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I. INTRODUCTION

PRODUCTION OF A NARROW BAND OF 0.511-MeV RADIATION

BY USE OF THE PHERMEX BREMSSTRAHLUNGSPECTRUM

by

Michael A. Stroscio

ABSTRACT

The pair production cross section is numerically integrated
over a typical PHERMEX bremaatrahlungspectrum to obtain the prob-

ability of pair production in a target of nuclear charge Z, and
daieity p. The pair production cross section used herein is only
aPProx*te in thet ft (1) neglects screening, (2) neglects the
Coulomb field for the emerging pair (first Born approximation),
“and(3) neglects pair production by atomic electrons. In spite of
these approximations,the present work still givea an order-of-
magnitude eati.mateof the amount of 0.511-MeV radiation produced
by a typical pulse.

Herein, the pair production cross eection is

numerically integratedover the FHERMEX output
1spectrum for a typical case given by Venable et al.

The pair production cross section for unpolarized
2,3,4,5

photons of energy ho is,

U(w)=aZ2r~
{

2T12[2C2(T_I)-D2(n) 1
(1)

}
+ ~ [(109+64~2)E2(~)-(67+6~2)(1-~2)F2(~)] ,

where

I/q cosh-lx Coah-l 1c,(ll)=~ — ~ dx
x (1-isl), (2)

D2(TI)= {lln +- dx (11~1), (3)

EZ(TI)=F(_) - E(-) (~<1), (4)

F2(~)=F(~) (ns 1) , (5)

and tl=2mc2/hu. In Eq. (1) a is the fine structure

constant, r~ is the claaaical radius of the electron,

and Z is the nuclear charge. F and E in Eqs. (4) and

(5) denote the complete elliptic integrals of the

first and second kind, respectively;

-1112 d$
F(R)=+ /1-(1-T12)sin20 , and

E(~)=IT’2 ~
o

l-(1-rl’)sin’+d$ .

(6)

(7)

The baaic integral over the PHERMEX bremaatrah-

lung output spectrum P(hu), ia,

(8)

where wmsx ia the maximum frequency contained in

P(hu) and m is the electron rest mass.

11. INTEGRATIONTECHNIQUES

The actual integrations involved in Eqs. (2) -

(8) are completed by Gauss-Legendre integration

algorithms. All integrals are written in the form,
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I= ~1 f(y)dy= & aj (i){f[yj(i)]+f[-> (i)]}, (9)

jwhere a (i) and i(i) are the Gauas-Legendreweighta
6

and coordinates,respectively.

The weighta aj(i) end the coordinates J(i) are

chosen so that Eq. (9) is exact when f(y) is a paly-

nomisl of degree 2m in y. All of the integrals

involved in this calculationare accurately calcula-

ted by Gauss-Legendresums with small values of m;

i.e., all integra,ndsare cloaely approximated by

polynomials of low order.

III. PWER”SPIKTRUM

A typical power spectrum for the PHERMEX brema-

atrahlung outputl has been used in this tmrk to esti-

mate the value of Eq. (8). l%is normalized spectrum

is defined by linear interpolationbetween the

ordered paira of energy and power spectrum intensity

in Table I.

Iv. PAIR PRODUCTION CODE

A FORTRAN code was written to evaluate Eq. (8)

and the integrals in Eqs. (2) - (7). TMs program

is capable of numerical integrationof any function

which is adequately approximatedby a polynomial

of degree 32 or less. In addition, any set of

ordered pairs, aa in Table 1, is allowed in this

code. The program, which is documentedwith comment

cards, is listed in Table II and follows the notation

of Eqs. (1) - (9). The final value calculated by

the code must be multiplied by the factor -aZ2r~ ,

which is contained in Eq. (l).

TABLE I

ENERGY SPECTRUMa

Ei(MeV) ‘i
0.0 .220
6.0 .175

12.0 .145
24.0 .105
27.0 .075
28.5 .050
29.4 .000

v. PAIR PRODUCTION PROBABILITY

The probability that the normalized power spec-

trum will produce an electron-positronpair in the

first millimeter of interactionwith a target of

atomic weight A, atom%c number Z, and density p,

is

?=FNA p/A, (lo)

where

F=-ciZ2r~ (CnmputerOutput), (11)

end N Ls Avogadrols number.A
Equation”(10), of

course, does not include the effects of Compton

scattering on the photons represented by P(u). The

magnitude of the Compton scattering cross section

is, for many elements, comparablewith the pair pro-

duction cross sections Rowever, it must be recalled

that Compton scattering only redistributes the

phton distribution and, thus, the only major influ-

ence on Eq. (1) is that some photons are scattered

below the pair production threshold of 2mc2.

The Compton scattering contribution is rela-

tively small for lead in a typical PHERMEX energy

range and the pair production cross section domi-

nates.

P.

Evaluating Eq. (10) for Pb, we find,

()-+ (82)2 (2.8~0-13cm)2 (-14.48)

)6.0225x1023 =
x
( 207 gram

~ 0.18/nm.

Thus the probabilitythat the

(1..L.35f3/cm3)

unity-normalized

(12)

PHERMEX bremsatrahlungspectrum will produce a posi-

tron-electronpair is 0.18 for each mm of length

of a Pb target. The normalization factor for the

power spectrum (which should multiply Eq. (12) to

give the number of positrons produced per mm) is

given by the average

the PHERKEX output.

number of photons per MeV in

a(E ,P ) pairs represent the power spectrum used in
eva~us#ing Eq. (8). A typical power spectrumlwas
chosen for the present work.
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VI. PRODUCTIONOF A NARROW BAND OF RADIATION FROM

POSITRONS

Positrons produced by the above mechanism are

stopped very quickly in Pb. This follows from (1)

the Bethe stopping–powerformulas which indicates

that an electron of 50 MeV has an average range of

12.5 mm in Pb, (2) the fact that maximum energy of

the positrons considered herein is less than the

maximum bremsstrahlungenergy (29.4 MeV was taken as

the maximum in Table I), and (3) the observation

that high-energy positrons behave electromagneti-

cally as high-energyelectrons.

The cross section for the annihilationof an
7,5electron-positronpair into tw photons is,

[
2 1 *k(Y-)-#+-u2y‘“r” w I

(13)

‘herey= &’ B=v/c,and v is the velocity of

the positron with respect to the electron at rest.

Using the relations

(14a)

and expanding the logarithm in Eq. (14b) we have,

‘2y [
‘Tr~~l*O+

( )1*. *p’+*E$+...
‘%+%wmh:;-’)

(.Eri+~zY2+4Y+1 &+~ @
Y2B

)Oyz(y+l) 3 5 -7-+””” .

(15)

Upon expanding Y in Eq. (15) in terms of f3we find,

(16)

i.e., the linear terms in B cancel. Equation (16)

indicates that the major contribution to the two-

photon annihilationof an electron-positronpair

occurs for small vsluea of B. Thus the kinetic

energies of the annihilating particles are small

compared to their rest mass. This implies that (1)

annihilationwill result in two photons of approxi-

mately 0.511-MeV energy in opposite directions and

(2) the distribution of this nsrrow band of 0.511-MeV

radiation will be isotropic allowing for any obser-

vation angle that suits the experimenter. The one-

photon annihilation is, of course, forbidden by

conservationof angular momentum. The three-photon

cross section is smaller than the twn-photon cross

section of Eq. (13) by a factor of (1/137 ).

Ref. 8 contains a review of the theoreticalannihi-

lation characteristicsof electron-positronpairs

for all order processes which have been observed or

are likely to be observed for some time.

VII. DISCUSSION

As shown above, most of the photona in P(u) will

produce a positron if the target is several milli–

meters thick. This means that a large fraction of

the energy in P(u) will appear as 0.511-MeV radiation

in a narrow band.

T%is narrow band of high-intensityradiation

has not been exploited for any useful purpose at the

PHERMEX facility. Among the various uses of this

radiation are (1) the measurement of opacities at

0.511 MeV and (2) the measurement of solid state

properties from a study of the exact annihilation

spectrum. This last use has received considerable

attention and is commonly used to determine the

solid atate properties of the material in which the

positrons are produced. The unique feature here is

that these measurementswould be made in the pres-

ence of an intense bremsstrahlungspectrum.

It Is clear that not all of the 0.511-MeV y rays

produced in the Pb target will escape without inter-

acting with the Pb target itself. At 0.511 MeV, y

rays interact with Pb by both Compton scattering and

by the photoelectriceffects The attenuation of

0.511-MeV radiation In Pb is described by an exponen-

tially decreasing intensity, I:
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I=

where I
o

x is the

Ioe-m ,

is the intensity

distance through

at the point of productlcn,

which the Y rays travel.
in Pb and T= 0.17 per mm.= Thus the intensity of

0.511-MeV y rays is diminished by the factor e
-1 ~n

about 6 mm of Pb. In comparison, an electron with

5 MeV (50 MeV) of kinetic energy has a ranges of

3.3mm (12.5 urn).

These data indicate that the optimum 0.511-MeV

pulse will be obtained when some dimension of the

Pb target is restricted to about 5 mm in extent:

this thickness of Pb will stop nmst of the poaitrnns

produced in the PHERMEX energy range and will allow

about 50% of the 0.511-MeV radiation produced by

positron annihilation to escape unattenusted. A

particularlyattractive target design consists of

an array of cylinders of Pb,each about 5 mm in

diameter and 50 to 100 mm long,with their axes

parallel to the PHERMEX beam. This target would

provide a long interactiondistance for the PHERMEX

photons and would allow moat of the 0.511-MeV radiat-

ion produced at 90” to the incident beam to escape

the Pb.

ACKNOWLEDGMENT

The author is eapecisllygrateful to John W.

Taylor, LASL Group M-2, for several stimulatingdis-

cuaslons regarding the production of positrons at

the PHERMEX facility and for providing the power

spectral intensity of the PHERMEX x-ray beam which

was used in this work.

REFERENCES

1.

2.

3.

4.

5.

6.

7.

8.

9.

D. Venable, D. O. Dickman, J. N. Hardwick,
E. D. Bush, Jr., R. W. Taylor, T. J. ~yd,
J. R. Rube, E. J. Schneider, B. T. Rogers, and
H. G. Worstell, “PHERMF.X: A Pulsed High Energy
RadiographicMachine Emitting X-raya,” LA-3241,
(1967).

R. Joat, J. M. Luttinger, and M. Slotnick, Phys.
Rev. 80, 1950, 189.—

F. Rohrlich and R. L. Gluckatern,Phys. Rev. 86,—
1957, 189.

J. M. Jauch and F. Rohrlich, The Theory of Pho-
tons and Electrons (Addison-WesleyPubl. Co.,
Reading, MA, 1955) p. 376.

W. Heitler, The Quantum Theory of Radiation,,
3rd Ed. (Oxfordat the Clarendon Press, Glasgow,
1954).

F. Schied, Numerical Analysis (McGraw-HillBook
Co., New York, 1968) p. 125 et seq.

P. A. M. Dirac, Proc. Carob.Phil. Sot. 26, (1930)
p. 361.

M. A. Stroacio, Physics Reports, ~, (1975),
p. 217.

A. T. Stewart, L. O. Roelig, editors, Positron
Annihilation (AcademicPress, 1967) Proceedings
of the June 1965 Positron AnnihilationConference
at Wayne State University, Detroit, ML.

.-

4



.

[
/

TABLE 11

PAIR PRODUCTION 03DEa

(LASL Identification: LP-0640)

PRnGRAM PUPLIS( INPSFSFT5=1NP90UT 9FSFT6=OUT!
nTMFNsTON Y(11,16) 9A(11916)91M( 11)
rnc#?Jnhl y,b

NORn=l 1

c HFQF WF RFAI) THE PARAMETERS FOR THE GAUSS-LEGENQRE

c INTEGRATION POUTINF
no 1 MM.l SNORI)
RFAcJ(6.1OOI N

1~~ FnRMATfllO)
lNf)=N/9
lM(MM!=TNn
Rean(q91011 (Y(MM 9rlsA

101 FflQMA7($tFln.!21
1 fnNTINllF

M.4
<t\M=non

lNn=lwIM\

MM 91191=1s

c’ HFF?; WF INTF(ZRATE THE PAIP PROD.

Nn }

cROSS SECTION OVER THE
c POWER SPECTRUM OF THF INITIAL PHOTON DISTRIBUTION

D(l ~ $=l,lNO
suM=sIIM+A( M,I)*(F(Y( M,I)) + F(-Y(MoI )))

2 CCWUTINIJF
t40n~t4r=IM(M)*?

WRTTG(69107) NPrllNT9SUM
lnz FnwMAr(1x91&9~X.Fl~eP I

<rno
cmtn

FllNfTlnN F(Y)
(- OFMAX 1$ THF M4X1MUM FRFQUFNCY OF THF PHOTON DISTRIBUTION
r FM I< THC ~LCCTl?nY RFCT MA<< TN MFV

c A*y+Fj IS THF FREQUFNCY OF THE PHOTON DISTRIBUTION

c P REPRESENTS THE POWER DISTRIBUTION OF INITIAL “PHPTONS

c SIGMA IC THF TOTAL cROSS SFCTION FOR PAIR PRODUCTION
rlFk4Ax.7C!.~

I=h4=e611!TnZ

A.(t-l!=M4x-7e*FM

P=(QFuAX+7.+FM’

F=A*P(4*Y+R)*S

kfo?TI=f6,441 F

44 FnQWAT(lX,*C=*
P~Tlll?N

FAJQ

/?.
f~,.
rzMA(2.*Fq/(A*Y+P))

~1%.81

F\lNeT?nN CIGMil(cTA\

(- FTA 1$ PM/OMCGA ANl) 1< ALWAYS SMALLFR THAN 1 FOR PAIR PRCIn.
sIGMA=-7.* IFTA**7)*(7.*C> (~TA)-n7(rTA))

1 -(2./27.)*((lfi9.+64.*( FTA)**21*(FA1FTA )-~A(ETA )1

2 -( A7.+6.*(FTfi)**2)* (1.-FTA**7I*FA(FTA)J
CVJCGAJ=J.f)?/=Tb
WR!TF(6,492) STWA,=TAtOMFG#l

492 FORMAT( lX,*SIGMA=*,F1 5.!393Xs*FTA=*,F15.8 e3xg*OMFGA=*SE15.8 }
pl?TllpN

c~n

%ORTRAN code for integrating the power spectrum over thepair production cross section.
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FuNfTlnN fJ(t_FnCn)
D7M~N<l!lN I=(7)9~T(7)

r THc lN!TT&L DHOTON pfJwER sPFfTRuM IS RFAn TN AS SFVFN

r PATRs OF NUMRFRS fiNcJ TIIF RFLOW ROUTINF DOF5 A LINFAR FIT
c TO THFSF SWFN ORDERED PAIRS THE ENERGIES Etl) THRU

c E(7) ARE ORDFRED WITH THE SEVEN INTENSITIES S1(1) THRU 51(7)

F(l)=n.fi
F(7)=Aon
F(’l)=170n
F(&)=7400

7

sn

7

59

F(A)=9R.5
~(7)=70.4
<1(1)=.770
<T(?]=0175
<T (2)=0145
~T(4)=.lo=l
<1(6)=.n76
sT(6)=.n50
<1(7)=.nnn

lF (CI=RFCI.GT.=(1)) K=l
lF (CFRFQ.GT.F(7)) K=2
IF (r!=17Fr3.GT.r(a)) K=?
TC (CFRFCjoCToc(G)) K=4

IF (CFRFOotiT.C(~)l K=~
TC (C’=O~CJ.GT.F( f.)) K=6
P=<I(K)+( (<l(K+I)-S1(K) )/(F(K+l)-F(K)))*(CFRFQ-F (K))

QFT[JRN
FNO

FuNfTltlN f7(FTAl
DIMFN<TON Y111916)9A( 11916)
rrlwwold Y9~
Cnwmh! /PQT1/ AAA

AJ3A.FTLI

.slll=n.n
MM=16

N?sl=l 1
m 9 .I=19~~

SUI=SIII+A (NN,J)*(FllY (NN,J)) + FI(-Y(NN,J)))

(_f’tNTIMll~

r?=<ul
woTT~(6,6~) r?
FfW0.1AT(lX.*C7=*9Fl ~.8)
RFTIJI?M
FNQ

t=lltdCT?nN Fl(ll)
rnwr#nN /FRT1/ AAA

FTA=AAA

Fl=ACnSH(.5*(1./rTA-l .)*U+.q*(l.+1./FTA))

1 *AcnsH(l./(.5*(le-FTA )*U+.5*IFTA+1.)))

7 ●11./(lJ+(l.+lo/FTAl /1lo/FTA-1.)1)
PFTUI?IU

run

FuNCTION (l?[FTA)
D1MFN<1ON Y(11,16)9A(11916)
fnMqornl Y,A
rI)mMC)M /FRT7/ RBQ
RRR.FTA

sul=o.~

MM= 16
NN=ll
no 2 J=19MM
SU1ES111+4( NN*J)*(F2(Y(NN9J )) + F?(-YINN,J)))

CrlNTINUF
n7=qul
WI?TTF(6959) r’)?
FoRMAT(lx9*D2=*9E15s8 )
RFTURM
FNn

.
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FUNCT1(3N F2(U)
Cnkv.vmt /~R~2/ Rll~
FT4.RCIR

F2=[ [1.-FTA)/t20*FTAI)*
1 SQRT(lo/((.5*11./I=TA-l .)*U+.5*(1.+1./FTA))**2-l .))

2 *Ac05H(I./(.G*(~.-FTA )*lJ+.5*(=TA+le )))

RFTI)RN
FNn

FUNCTION FA(FTA)
DIMENsION Y(11916)9A(11916)

COMMONY*A
cmJmoKJ /FRT3/ crc
Cff.FTA

Sul=o.fl
uh4*l~
NN=l 1
nO 7 J=l$MM
sul=stJl+A(NN9J\*( Fa(Y(NN$J )! + Fa(-Y(NN,J)))

7 cnNTTNUF

FA=SU1
WR1TF(6S62) FA

62 FORMAY(IX9*F=*,F15.8)
RFTURN
FNn

FIJNCTT(IN Fq(lJ)
cOMMOP.I /FRT3/ CCC
FTA.CrC

P10F=qo1415Q?65a8/4.
ACnGTQ= (1.-ETA**2)
F3.pIoF* sQRT(l./(l.-

1 *SIN(PIOF*(l.+U))) )
RFTIJRN
FNn

FUN(_TloN F4(FTA)

ACBGTR )*$IN(P OF*(l.+U))

nTMFN<TON Y(llo16)9A( 11916)

COMMON Y9A
cowMoN /FR74/ nnn
DOn=FTA
Sul=o.fl
MMx16
NN=l 1
nn 7 .I=l.MM
SU1=.qtil+A( NN,J)*(F4(Y (NN,JII + F4(-Y(NN*J)})

7 CnNTIA!llF
FA=$IJ1
wR1T=(~97P) GA

7!7 FnPMAT[ lX~*F=*~Fl~.R I
P=TuPM

FNn

FIJNrTlnN F.4(11)

cow40N 1FRT41 rmD
FT4.nnn
PTnF=*.141=IQ7&5*R/4.
AcFtGTR. (1.-FTA**?)

F4=PInF*SQRT (1.-(AcRGTR )*%TN(PlnF*(l.+u))

1 *sIN(PTOF*(l.+U)))
RFTIIRN
Fn!n

FllNrTTnN 4r(?<H(xx)
4frTSH.ALOti( XX+V3RT(XX**7-1. ) )
RFT!IQN

FNn

SFM.
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