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CALCULATION OF FISSION BARRIERS*

P. M6LLER and J. R. NIX
Los Alamos Scientific Laboratory, Ilniversityof California

Los Alamos, New Mexico, United States of America

ABSTRACT

We review recent advances in the calculation of the nuclear potential
energy of deformation, including both selfconsistcntmicroscopic methods and
the macroscopic-microscopicmethod. Particular attcmtion is paid to the
steps that are involvcclin calculating tilepotential energy according to the
latter method. These steps include specifying the nuclear shape, calcul.at-
ing the macroscopic (liquid-drop)energy, generating the single-particle
potential.,solving the Schr6din~er equation, and calculating the microscopic
(shell and pairing) corrections.
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ground-st;ltcmasses and deformations, soconclminima in the fission bnrricrs
of actinide nuclei, fission-barrierheichts, and fission-fra~mcnt.mass dh-
tributions. I’orthe lighter actiniclcnuclei the asymmetric scwond smh.11.c
point is split into two individual saddle points separated by an asymmetric
third mhlnll.lm,which possillJy resolves the thorium ilnornaly.The calculated
energies of the local minima and saddle points in the potential-energy slm-
faces reproduce the experimental values to within an accuracy of about 1 McV,
although lar~er systematic errors are still present.in somc cases. The cal.-
culateclproperties of the saddle points also reproduce qualitatively the
main features of experimental fission-fragmentmass distributions.

1. IN1’RODUC1’ION

You probably hnve followed the renaissance that has ta’kenplace in our
understanding of fission since the first IAEA fission symposium in Sal.zburg
eight years ago. At that symposium we still thought that the fission bar-
rier of a nl]clf?~lswas a monotonically increasing functigu of deformation
until it reached its maximum value and then a mon~~tcn;call.ydecreasing func-
tion of deformation. But it soon became clear that instead cf this omooth
behavior the fis~ion barrier contains large fluctuations as t function of
both nuclear shape and particle numbers. For some nuclei, these fluctua-
tions lead to a fission barrier that contains two pcalcsseparated by a
second minimum, as illustrated in Fig. 1 for 240Pu.

By the time of the second IAEA fission symposium in Vienna fgur years
ago, we were able to calculate such a barrier for symmetric dcform:~tionsin
terms of nonuniformities in the sin~l.c-particlelCVCIS near the J?ermisur-
face. We could al.scIunderstand three new expcrimont:l].discovcrit?s-=sponta-
neously fissioning isomers, broad resonances in fission cross sections, nnd
narrow intermediate structure in fissio.~cross scctions=”=interms of this
second minimum.
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everyone’scontributionsbut instead concentrate 011 recent results that hcst
illustrate the physical principlc~ involved. Exhaustive refcrcnccs to other
work, as well as to the mathematical details, can be found in fuur recent
review articles ~2-5]. Wc then compare the calculated cner~;icsof the local
minima and saclcllcpoints in the barriers with experimental results, some of
which nre described in this symposium by Britt, \7andenbosch,and others
[6,7]. We also discuss the extent to which e~.perimentalfission-fragment
mass distributions can be understood in terms of the calculated properties
of the saddle-point shapes. We concluclewith an assessment of our present
ability to calculate fission barciers.

20 SEH’CONST.STENTMICROSCOPIC METHODS

There are two general approaches for calculating tilenuclear potential
mcrgy of deformation--selfconsistentmicroscopic methods and th~?
macroscopic-microscopicmethod. In the microscopic methods, one usually
stnr}oswith a given nucleon-nucleon potential and SOIVCS the many-body
Schrodinger equation by means of the Hartree-Fock approximation. This can
be (~nneeither with a realistic potential that is adjusted to reproduce
fund.milentaldata such as two-nucleon scattering data, or with an effective
interaction that is {~djustedto reproduce gross nuclear properties.

The realistic potentials of course lead to equations that.are more dif-
ficult to solve. If the potential has a hard core, then the infinities
associated with it must be removed by means of the approximations introduced
by Brueckner. The resul.tin~ Brucckner-Hartrce-Fockequations are so compli-
cated that they have been solved so fm only for spherical nuclei [8,9].

The equations arc simpler for a soft-core potential, where the ordinary
llartrcc-Fockmethod can bc applied. At deformations away from a local mini-
mum the potential energy is calculated by applying an external field and
solving the rc!nultingcontitraincdHartree-Fock equations. In this way the
potential energy hns now been computed as a f~~nction of the quadruple
moment for some rncclium-wctghtnuclei such as 1°@Ru [1.0]s !Iowever,computa-
t~onnl difficul.ticnhuvc prevented the extension of these ca].culatjonsto
heavy nuclei. For heavy spherical nucl.cithe culculatcd total.binding ener-
gies nrc ~ubstantiall.y~mall.erthan the cxpcrimcntnl values [1.1]. Although
the afiref!mentwould be improvcclaomcwh~ltby including tlIc~ccond-order cor-
rection t.othe llartruc-Fockenergy [lz], this correction has not yet been
cnl.cul.atcclfor dcformd IIUCICiO
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(arrespond ing to the volume, surface, Cmlomb, volume-asymmetry, and
surface-asymmct-ryenergies) and to the spin-orbit interaction strength.

The Skyrme interaction has now bee.~used by Flocard, Quentin, Kcrman,
and Vautherin to compute the potential energy as a function of the

8
uadrupole

moment for several isotopes of cerium [17] and more recently for 2“ Pu [18];
we will learn about such calculations later in this session from Qucntin
[19]. The calculated height of the second peak h the barrier for 2401?uis
19 MeV, which is cmbstnntiallyhigher than the experimental value of S.35
MeV [20]. This large discrepancy probably arises from a combination of
three factors: (1) The results have not converged as a function of the basis
size. (2) The parameters of the Skyrme interaction yield a surface energy
that is too large compared to the Coulomb ener~;y. (3) M;lss-as~etric cl~-
formations arc not ~ncluded. When these three points are taken care of we
can expect such calculations to reproduce experimental fission barriers ~~iti;
satisfactoryaccuracy. This is the most promising of the microscopic ap-
proaches, and perhaps four years from now at the fourth IAEA fission sympo-
sium a substantial fraction of the fission barriers discussed will be com-
puted selfconsistentlyin terms of such an effective interaction.

3, MACROSCOPIC-MICROSCOPICMI!ZHOD
●

But at present nearly all fission barriers are calculated by means of
the second approach--the macroscopic-microscopicmethod. This method syn-
thesizes the best features of two comphncntary approaches: The smooth
trends of the potential energy (with respect to particle numbers und deforma-
tion) arc taken from a 17KICrOScO~JiC model, and the local fluctuations arc
taken from a microscopic model. The method in its present form was developed
in 1966 by Strutinsky [21] and has oince revolutionized the calculation of
fission barriers. The idea of a macroscopic-microscopicmethod had been in-
troduced earlier by SwJ.:~tecki[22] and others.

In this method, which ~.ssuitable for treating nuclcnr syctems that
contain a large number of purticlea, the totiil nuclear potent~nl energy of
deformation is written as the sum of two terms,

Vuv + Av
macro~copic microscopic
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equation is solved for the single-particle energies. (5) These cncrgics
arc then used to calculate the microscop~.c(shell and pair~ng) corrections.
l’hctotal potential energy is given finally by the sum of the macroscopic
energy calculated in step 2 and the microscopic corrections calculated in
Step
have

3.1.

5. These steps have received considerable study, and several methods
evolved for handling each of them.

Nuclear shapes—- . —.

In fission, as WCII.as in the related areas of heavy-ion reactions and
nuclear ground-statemasses and deformations, at lenst four collective coor-
dinates are required to describe the most important shapes that arise. These
are (1) a separation coordinate, which specifies the overall separation of
the mass centers of the two nascent or separated fragments or colliding ions,
(2) a mass-asymmetry coordinate, which specifies the amount of mass in one
fragment relative to the other, (3) a fragment elongation coordinate, which
specifies the overall elongation of the fragments, or alternatively the
radius of the neck between them, and (4) an axial-asymmetry (gamma) coordi-
nate, which specifics the flattening of the shape about its symmetry axis.
Because of computational difficulti~~sthe latter coordinate is not included
in xnoststudies in fission. Our discussion is therefore nometimes restricted
to axial symmetry, but the generalization to axially asymmetric shapes is
straightforward,

The methods for describing such shapes fall into two major classes. The
first class is an expHnsion about some basic shape, such as a sphere, a
spheroid, or a Cassinian oval. For example, Ehapes close to a sphere are
dcscribcd convenient].yby expanding the radius vector to the nuclear surface
In a series of spherical harmonics. J.fthe shape is eiongated It is better
to absorb some of the deformation into the basic shnpe and expand about a
spheroid (ellipsoidof revolution). Thjo can be done either by means of the
coordinntcs Ci used by NJ.1.Gsonand others [1.,2, 23-29], or by writing p2
as a polynomial in z, which is Lhe method used by Lawrence. HasseB
Strutinsky, Paul.ii~d others [3, 5, 30-35]. If the shapa has already devel-
oped nn npprccfabl~ neck it is somc!timesadvax]ta~cousto expand about a
C88sinian ovnl,,which can nbsorb somo of the ncxkf,ngas well as elongation
into the basic shnpc; this method la used by Chcrdantscv and coworkers [36]
and by Paddct!vitcll[.37],

The second c.LneHof mcthoiled[wcri.besthe shape in terms of two bociieR
rathc!rthnn a H~.I~gl.ebody. In thcnc t.wo-centerpnramctrizations ench cnd of
the nucleus i~ usually roprrmnted by n portion of u spheroid. In the most
simple vt!rHj.onthe two spheroids ~ntcrwct in nn undcairahlc cuHp [38], but
[.hil;ru};pm~}’hc romovml by conncrting portionH of the two end sphcroid~
mnooth~y w.i[l]n thlrcifunc[.iunthnt dc~crjbos t.l]cncrk rcglon, In tlm
method u~c!dby ~rrIner, }IUHUI, and ll~cJrcoworkur~ [39-4.3],prnci~ely onc-
IuiJr of WICIICIId H]IIIQ~O 1([ 1 H ti~c!(l ~,n furrnin~~tIICHllilj)(!s which unfortunntc.ly
prwunt~: tlIudc’mirJptJon of LIiIIIIIoIIci-111:(:Iiti(.1.ctilr [;KOIIIId-FIt;It Q dc~formil~tuns
aIIdHanc Jmport:i)nlHhfli)t’n th. It nrl w in l]twvy-h)n t-u:]ct i [mn, 11~nnothor
nwl,l)f)fi ~44-52], it~l)ltril~)! por~[oris lif l:ltc Lwc) C!ld spil~!rofd:l;11’0connrc~ud
Hlll(N)t’llJyby H (jllildriltjl! neck fmct Ion.

h’~l~l(l(!{Ill(’x])~lll}l:i.~11m~[]]()(1~~~u~~uu]1y I)(:tflc~~ Fol” (l(!?l(”~[hf l]f: ll![~ 1 (!tlr

~r[)iii]tl~c”rlt.t~tt~(ltql’orli];~lit~llfi {Illil LIIC (Dill”.iy 1:1 {Ifi(’fl [t~ 1’ i.lili 11~11,Wilt’~t’illJ 41 LWl)-
(’t’llt t’~ 111~’111(1(1Ititl!lllt~.11)?rc~(lujy(~dfor (l(s}l(”l”flt111[;t11(!l/l[”C!rfll’ll[;C’Fl Of f’l HHIOll
find h(Wym-jOll ~cIil(:[ 11111H , j.t ~,t; d(!ol r;il)lco to d[!f llIt’ [ )K’ (SOJ~.t?(!tIvc!(QOllrdllli_lt(’Fl
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in some parametrization-independentway t-hatpermits a connection to be made
between the various methods. Of course the id~!alchoice would be to define
the coordinates so that the resulting incrtin mntrix is everywhere diagonal
and constant. Thts is in general impossible.CO accomplish, and the best
that wc can achieve at present is to define the coordinates in terms of
physically mcnsurabl.equant~.tics.

For symmetric shapes a good choice invo~vcs the use of successive
ccntrnl moments of one-half of the shape distribution [53]. ‘l’hellthe separa-
tion coordinate is simply the distance between the centers of mass of the two
nascent or s~parated fragments, and the fragment elongation coordinate i~ the
root-mean-square extension of a fragment about its center of mass. As Sicrk
will discuss later in the symposium, this Lhoicc has already provccluseful
for displaying dynamical paths in fissicn and heavy-ion reactions [51]. The
mass-asymmetry coordinntc may be defined conveniently (and unambiguously) as
the difference between the masccs to either side of the point midway between
the ends of the shape [3, 5, 33]. For shapes with a well-defined neclca more
pleasant choice would involve the masses to either side of the neck, but in
practice the two definitions are approximately equivalent becau~e in SUCII
cases the volume in the neck region is small.

3s2s Ma(!roscoplc-y.

Once the nuclear shape is spccified, the macroscopic energy must be
calculated for this aha e.

Y
This usually is done by expanding the nuclear

.
energy

+
n powers of A- 13

and [(N-Z)/A]2. Truncating the expansion at
the A2 3[ (N-Zl/A]2 term leads to th6 liqu~d-drop uIoclel.,where the two
shape-dcpendcn~ terms are the cohesive ~urfacc energy and the disruptive
Coulomb energy.

The inclusion of IIighcr-orderterms in the expansion leads to the drop-
let model, which take~ into account cffecttithat are associated with the
fixzitesize of nuclei, such as ntlclcarcomprcssibility [54-56]. Myars and
Swiatecki have now determined a preliminary set o: con:;tants for the droplet
model [56] from adjusl:rncntsto nucl.carEround-s~ate ma~f?csand fission-
barr~er hei~hts and from ~tatistical,calculations, TIM Icsulting curvuturc-
mergy con~tnnt is zero. The effccntive Surfilce-iifiynmct’ J,y con~jtnnt,Whi(!h

regulatca how rapidly flf;sionbarrhrs arc ].owcrcdwit]]the addition of
xmutrons, Js 8i@fJrmtl.y lnrger for heavy nut]ci than the value in their
earl.icr Iiquid=dropnlodc’.l[57]. As IIowardwiJ.J.clcncribo~n t.hcnext pnpcr
[SO], thh ntakcsit unlikely thnt GupQrhcmvy nuclri can be formed by multi-
ple neutron capture.
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A simpler rnc!thoclhas been developed recently for includj.ngfinite-range
●effects. In this mcthml the nuclear macroscopic energy is calculated in
terms of a doubl.cvolume integral over’s Yulcawafunction. As Krappe will
discuss later in this session [63], this leads to several important conse-
quences, such as a reduction in the stiffness of light nuclei with respect to
deformation. This lowers the fission barriers of nuclei near silver by about
10 }leVrelative to those calculated wit-hthe liquid-drop model and shifts the
critical Busin.aro-Galloncpoint (where stabill.tyagainst mass asymmetry is
lost) to Z2/A = 23, in approximate agreement with recent experimental evi-
dence. The reduced stiffness also Icaclsto a secondary minimum in the poten-
tial energy of 1’OCa and certain other li~ht nuclei, which provides a natural
interpretationof the rotational states observed in these nuclei. In acldi-
tion, ex erimental interaction-harrierhei hts for systems ranging from

t‘°Ca + 1 0 and 200Pb + “He to 2a8U + !o Kr are reproduced to within 5%
accuracy. This method also provides a way to calculate the nuclear macro-
scopic energy corresponding to the inner surface of a bubble nucieus [64],

3.3. ~!~ngle-psrtj.clcpotent~al

Once the nuclear shape Is specified and the macroscopicc energy is cal-
culated, the next step is to generate the single-particlepotential for this
shape. We know of course that the true potential is nonlocal and that it
would require a selfconsistent calculation for its determination, But the
great virtue of the macroscopic-microscopicmethod is that single-particle
effects can be extracted approximately from a local ~tatic potential that is
noc generated selfconsistently.

Figure 2 illustrates out qualitative expectations concerning the spin-
independent part of the nuclear potential. Becau~e the single-particle po-
tential arises from the interaction of a nucleon with its close neighbors,
it is roughly constant in the nuclear interior and rises to zero within n
surface region whose thickness is approximately independent of nuclear size
and position on the mrface. For separated nucl~i the potentiul has similar
features concentrated in each of the indiviclunlnuclei. Thjs means that near
the scj.ssionpoint in fission, or near the point of first touching in heavy-

ion reactions, the potential is roughly constant in the interior of each
nuc.1.cusand is el.cvntcxlsomewhat in the neck region. ‘f’hcoverall geometrical
ehapc of the potential follows closely that of the nucleus.
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when the fragment centers separate, the two-center potential-rises several
times as rapidly in the neck region as would bc ~xpcctcd from fundamental
considerations. This leads to tllcpossibility that some of th.cconclusions
based on this potential are associated with this spurious fcature.

There are also two major types of diffuse-surface potcnt:lals. The first
type is obtained by generalizing a spherical Woods-Samn potential to de-
formed shapes. In the generalization used by Pashkcvitch, Strutinsky, Pauli,
auclothers [3, 5, 32-35, 37, 68], the potentials normal dlffuseuess is to
first order constant over the surface. The result.tncgeneralized Woods-Saxon
potential is satisfactory for most shapes, but contains uI~phy~icalfeatures
when the neck radius is smaller tharlthe diffuseness parameter. It therefore
cannot be used to describe shapes near the scission point in fission or near
the point of first touching in heavy-ion reactions.

The second type of diffuse-surface potential is generated by folding a
Yukawa function over a uniform #harp-surface generating potential whose shape
corresponds to the given nuclear shape [45-50]. In other words, a finite
square-well potential of the appropriate depth and geometrical shape is con-
verted into a diffuse-surface potential by folding a Yukawa function over it;
the range of this function is chosen to reproduce the desired surface diffuse-
ness. For small.deformations the resulting potential is very close to a
generalized Woods-Saxon potential. The major advantage of this folding pro-
cedure is that it can be used to generate easily a potential for any con-
ceivable shape, including the transition for shapes with small necks to a
potentj.alconcentrated in each of two individual nuclei, or vice versa. The
potentials shown in Fig. 2 were generated in this way.

Besides the spin-independent part of the potential, there is an additi-
onal potentifd.arising from the interaction between the nucl.conspia and
orbital angular momentum. Finally, protons feel a Coulomb potential, which
is calculated cas~l.yby assuming that the nucl.carcharge is distributed uni-
formly within the nuclear surface or within the nuclear gcnernting potcntj.al..
Mowevcr, in studies with oscillator potentials the Coulomb potent.l.nlusually
is not included explicitly, but its effects arc absorbed by readjusting the
parameters of the nuclear part of the pntcntial.

3.4. Sol,ulJon oJ’Scl~r&lJnfir!rr’qu;.lt.”lon..—-. ..— ----........-......-.—.--..------
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the preferred choice is to expand the wave function in a set of deformed
harmonic-oscillatorbasis functions.

3.5. Microsco~ic corrections.. ———

(lncethe single-particl.cenergy levels are solved for, the microscopic
corrections to the potential energy must be extr~~ctedfrom them. l’hc!two
most important of these corrections are the shell correction and the pairing
correction,

AV = AV + AV
microscopic shell pairing

They arise because of fluctuations in the actual distribution uf levels rela-
tive to a smooth distribution.

These fluctuations are espcciall.ydramatic for a pure harmonic-oscillator
potential, as shown in Fig. 3. For a shape of high symmetry, such as a sphere
or a spheroid whose major axis to mtnciraxis is in the ratio of two small
integers, the levels group intG highly degenerate shells [70]. For such a
shape, the energy of the system is relatively lower for particle numbers that
coxnpletca shell than for intermediate particle numbers. At other deforrna-
ti.ons, the levels are distributed more uniformly. In an actual nucleus simi-
lar fluctuations in the single-particle levels give rise to microscopic cor-
rections that oscillate with deformation and parti~.lenumbers. These are the
oscillations that are responsible for deformed ground states, second mintma
in fission barriers, antiasymmetric sadile-point shapes.

The primary theoretical justificat~.on~or extracting the shell correc-
tion from single-particleenergies is prnvi~ed l~ythe stati.onuryproperty of
the llartree-Focksolution: To first order in the clevintionof the actual
nuclear density ~ram a smooth density, the total llartree-Fockenergy is equal
to the sum of single-particle energies

calculated from a smooth slnglc-particle p~tcnt~{l, ~lus a smc)othQ,vary;!~g
term [3, 5, 9, 10, 65, 71.,72]. ThereI:~rc,

..—.-.-..
to first ~rdcr infitil.curdunsi.ty——

deviations, the fluctuations that wc want to isolate are contained ir thie
sum of single-particle encrfiim. AS I)rackwill.discuss J.atcrin thts ses-
sion [71], second-order cifccLtiin the shell corrm:tion [72] arc expect~!din
gen~riilto be about 1 McV in magnitude!,but could l)l?somcwhnt Inrgcr for spl]cr-
ic:alnucIci. ‘1’ht?~eseconcl-orclrrc!ffect~ arc prol’}i~! ,1.y rcspon~~lil.cfOr nome of’
the rt!main~ngdincrcpancfus bc!twe~ll~~lcu]~t~!d~11(1CXperinK!ntnllFc?t’;U].llS.
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f,luctuat.jons of the staircase function while retaining Jts Inng-rance be-
havior by pafssingn smooth curve F(n) through it. T.llcnthe shell,correction
for a spcc~f~wl number of particles N is ~lven sjmply by the cliffercncc bc-
t.wecnthe arc?asunder the staircase curve and the smooth curve up to N; tlmt
is,

A varic!tyof methods have been propost!clfor dett!rminin~the smooth
curve F(n). Ullfortunatxly, most of these methods work only for certain
sirnplcpotcntinls and cannot be used, for c+x:ample,with potentials thnt con-
tuin a spin-orbit term. For realistic potentinl.s of arbitrary shnpe, the
mast Gatisfactnry wiIyat prccent to detcrmin~? ~(n) itiby usc of strutinskyfs
method [21.],which WOH described to us at the second IAEA fission symposium
by Strutinsky himsc].f[32]. We need not repent the technjcul details of his
mcthud here.

An altcrnntivc method 1)ssbuen studied for calculating the shell cor-
rection from the hi~h-temperature dcpcmlencc of the entropy of the singla-
pnrticlc systc!mon excitation encw~y [73-77]. For heavy nuclei the results
obtained by use of this method a~ree with those ohtninexlby use of Strutinskyls
method to witl~innbout 0.5 McV. l%rhaps tl~iomethod WJ1.1,be discussed durin~
the session cm thermcxlynarnjcproperties of nuclei.
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qual~Lativd y simil+lr,,althoughsome differ(?nccsexist. Rather than trying
to r~!vlewall.of this worlc,wc would like to describe instead some new rc--
sul.tsthat wc hnve obtained rcccntly at Los Alamos.

4. NKW CALCULATIONS

We have performed two separate new calculations: one with the folded
Yukawa potcnthl and the other with the modified oscillator potcmtinl. Both
of these calculations are l.imitcdto even nuclei. In the former calculation,
thero arc three main differences compared t~.previous st.udicswith tlli8
potential. First, we now usc the droplet model.in place of the liquid-drop
moclclfor caicul,atingthe macroscopic energy. The constants of the droplet
model.are a preliminary set determined by Myers and Swiatecki in January 1973
[56]. Wc may therefore regard the prc~ent rc~ul.tsas one step in the complex
Iteration that is required for a final determination of these constants.

Second, we now invcsticatc a larger part of the deformation space when
determining the extrema of the potential-energy surfaces. Our exact procedure
is clescribmlin the appendix, but the idea is that in the region that includes
the first and ~econd snddlc points and the eeconclminimum we miuirnizethe po-
tential energy calcu]~~tedin the three-cllladratic-surface parametrizationwith
respect to a necking coordimntc. During this minimization the eccentricities
of the two ends of the nucleus and the cli~tnncebetween the ccntcrs of mass
of tht?two nascent fragments arc! held fixed at the values corresponding to the
y ftlmi.1.yof shapus [45, 47]. In the region of the ground state a somewhat
diffc’r(!ntcon~traint on the three-quadrntic-surfaceparametrization 1s used.
The Cround-stntc energy is also calculutcd by use of the two coordinates c
and c,, in Nilsson’s perturbed-sphercidpnramctriziltion[1, 2, 23-29], which
for mout dcfmmcd duclcxtyicld~ja lower energy. Iu the region somewhat beyond
the s~’condsaddlu point down to swission the pot~ntlill energy is no longer
minim~zml (ljec;IuHL~the nucl(!usiv on the side of a steep hi]l), but is cnl-
culntcd instun(lfor shnpca al.oncthe most.probublc idualized Iiquid-drop-model
dynanrl.culpath for fi~isilitypurnmetm= x M 0.8 [44, 51.] und for asymmc!tric
p(:r~ll~l)il~~ollfl tll)t)ll~ t,llf2F.iL? f31Kl])t!Ht ‘lI]e fl(~~il.itypnrnmetcr ~H def~ned us t.hc
ratio of tl]cCoul,cmlbunt!r~!yof n sphwic/11 slmrp-sur~~lccdrop to twice+the
Hphcr:l.cnl.~~urfuco(!ncrgyo



a = 0.8 fm #

and
Ap = 34

s

the WC1l depths for neutrons and protons and the rdius of tho npheri.ca].
gcnerati.ngpotential remain unchanged [47]. ‘thepotentjalfs surfaca is now
11% thinner than prcviously, and the spin-orbit interactions for neutrons and
protons arc now stronger by .L2%and 6%, respectively. l’hcsccliffc?rcnccsa-
rise mainly from requiring Ll]ccalculated sin~,;le-particleJ.cvcl.sto rcpl:ocluce
the observed gnp at N = 152 in tllcexper~mcntal neutron lL!VCIS. with tllc!sc!

20~1’barc rcproduc.cdsl.ight].ylessnew pnramcters, the cxpeximcnti~l.lcnwls in
accurately than before. It appears cxtrcmel.ydifficult to find a singl.cset
of parameters that reproduces satisfactorily the experimental.levels in both
spherical and deformed nuclei.

In the new calculation with the modified oscillator potential, the only
difference compared to u previous study with this potcntjn:l[28] is th(+r(!-
placcment of the li quid-drop model by the clropl~tmodel; we therefore omit
the f.ntcrmcdlateresults c~~lculntcdwit:hthis potential and proscnt only tlio
final comparison with cxpcrimcntal data.



Vc come finally to a new observation that is apparcut in Fig. S: For
small neutron numbers (below about 146 in thcse calculutiuns), the a~ymmetric
second saddle point is actually split into tw indivlduul Hoddlo points
separated by a tlltrdmhjm[~m: Such a splltthg is posHibly responsible fo~
the broad resmt)nce observed in the fitisioncross cccLioIIs of the ccmpound
nuclei 231’J’h,z‘ZT1],and 234Th [78, 79]. These data hnvc always been ~ntcr-
pretcd as implying tl]at the first saddle point and second minimum in the bar-

rier arc substantially hjghcr than the calcul.ateclvalues. nut it now appears
Iikcly that these mqmrimcntnl values refer instcnclto the middle tiaddlcpoint
and ~hird minimum in the barrier, which offers a simple retiolutionof the
thorium nnomaly. These third minima are a~sociated with a ahift in the Joca-
tion of the asymmetric second saddle point from a large distortion r to a
smal..l.c!r distort~on atithe nt!utrunnumber increases, Simil,arthird minima arc
also preHcnt in some previous cnlculntions for thorium iHnt.opcfiwith both the
Ecncrnl.:LzedWoods-Saxon potcntinl [37] and the l,lodifiedoscillator potential
[28], but the possf.l)l,e~~gnificuncc of thcoc m~.n~.mnwa~ not wal.iwd until
now, It iH cone.eivablcthut such third minima arc a upuriou~ fcnture of
lJ.mlLCC.IRhnpc ])ii~{ln]cqtt=fl ~~~t:lons, but this can be chcwkcd throu~h furthcr work.
‘1’hcpoHI~ibilil.yof this ncldi.tlcw;nllcompl.cxityin Lho vicinity of the a6ynl-
xnctrtc~ccnnd NLtdcl.1,~~point mefinothat grcnt mre Aould be tukc!nwhen dcter-
minil]~;bnrr~cr lit!i[~l~tofrom f:LHaioncroHH fiectionti[6], when cnlculatin[;
spoilt~lnoull~-fti.ot:~,cjl~lml.f1:1.vcti[35, 80, 81], and whcl~correlatil]gLhe prupcr-
L~c!Hof fiHs:l.onisumf~ry[7].
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these valleys in clrtail.,but if n similar tOpOlogy occurs for nuclcl near
radium it could possibly be responsible for the expt?rimentallyobservc!clthrcc-
pcaked mnss distributions for these nuclei. In contrast, the aymmtric pc?alc
for 2SoFm is relatively I.OWin elevation, and only 1..2McV is gaind by tdc-
~.ng the asymmetric route around this mountnin.

Apart f ~Om ~hc c!qui~ibrium poj.nts, such potc!ntia~-cnc’!rgy surfact!s are

not ~.nvarjilnt under a ch:ingc of coord~.natcs. It ~.sWC].I known that va lley~— .. —-. ----
can be transforrn(?d into rjdges t and vice versa, by coordinate? trLlll[3forl]l~ltions

[82]. Wc th~!reforedo not attach n crent deal.of sif;niflcnnccto the appar-
ent vaJ.l.cyH or ridges on tho steep hil.1.sidebctwt’cuthe saddle and scission
regions. The answer to the motion in this rt!c:lonmust await a proper dynnm-
ical colculati.on;sumc it~pe~tsof dynamlca w~11 be disc~l~secllater in the
symposium by Pauli, Sierk, and others [35, 51].

Wc do note, however, that beyond the last saddle point the appnrent
stability ah:Lftsbetween ~:ynunetricand asymmt.ric shapes. Such shifts arise
from oucillut~ons in tllosin[;lc-particle corrcctionsa Yrom Tundamcntal con-
eidcrations one expects these oscilln tions to continue WCII. pi~st the!Eaddle-
polnt region provided that the nuclcus continues to clongnte a~~it does along
the path choficnhere.

.-1 /,..



5. I?NER~lES OF T1{KI*OCAI,MTNTMA AND SADDLE 1’OINTS

WC turn now to a compnr~fion between c:.11.cul.attuland cxpcr-i:llcntalencrfiios
of the equilibrium points in the potcntiul-energy surfaceua

5.1. F(IlclcdYukawa po_tcntinl.-—. .—. ——

Figure 9 compares th~:calculated and cxpcrimcntal grouncl-~tatcmasses
200Pb and deformed nctinicleof hcilvy even nuc.l.ci; both spl~ericalnut].cincnr

nuclei nre included. ‘1’hcc[ll.cultitions rcproducc the general trcndu of tl~e
experimental results, but soml? systcnmtjc cliscrepancics rcmai.n, as tihown in
the lower portion of the fJ.~urc. Similar diacrcpanc~as have be~?nobserved
previously [2-5, 24, 28, 29, 5’?]. When viewed ovcx a broad rcgi.cm of nuclei,
the dl~icrepancyin the groundi~$ate maascs oscillates with particle nurnbcr.
The maxJmum error occurs for ‘ l%, where it is 2.6 MN in ma~nitudc. For
the isotopes of n given act~nldc clement, the mji]~.raum h the calculated
ground-stutc single-particl.ccorrcct~on is alwa}s at neutron nwnber N = 152.
This i~ because the paramcter~ of the single-particlepotential arc adjusted
to reproduce the gnp nt N R 152 in the cxpcrimcntn].single-particle UJvcls
of ground-state nucl.ci. However, this m~nj.mwn in the ground-~tate f3inglc-
particlc!correct:l.oni~ observed cnqmrjmcn[ull.yonly for the hcwicx actinide
nuclei (~ > 100). For the isotopes of n given actl.njdec1crocut,the clif-
ferencc bctwaen the expcrimcnttiland cakul~ited mauscs Iti an increasing func-
tion of neutron numlmro

-J!b



potent.lill nnd Lhu 1.lquJd-dxopmod~!l.[4 J.] .

5.2.
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Ref. 128] w.l.th two cxcept~ons: Wc now uf;cthe droplet model for t.hcm;~cro--
scopic cnc~rgyand Include a zero-point energy of 0.5 NcV at the [;rounclstate
and mwond minimum. The strength of the pairing interaction js taken to hc
indcpe~dent of duform:l t ion. In Fig. 12 wc sec that although the cxperirncntal
und cal. cul. atcd hej [~lli.s of the second minimum are in approxi.mateagrccrncnt,t?~e
calcul:~Lmlvalues dupE!ndmore strong].yon neutron numl.xqrtll~lndo the experi-
mental. values. In particular, the calculat~!dvaluca contuin a minimum at
N I=144 and a maxhurn ut N I= 1.52, whercatithe expcrfmcnt~]lvalues are approxi-
mately indopcndcnt of neutron number (apart from the odd-pa rtic].cfluctuation
discussed curlier).

Ae #ecn in F@. 13, the calculated hci~lltsof the second saddle point for
uranium and plutonJ.umarc fairly constant as functions of neutron number and
are in cxce]lent agrcx!mentwith the experimc!ntalresults. ‘lhengrecment is
also very good for curium, wheraus for thorium tilecalculated v~llucs are about
1 MeV ll:Lgherthan the experimental values and vary somewhat too rnpidly with
neutron number.

For the heavier actinidc nuclei there are no experimentalmeasurcuuents on
the height of the cecond ~addlc point. Mclwever,the spontancou~-f:lssion half-
lj.fcforz~~oI’mis unexpectedly short compared to that of the neighboring
nucl,cu~ Fm. In particular, the halflife of 38(IV#Jfor 25aFm is on].
4 x 1.0-8 i25% ~88, 89]~tj.111~~ thilt for l’l~ismay j.nclj.c:a~e that for 25 lb tho
second HIIdcllL~ point i~ lower than the ground stnt~ [60]. This cou].dalso be
true for ‘!44Fm,which haH a short spontaneous-fissionhalflife of 3s3 n~~
[90]. This j.ndircct ev:Ldencc thercforo suggests that the heights of the
second SZN1(IIOpoints for 21’q10uand auOFm arQ about zcrn. Thin i~ reproduced
approx~mtitt!lyby tl~ecal.culatj.on~shown in E@. 13.

5,3. C(qw~rJ.ticul of fo Mccl YUICUWUand modl f id of3ci 11 nt..or potent ~nh----- .—— . . ... .—. — . . ... .. . .. . —. ,. ---— .—. ....— - . . .-— — .-.—
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tlic fol.clccl Yuk~wi~ palmIItial (as well as the Woods-Saxon potcntj.nl)predicts
that tileweotcrn side is more stable.

We had origin;llly thought that part of this d.lffercncc was caused by
hav~ ng USCC1c!xpc:rimcm~~l sln~le-part icle levels h 2 ‘*l?b to determine the
paramet~rs of the folded Yukawa potential and sin~le-pnrticlc levels in heavy
deformed nucl ci to dctc:rml.ne the parameters of the modifi.ccl oscillator poten-
tial. But now tlu~t we usc lCVCIS in heavy deformccl nuclei for both potentials
the dif!fcrenccs are even greater 150]! l’his comes about because the surface-
dif J!usencss parameter for the folded Yukawa potcnt~al is now smaller, which
makes this potcntia.1 more like a square-well potential.. Wc conclude that al-
though satisfactory ~~grccment witl~ cxperimcn~al results may he achi.cved for a
l~mi ted re~;ion of nuclei through the adj ustmcnt of parameters in the single-
particlc potcntlnl.,great care must be exercised when extrapolating the poten-
tial to ncw r~!gionsof nuclei.

b, FISSION-IUUCMENTMASS DISTRIMTIONS

We come fjnal.ly to tl~e puzzle that has intrigued physicists ever since
the ditic.ovcry of fission: the preference of most actinidc nuc.lciat low ex-
citation energy to diviclcasymnlctrically.We now und crs taxi this preference--
as wcl.1 as the preference in other s~tuations for nuclei to divide sjmlmetri-
cnlly--in term of ~infilc-pnrticlceffects superimposed on a smooth macro-
scopic background.

6.1. Ck~Jn of ns~mmctrlc instabilities ,b
-... --- .— .- .--— ——.—-. --—..-



Two near-lying Icvcls are affected strunuly by an asymmetric perturbation
when the matrix element of the perturbation between thcm is laJ:Ec. 11M2matrix
clement of a mass-asymmetric perturl)atiou Is lar~e bctwccn two stntcs of op-
posite parity that have similar transverse and azimuthal wnvc functions md
that have O and 1 nocle, respectively, in their WLI%WC!functions alcng the synl-
mctry axis z. This is illustrated in l’i~. 15, wl]erc the neutron levels near

the second saddle pofnt of an actinidc nucleus arc shown ds functions of mass

asymmetry. These results arc c;l].culatcd with tl~c mod~ficd oscil.1.ator potc.n-
tial. In terms of the nsymptotj c qunnl-um numbc~s [Nnz.hf)] , the levels that are
affcctccl most by mass asymmetry are [40.4Q] and 151tKl] . Four orbitfils of
each type occur bctwccn neutron number J 30 aIId 170 at th(? second saddle point;
it is the presence of these ci~l~t mass-a~y~~metry-favoril~~ orbit-al u near the
Fermi surface that leads to mass-asymJIIctric SC+COIXlsaddle points j.n actinidc

nuclei. l%es~ same orhi Mls arc also rc!sponsiblc for mass asymmetric saddle

points in ca].culations with the folded Yukawa potential und with the general-
ized Woods-Saxon potential [5].

As the nucl. cus continues to deform past the saddl o point, the development
of the neck and ultlrnatcly the rise of the potent~al in the neck cause all
levels to group into nearly de~cnc.rate pairs of levels of opposite p~~rity.
This occurs because the squeez~,nc at the neck ra~ses the energy of a state
without a node at z = O more than it raises the ener~y of a state with a
node. As stressed by Anderscn [97] , these pairc of I.CVC1s finally b(!come the
level.s in the twc individual ~ragmcnts nftc+r sclssion. In this .ljmit every
level is nffec.tedby a change in rnn~sanymmctry. }lOWeVc!r,because Of the dif-
ficult y of mass tran:.~f cr near sci.snion, the m~ss split lllU&t be d(?c~ded Some-.
what before this point. I!ut in this way wc Rce the connection bc!~ween the cf-
fect~ of shell structure in the fragments and at the saddl.c point.

6.2. Saddle-point ~rC)lJC!l”t~(.!H------ . . .. .—— ..- .-. -., —-
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Experimental fiss~ on- fragnwnt mass distributions for nuclei in the

(84 < Z S: 90J have three p~aks; one corresponds tovicinity of radium .
division into equal fragments and the ot.hers ~a]:respond to division into un-
equal fragments. Still lighter nuclei (Z ~1 84) divide primi~rlly into two
equal fragmcnt~ at all excitation energies far which the nlas:j distri.but-ions
are known. Nore recent experiments show tlli~t the mass asynmmtry also de-
creases strongly for very heavy nuclei [102, 103]. In particu:~; , the most
probablc mass split in the thermal--ncutron-hlduccd fis~icnl of
is symmetric [.103].

~ (z = ],00)
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FIG. 18. Location of the l)rcclictcxl isluncl of superheavy nuclei relative to the
peninsu].c of obncr\=cd nuclei. ‘1’he nuclei included in the i aland have
cnlculatcd totnl halfl. ives long~?r than nbout 5 mln [48].
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