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ABSTRACT

Mothods of integration of

I q(P' )X(1P' =Pl )aT

r

are oemsidered for the cmse in which the region 7 is a cylinder, q is constant
\J

1) LPI/A

Tl ol f

soross the sylinder and the kernel is
ar |’ Pl .

x(1?',Pl) ¢

® % % % %k %k & &

-

The writer is grateful to Relf Landshoff and Frank Hoyt for helpful 'disc'ué:_iohn
and to Betigh Carlson stid Mex Goldstein for carrying through the numerical integras

tions,
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INTEGRAL DIFFUSION KERMEL FOR A CYLINDER

ie The kernel x(|P' oPl) = The average imtegrated tlux(l), $, at a point,

P, of parijieles which originate in a region containing e econtinmuous distribution of

isotropie peint sources is given by

(1) $cr) 2 Jq(r' (PP Dty ,
‘ (7
wheye q it the perticle source density, the kernel is defined by
..IP' JPl/A
2 K(I1P',P]) =
(2) (i#°, ® enle’ B2

and the iutegration is carried over the entire region, A represents the total mean
free path for the partiecles in question and | P',P| denotes the magnitude of the distance
between pointe P and P, Note that the $%ims of flight of the partisles haz been
noglc.otod.

Collision densitles ecu;x be obtained from ¢ through dividing by the mean free patk,
For example, if '\J is the mean free path of the pariicles between collisions eof a
sertain typo(z) » Shen the collision density at P for sollisions of this type is given by

(3) yY®) = ‘X‘" $(P)e
3

The Swkepinl, i‘{‘x(l P',Pl)dt;,., that is Q for the case g g 1 andAj s A , may alse be
interprst;d as the relative probability that a partiscle which origimates at P will make
its first collision within the region of Jntegration,

e Cylindrical symmetry - Consider the ease where the region of integration

is & oirenlar oylinder of radius B, Let x and I be distances measured along ths axial
and redial direetions, respeetively, so that

Ip',Pl 2V (e!-e)zﬂxl-x)

*fluwe”, in this case, is meant the magnitude of the particle ourrent densitye

.

9
(2 )mic ncy represent, for exampls, elastlio seattering, fisalon, eto,

povey
[ 3 . LRI
o, 3 xeom

—_—
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4o
If 4O’ represents an element of aree in a plane normal to the axis of the clyinder,

then the elesment of

volume dT my be written
do'dxe In the ease where P

q may be. considered as a

funotion of x only, it is

3
of ¢ (averaged across the eylinder) defined by

4) @) ’F:%! f ¢ (pvx X%
o

Now introduse an average kernel

convenient to use an average

5) T(x uxl) § -2 ¢ o
( ‘x-‘).r?f K('P,Pl)bi,la",

Opr YOp

and (4) beeemes
(e) $@,x) = fq(z' (| x - )ax’ o

3¢ Evaluabion of the average kernmel - For purposes of mmerical integration

of (6) when the form of q is given, it is econvenients te have tabulated the one dimen~ .
sional kernel ¥ as a funesion of Jx'-xl. To faoilitate integration make the substi-
sutions )

@'*-F)z :,tz. (==1-~I=)z 27
The expression fer thw average kernel then becomes

B/

X(ix =) = X(lyl) :# J' er @ity op'dore
% “op

Using forxmla (1) derived in Appendix I and expressing A in units of A, the integral

reduvwoes o
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i -;§°-V ° '1«‘-.=¢;V1-£ Lal,
(7) x(ly,!) =7 ), -——F;y-;-z- cos (ﬁ_o. = ﬁ';
whore
(8) B, =R/ smdy, 2y/A o
This expression has been integrated numsrically with y, ranging from o001 to 3.0

for various values of R,y boﬁnen +05 and 6, The results are tabulatéd in Tadble 1,

-l’ho, the kernel X is plotted as a function of y, for wvarious Ro in Fige 1, and as

e function of R, for various y, in Fig. 2.
In making use of the computed walues of the sverage kornoI Yo mumeriocally

evaluate an integral ef the form (68), the integral would be reoplaced by a finite sums

(q(x‘ () x* =x |)ax"—>ax Zn: qJ xli"ﬂl $qy 'x'. :

3::

where
9y = é[q(xj_l) L q(xju),,] and Ky g = K| (1-3)azl) 3 IFie
It is seen that ‘lz—: | with igj, is infinite so that it is necessary to use some kind
of average over an 1§tom1 of width &ox, Thus ‘io is taken to be

ax . .
° .-——-? S\‘-dx dx X (l: #l,.
. @ Y

(ax)

io is evaluated in Apperdix II, and its numerical valuves for various radil and interval
lengths are shown in Table ¥, -

4, Approximation through Tayler expansion of q - For the case of & oylinder of in-

finite length an approximate expression of sijiple form oan be obtained for the integral
in (6)e Expenmd q(x') in e Taylor series about the ppint x' = x,
L ]
q(x') = q(x) ¢ ¢'(x)(x'=x) & %3- q x)(x"=x)® & qee

Let ¥ 2 x'=x and substitute into (6)e Asswming q and its derivatives to be continucus
at x, there resulss

‘P(n.x) x ¥ [zq<x> b a ") A® 4 5 RSPLR ] .
wher

® im _f PRy Ik, X«

ne0,1,2, 000,

0'4-4"

The above expression may henvearmnpsdes follmes -ASE
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Q(r,x) = i,{ta(:) $a ()N %f q (x)N% & %T g™ A ..:.{ V()AL & eee
b o) 4 0" )N 3 T EENE # L aM @A § 3 a7 )R

2 |3d v
’ﬁ[’\ O/\*]‘l (x) & oo }o

where A S ;\i e If the fourth apd higher derivatives of q are neglected there results
)
(10) M,x) 2 f a(x' JE(tx'ex Ddx’ o ¥, [q(xM) ‘ q(x-/\)].
=00
When q is assumed %o bo linear im (x'-x), but & discontinuivy in the slope of q

. a% x'ux is allowed fer, a similar dedustion leads tg the expression

(1) $@,x) 2%, [.,mx) b alsA)o
Which of the two expressions (10) sand (11) is the more appropriate in a given osse weuld
seen to depsnd upon whether the fwumesion q(x) is appreximabved more acouretely by twe
intersecting straight lines er by a higher degree curve,

The method of oomputation of the moments -\& (ns0,1,2) is do.'M e Apperdts £,
and numericsl valuss of 4dwse are tabulated in Table & fer R, g .06, 25, 5, 1, 1.5,
2, 2.5, 5, 4, 5, 6, Graphs of ¥y, i}, i[, as funotions of R are plovted inm Fige 3o
It is seen firom the definition (9) and the comuent at the end of Seokion 1, that the
quantity zi'/A is the average probability (averaged aeross the. oyupdor) that a partiele
whioh originates within the oylinder will undergo at least omo collision before sscaping
from the oylinder,
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Te

APPENDIX T, EVALUATION OF THE INTEGRAL, I % f f{c’ o,
c [
In this integral a0’ and dcr ere eloments of area and 2 ts the distance betwesn

them, The inbegral 1z to bs evaluated over a clreis of o

radius Re f£(f) is any integrable function of L. ddl%

To csrry out the integration, firs% hold L do
constant and move it through all possible
positions in the eirele, Do this by allowing one end of /Z, say A (see figure), to
move on the ring of inner
radius r and outer radius
r # dr covering the area
2wy dr, while for esach
point of this. ring the other
end of L sweeps out the ares

(2 - 2) Lok,

Then sum as.fvaries from

0 to 2R and r varies from

0 to R obtaining
R

1= ‘(’ ? £({ ) (2urdr)e2 (r-a)fal

,fgo r=0
2R
= 47"{ ale(2).l f dr (ree) r.
° °

The angle €~ 18 seen to be given by

0, for r<R =0

€& 2_g2 p2
Rial =r
eoa-l( 20y ) , tor r>R =0,

Substituting into the integral there results

Py
lf
ik

R 2
Igz4m ale(b)A[X- . 1'l
BLI C RELEASE
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| 1S
weroe

To evaluate I' » ke the change of wvariable

and ebtain

aR
Iz @o?) = x cos™} (_l_f;)h'
aSR—é!

where

- 2d

Inbegrating ¥y parts yilelds

N

' - 22 (2241 Jxdx

a5 e e ()00 Abuliatr
..‘RJ)

Now make the change of variadle 2 g Y in the integral term and 1% beocomes, after
oconsiderable algedraie reduwetien,

&)

fiﬁg V_,(z;)z__.%’-[-ﬁg-_@)z*'-'; @) | .

.zgn-é‘gz “y (e $2)y-1
(28)

Thus

R AT |
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i
’
t
%

iy
3l

—— -

and the original integral becomes

(1) 1 g ame? K:Rr(l) [co-'1 é%) - 4 V;_-g)i] R

By the substitutions

L= 2R cos-© and 2= rlz2(1tcos x) ,

there result, respectively, the two additional forms

e

(2) 1= ].6'"'!!.qr g £(2R cos-©) [-e-- % sin (2-9-)] sin(2-©0)4o-
°
and
T

(3) I =se2wrt ( r(RV2(1to0s x) {x sin x - sin? x] dx,
°

9
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10,

JPPENDIX II, Bvaluation »f Ro

v\ ax ax .
(ox)
(o]
- Make the ohange of vsriadle
J x'-z s
x"'x.y' 3 Y':y{-?xg-yl-Zx'
80 thet
 J
dxdx' o | J(ZE\| apdy’ = ¥ ayay’,
Yoy
< ?
A y
///
U4
| N\ /, //
| |, 7
| Neaxy” s
& ax}, e . \\ /
7 /
% i N
. ax x —— S
e L-%4 2ax y
Then
- ° y2ox Aax yHax
E, s 32 & &'y | & &'E v 1)
(ax)*|.
-Ag q o y .
2 .2
2ax o (ox) I .
where |
ax . ax
1,2 Xividy  end I, -g yE(lyl)dy.
° °
~ Me'zs the substitution (8) so that
0 = 2 Axo =
" IozAl Ry Day, emd I, zA ToE( ¥o )y es
o o
vwhere
OX
Pozsp o

APPROVED FOR PUBLI C RELEASE
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11,

630 N
. z -
Ax ®* ax, go ta’O”bo ad m Il :T&z‘;ys ° Yoza’ol)dyo
. °

The I. and I1 have besn integrated numerical ly making use of the previous evsluation

of f(lyol). and computed valwes of 2. I and 2. I for various Ax_ and R
4 ax o (Ax)z 1 (] °

&re tabulated in Table 2. Computed valuss of ¥, are also tabulated, in Table 3,

Y
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L L
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APPENDIX XIT, COMPUTATION OF THE M, FOR n=0,1,2.

Mo(R) z | X(lylMy =

l2g0 ,m J—I“wf .'W/)‘
T Yy %

; — do'aer,
O am{li¥®)
where -
2
e

£2 s @ "?)) .
To sarry out the integration with respect to y, let

}'2 g/zz sinhz u
so

Lz&yz s}z cost’ w, dy = Joosh u au
and the intogz"a.l becomes .

o - f oosh u
- 1 e
M (R) = = 4o’ acr du,
o( ) X f ‘ . Leoosh u
(o S v 4
The integral
«Xx cosh u
KL (x) = du
i‘ ) ° cosh™u

has besn tebulated(3) go that it is possible to write

N0 sy j' j m,(f acr,
o ’

o
Applying vhe formule derived in Appendix I and me¥ing the change of warieble

X3

P4
2R
there results

e

io(R) = Eﬁ% .\ X, (%E x) [ooa'l x = x V1x2 | ax, ,:5;—

s
( )'. G, Bickley and J, Fayler, FPhil, Mag., S.7, 20 (1935)s This funoticn

is equal %6 the Bessel function of imaginary argument.for n=0, and
oo
KL, (x) « f n‘_l(t)dt. See also reference (4), below.
x
APPROVED FOR PUBLI C RELEASE
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——

This expression has been numerically integrated for various valwes of ,%. = Rg,

that 1s, verious values of the radius expressed in units of a mean free path, and

the results sre shown in Table 4 and Fig, &

2e n.-l -~

W(r) = g KUyl )y = 2
° R

R

[ [

Y4 L

*

do do”

Make the substitution

Yz s Zz(uz-l). Wy =

and odtain «© P
e

du.

% (r) :;—15, f[ a0l der

oo 1

The exponential integral
o

: ? wxu
En(x) = f = du
1
has been tabulated so that this may be written

([~

(o o g
Again making use of the formula derived in Appendix I, this becomes

1
g 31(-2’% ) (cos™! x = x Vl-xz ) xdxe
®

The numerieal integration of this expression leads to the results shown in Table 4
and Fig, e

I(R) -

4:121:2

() o &2

S¢e n =2

it -szlvyz A
L (®) = f YKy )y a-——- yzdv
0 ,41Tw2 2)

o

Make the same change of varieble as in Section 1 and obtein
APPROVED FOR PUBLI C RELEASE
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it - zooa \v - ieos ) - 14..
iz-(n) - 41;:1!2 ff & do J j{m ae A " - "."'}é:é'ih—hﬁ'-)du'
o o_' ® ¢
X, () =‘:1£§7 f '[‘do'do’,e [‘1({)" KL, (%)J. :,
o %

where the seoond term inside the square brackets is defined in section 1 and the first

term is the Bessel funoction of imaginary argunont(“ defined by
co

In(x) - f = cosh u cosh{(n u)du,
°

Proceeding then as before, the expression becomes

- s 1 : [z
W(R) o B S [K 2R x) - Ki <2R'x)] (cos™2x = x V1ex® ) x%ax.
T . 1</\ Y

Results of the final mmerical integration are to be seen in Table 4 and Fig, 4

(4)5ee a, ¥, Watson, “"Theory of Bessel Funstions™, Eq, (5), page 181, and Table II,

APPROVED FOR PUBLI C RELEASE
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TABIE 3

Table of K(I7, )

LA

t"-,- ”~ .

663

0
A «0B 26 b 1,0 2,0 3.0 4,0 64,0
o °o o @0 oo co co
«001 1,69¢ 204143 2,8T737 2687680 33,0108 3,0610 840870 83,1132
002 1,367 24,0701 2,3286 245304 208648 207160 2,7410 26,7871
«003 1,163 1,8698 21273 243287 2,4628 2,6130 2,6388 2,5650
<004 1,028 1,728 1,9849 201859 243198 2036897 23966 244217
005 o927 1,6192 1.8749 2,0752 242089 2.2689 242846 2,3107
«006 «346 1,530¢ 1,7851 1,9860 2.1184 2,1683 21942 2,2201
007 o777 11,4568 1,7096 1,9090 20,0420 2,0919 2.1177 22,1436
.008 J720 1.3913 1,6442 1.8432 1,9760 2,0259 2,0615 2,0774
009 «670 1:3348 1,5868 1,7853 1,9179 1,9676 1,9932 2,0180
01 o827 1,2648 1,5366 1,733¢ 1,8889 1,9156 1,9411 1,9670
#9618 1,2034 1,3967 1.,5266 1,8758 1,6006 1,6261
815 | 140149 1,2036 1,8311 1,3792 1,4059 14290
+8598 «2849 1,0692 101943 1.,2417 1,2660 1,2907 '
<5700 +T868 09669 1,089¢8 1.,1366 1,1604 1,1848 =
5000 #7091 8849 1,0068 1,0617 1,0752 1,0992 X
03437 «6451 «8169 98668 +9809 1,0040 1,0276
¢3971 «85912 «T891 8758 9204 9430 «9663
3579 o5448 «7089 8238 «86768 «8901 9129
05244 #5045 6649 oT779 «8211 #8431 +8656
01467 02717 03988 o4933 «5333 #6517 &7T15
#0779 ¢1681 2698 »3489 3843 A010 +«4181
<0465 1111 01939 2612 «2896 +3059 3207
0296 0767 2432 2015 <3251 2400 <3552
+0188 #0647 01084 #1583 01792 #1919 «2037
#0136 «0398 #0836 1268 01447 1669 01651
<0098 #0280 #0862 1028 1179 01279 1388
#0068 #0228 +0615 0888 #0976 «1068 1138
om 00171 .“11 .0087 00810 .0882 00953
.m «0104 00266 .0"!2 005“ 00625 .06"8
#0018 0053 <0146 «0277 «0345 «0882 o021
20006 #0019 #0057 #0122 +0157 #0177 <0198
.om 00008 .0011 .0027 00031 .0044 .0061
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Table 2

Table of —== I,

~)

ax Ro «06 25 o5 1,0 240 360 4,0 8.0
° .
0
#001 4,38 5483 634 6675 7002 Tel2 7.18 723
002 3489 5e0l4 5466 6408 633 6443 6048 6453
<003 330 4,73 5425 5486 5,92 8,02 8,08 813
«004 3602 4445 4,96 Be37 5464 5074 SeT9 65484
+006 2,81 4,23 4074 5615 5ol 5461 5657 5462
008 2483 4,06 4,56 4,96 5623 5633 5438 544
007 2449 8089 4,41 4,81 5,08 5,18 65623 5¢28
008 2436 3676 4,28 4,68 4,95 5,05 5610 5015
009 2426 3465 4,18 44,56 4,83 4,93 4,98 54035
01 216 354 4,08 4,46 4,72 4,82 4,88 4,93
«02 1,56 2,89 3438 3,77 4,04 4,14 4,18 4,24
+03 1.24 2.49 2099 3.;8 3.64 . 3.74 3.?9 3.84 [}
04 1,04 2424 2,71 3010 3636 3446 3450 3456 ';\
«05 «894 2003 2650 2489 Se14 Se24 3629 Se34 )
«086 #785 1,87 2,34 271 2697 3407 361l 3.1€
«07 700 1.74 2,20 2,87 2482 2492 2697 3402
08 «630 1,683 2,08 2e44 2670 2079 2484 2489
09 &573 1,53 1,97 2434 2458 2468 273 2678
ol o527 1,45 1,88 2424 2449 268 2483 2,68
o2 273 0938 1,31 183 1.86 1,95 2608 2004
-]
:4 0142 #5953 830 1,09 1,29 1,37 1,43 1,45
5
.
#0957 0389 606 «827 o813 1,06 1,11 118 |
#0722 0298 474 #6862 #809 870 0913 #9356
#0679 252 *388 o551 381 736 o773 o794

ASV3 T34 O IdNd d04 d3aNOodddv
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Table 2 (Continued)

~

2
Table of 2, T,
X
Axo .G 925 N 1,0 2.0 S0 4,0 640
0
4001 1,69 2,40 2,68 2,88 3400 3,06 3,08 3,12
4002 1458 2430 2,56 2476 2490 2,94 2498 8400
<003 1,57 2409 2,36 2456 2,68 2,73 2,76 2479
«004 1426 1,97 2,23 “ 2,43 2,56 2,61 2,64 2467
«005 1,15 1485 2,11 2,31 2445 2,50 2,52 2,55
006 1,07 1,77 2408 2,23 2,36 2,41 2,44 2,46
<007 1,00 1,69 1,95 2,16 2,28 2,54 2436 2439
+008 944 1,63 1,89 2409 2,22 2,27 2,30 2,52
4009 .869 1,87 1,88 2,03 2.16 2,21 2,24 2427
<01 «884 1,53 1,78 1498 2,11 2,18 2,19 2423
o02 <555 1,18 1,43 1.63 1,76 1,81 1,83 1,86 '
(S ]
o035 +A16 1,01 1426 1o44 1,57 1462 1465 1,67 N
.04 o325 +876 1,11 1,30 1443 1448 1,50 1,55
<05 4266 2783 1,01 1420 1,53 1,38 1440 1,43
o06 £220 o708 <931 1,11 1,24 1,29 1,51 1,34
#07 .187 o644 o864 1,06 1417 2422 1.24 1,26
+08 .159 4590 <806 +984 111 1415 1,18 1,20
#09 »138 o548 o756 932 1,06 1410 1,2 1,16
ol o122 +506 o711 +885 1400 1408 1,07 1,10
o2 0479 o281 440 .587 o692 o734 o756 o776
5
[ 4
o #0159 o128 #2855 o347 431 468 +485 o504
5
L 4
o6 +00789 0738 247 234 o303 o333 o529 o564
7
*
8 00472 0476 +100 +168 +226 250 o264 o277
9
L
1.0 +00312 «0328 0721 o126 o175 +196 +207 o219

ASv3 134 O 119Nd d04 d3aNodddv
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Table of .3— Io
ax

7

Table 3=~ Ko

- e I sE

(ax)? 1 °
Ro 05 25 5 1,0 240 360 4,0 840
Axo [ @ [ 4 ® X J [ [ J [ )
0
o001 2469 Je4S 3466 387 4,02 4,08 4,10 4,11
0002 2011 2,84 3610 S¢30 843 349 3,50 8.563
«003 1,93 24684 2090 Sel0 324 829 3632 334
« 004 1,76 2448 2673 2,94 3408 313 Selb 3017
o006 1,66 2038 2663 2484 2496 3,01 3,06 3007
006 1,66 2428 2,53 2s73 2487 2692 2694 2498
o007 1,49 220 2446 2466 2,80 2084 2087 2489
«008 1,42 2013 2,39 2659 2,78 2078 2480 283
«009 1,37 2,08 2633 2458 2,67 2072 274 2076
o0l 1,28 2,01 2,28 2448 261 2,66 2669 270
.02 1,00 1,71 1,95 2,14 2,28 233 2,36 2,38
]

003 o824 1448 1.74 1,74 2007 2612 2.4 2617 a;
o041 o716 1,38 1,60 1,80 1,93 1,98 2600 2603 N
«06 0828 1,25 1,49 1,69 1,81 1,86 1,89 1,91
08 o528 1,16 1,41 1,80 1,73 1,78 1,80 1,82
+07 ° o513 1,10 1,34 1,62 1,85 1,70 1,78 1676
«08 4Tl 1,04 1,28 148 1,59 1,64 1,66 1,69

o434 0984 1,21 1,41 1,63 1,68 1,61 1,63

405 0944 1,17 1,36 1,49 1,63 1,56 1.58

0225 #6857 «870 1,04 1,17 1.22 1,28 1428

0126 o224 +b95 o743 «859 0902 0945 o546

+0878 o318 o459 o593 o510 o727 o761 786

00875 280 o374 w54 o583 0820 o649 +858

00648 o219 o318 k25 606 +641 ¢566 o575

3SV3T13H O 118Nd d04 d3aNOdddv



~ &
0o

uA

APPROVED FOR PUBLI C RELEASE

019-

Table 4

Table of Moments of X

i
im

B/A T /A n/X /N
+08 +03068 0017 +0008
o25 .1238 «0199 +0115
o 2021 L0477 0851
o5 <2568 0736 +0620

140 +2965 #0964 +0883

1.6 #3481 130 o134

2,0 3815 o165 o168

2.8 4083 o170 -193

3.0 4150 2182 212

440 4363 o198 .242

840 4508 +208 261

8,0 4585 o218 o272
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