrating we obtain

P=t‘/2§f5dx-<§—c)2[f}{dx] +v2j (17p)

The solution (17) obeys the restriction that at large negative x,

where the field strengths are small, the y velocity is zero and the x
velocity is V. The z sign on (17b) refers to the fact that after the
turning point of the orbi; the x velocities are nega%ive. The orbits
are, of course, symmetrié_about the turning point.

To calculate t@g number density we use theicpntinuity equa-
tion. The continuity equation will hold even if we only apply it to
the density of particles which have not yet turned around. To see this
suppose that there were ;;sink of particles at the tiéﬁing point. We
would still have a statig situation since a constant flux of particles

is coming into the surface layer.

-26-
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Thus

aiv (Ni'V) =0

where Ni is the number density of particles that have not yet been
_9
reflected and v is their vector velocity. Since there is no variation

with y or z we have

?
ax (Ni p) =0
or
No v
N, =
i {p]

where No is the initial number density ahead of the layer. Finally
since the number of reflected particles equals the number of incoming
particles we have:
2 No v
N (x) = ERe] (18)

Equation (18) of course applies to either electrons or ioms but with
the appropriate value of € and m inserted into the expression (17b)
for p.

Next we need an expression for the current density. We see
from (17a) that the heavy ions receive almost no y component of velocity
so we need consider only electron current. We may write therefore:

No Vée ij dx
2

—>
=N eqs=- =D (19)

-27-
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_Now from Maxwell's Equations we may write our final equations which
must be solved for self-coﬁsistent g and H. Here we will use m for

electron mass, M for ion mass, e for ion charge, -- e for electron charge.

From
2
J

we have

dx ? (20)
mc2 M;g—/édx -(%) 2[fde:|2+V2

and from -
—_
V.E=4sT P =k e (N, - N ) (21a)
ag 1
&'SE=8TTN0 Ve > > ;
25 f&dx -(%)(fgdf) + VP
. | (21b)
- 1

Voo & oo -(2) (Jrox)

A complete progr}m would now be to solve these coupled equa-

tions for é and H. This would represent a self-consistent solution.

A complete solution would be a horrible thing to try. We can

simplify matters by making the following assumption: That the charge

separation is small, 1.e.,7%ha.t at all points the density of electrons

= -28-
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and ions is nearly equal., After making this assumption we can carry
through the integration, obtain & and use (21) to see whether the
assumption is self-consistent. Thus we must equate Ne and Ni'

Doing so we obtain

- 2§f§dx -(!T:-)z[fn dx]2 =2§f€dx -(M—:)z(fn dx)2 (22)

Solving we obtain

ffdx:- (23)

Neglecting terms of order T we get

M
e 2
Jeax - - [ [nax] (24)
2 me
Substituting (24) into (22) and neglecting terms of order g
2 2 2 2
e
-23f§dx-(—e—) [fﬂdx] = - (fde)
m me 2
M mc
Finally we substitute into (20) and obtain
on 87N ey fde
L ° — (25)
ax mc2 e 2 2
‘\/Vz - [./PH dx
2 i
M me
-29-
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H =,Ii' VB-rrNo MV
, (26)
' me
X=X} ——7p
- 84T N e
0
X ;/H' dx*
This yields
2 - =
S — (27)
ax'® ‘/1_ x 2

We can integrate by writ‘:{ng ¢= gi. so

¢27=-2P1-x! + Const

At x' = - oo we want both / H dx and H to vanish so the constant must
be chosen so that ¢ = 0 when X vanishes.

Thus we have

g:, - V7 Vl V1. x? (28)

-30-
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(28) 1s an elementary quadrature so after half an hour with Pierce we
£ind

x = An tan (11: sin~t X) + 2 cos (% sin~t X) - .532  (29)

The maximum value of X is 1. This corresponds to the turning
point of the orbits. The constant of integration in (29) has been
chosen so that X = 1 at x = O and the plasma extends into the infinite
negative half-plane.

Using (29), (26), (24), and (18) we can write down the solu-
tion for all quantities of interest.

H' = H = 2 sin (% sin™t X)) (30)

VeT n Mve
0O

gr-- —F - X (31)
8T N
‘/ 2° M Vo
mc
2N
N=—"° (32)
1 - X2

These quantities have been evaluated numerically and are
shown in Fig. 7.
First let us check our assumption that the densities of elec-

trons and ions are nearly equal at all points. We have seen from (26)

-31-
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Fig. 7 Fields and density as functions of depth in surface layer.
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that the surface layer extends rouzhly over a distance

me” )
o

We can write an approximate solution of (2la) in the form:

E = h’ﬂ'No ed f (3h)

Here f represents the average fractional excess of one sign

of charge. Equating (34) and (31)

\/E::_O‘Mvz 2

Juled

=

£ = - (35)

Q
o

N

mc2 me
h'ﬂ'Noe

87N0e2

Thus the charge separation is very small, being of order of
magnitude the ratio of the "temperature"” to the electron rest energy.
Hence the solution is consistent with the assumption.

Another point to be noted here is that the electric field
should vanish at the edge of the layer, instead of reaching its maximum
value there. What happens of course is that the turning point of the
ions is actually a distance f d beyond the electron turning point. Thus

]
on the graph f should actually drop to zero between x'= - ,001 and

Z€ro.

-33-
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Equation (33) gives us a measure of the thickness of the sur-
face layer. 1In cases of interest it is order of magﬁiiude 1 mm thick.

Thus the approximation of treating it as infinitely thin should be good.

One exception should be ﬁbted. If indeed the degreers} ionization is
. small or the density ver?flow, then the surface layéifqay become quite

thick.

Next we may note from (30) that at X = O we have

§§;= 2N M Ve (36)

The left-hand side is thé:magnetic pressure. The ri;pg-hand side is
 precisely the momentum which is imparted to the ionsiig reflecting
them. Thus our solutiodl§atisfies momentum conserva@idn.

Finally it should be noted that since the layer reflects both

electrons and ions with Eée same velocity, almost all energy is in the

~—

ions. Thus the effectiv% ion temperature is very large compared to the
electron temperature. In;fact, it is only the curreégjcarrying elec-
trons near their turning ioints vhich have energy co;ggfable to the
ions. It is also difficult for the electrons to picﬁgab energy from
the ions due to the large mass ratio. Probably the easiest mechanism
is for a high energy electron near its turning point to be scattered
back into the plasma. An important corollary of low electron energy

is that it is difficult for ionization to ocecur despite the high kinetie

temperature of the 1ons,-;ince the degree of ionizatéééﬁdepends on

ni e
Sy ‘Ii it
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electron temperature. This prediction of the theory is well borne out

by experimental evidence.
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