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PRODUCTION OF A NARROW BAND OF 0.511-MeV RADIATION
BY USE OF THE PHERMEX BREMSSTRAHLUNG SPECTRUM

L Michael A. Stroscio
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§ g SEEEE _ ABSTRACT _
2 E;} The pair production cross section is numerically integrated
H o over a typical PHERMEX bremsstrahlung spectrum to obtain the prob-
§ o g - _ -ability of pair production in a target of nuclear charge 2, and
3 gg‘T- density p. The pair production cross section used herein is only
a 0)‘ == - approximate in that it (1) neglects screening, (2) neglects the
- [o)] Coulomb field for the emerging pair (first Born approximation),

™

Ef'f and (3) neglects pair production by atomic electrons. In spite of
} these approximations, the present work still gives an order-of-

_ r magnitude estimate of the amount of 0.511-MeV radiation produced

by a typical pulse.

I. INTRODUCTION

Herein, the pair production cross section is
numerically integrated over the PHERMEX output
spectrum for a typical case given by Venable et al}
The pair production cross section for unpolarized

photons of energy hw is,2’3’4’5

o) = az’r2 {2n?[26, ()-D3 ()]
) @
+ 77 [CL0946ANDE, (n)=(6746n%) (1-n*)F, (D1}

where

11

-1
1/ h -
c.(n) = ji n QSTL cosh F; dx (nsl) ’ (2)

-1 1
D,(ny= /N cosh, x4y msn,  3)

E;(n) = F(/I=N?) - E(/ID) (n<1), (&)
F2(n) = F(YI-n%) (ng), (5

and n=2mc?/hw. In Eq. (1) a is the fine structure

constant, r, is the classical radius of the electron,
and Z is the nuclear charge. F and E in Eqs. (4) and
(5) denote the complete elliptic integrals of the
first and second kind, respectively;

d¢
F(/I-n? ={:T/2 vVI-(1-n%)sinZ¢ » and (6)
E(Y1-n%) = {?/2 YI-(@-n?)sin’¢ d¢ . 42}

The basic integral over the PHERMEX bremsstrah-
lung output spectrum P(hw), is,

F= 9% B (hw)o (hw)d (o) , (8)

where wmax is the maximum frequency contained in

P(hw) and m is the electron rest mass.

II. INTEGRATION TECHNIQUES
The actual integrations involved in Eqs. (2) -
(8) are completed by Gauss-Legendre integration

algorithms. All integrals are written in the form,



m
1= fay = 5 &l sy -3 W1k, (9

where aj(i) and yj(i) are the Gauss-Legendre weights
and coordinates, respectively.6

The weights al (1) and the coordinates yj(i) are
chosen so that Eq. (9) 1s exact when f£(y) is a poly-
All of the integrals

involved in this calculation are accurately calcula-

nomial of degree 2m in y.

ted by Gauss-Legendre sums with small values of m;
i.e., all integrands are closely approximated by
polynomials of low order,

III. POWER SPECTRUM

A typical power spectrum for the PHERMEX brems-
strahlung output:1 has been used in this work to esti-
mate the value of Eq. (8).
is defined by linear interpolation between the

This normalized spectrum

ordered pairs of energy and power spectrum intensity
in Table I.

IV. PAIR PRODUCTION CODE
A FORTRAN code was written to evaluate Eq. (8)
2) - (M.

is capable of numerical integration of any function

and the integrals in Eqs. This program
which is adequately approximated by a polynomial
of degree 32 or less. In addition, any set of
ordered pairs, as in Table I, is allowed in this
code. The program, which is documented with comment
cards, is listed in Table II and follows the notation
of Eqs. (1) - (9). The final value calculated by

the code must be multiplied by the factor -azzr; .

which is contained in Eq. (1).

TABLE I

ENFRGY SPECTRUM2

Ei(MeV) Pi
0.0 .220
6.0 .175

12.0 .145

24.0 .105

27.0 .075

28.5 .050

29.4 .000

a(E ,P,) pairs represent the power spectrum used in
evaiua%ing Eq. (8). A typical power spectruml was
chosen for the present work.

v. PAIR PRODUCTION PROBABILITY

The probability that the normalized power spec-
trum will produce an electron-positron pair in the
first millimeter of interaction with a target of
atomic weight A, atomic number Z, and density p,
is

P=F N, o/, (10)

where

F=.41z2r: (Computer Output), (11)

and N, is Avogadro's number. Equation (10), of
course, does not include the effects of Compton
The

magnitude of the Compton scattering cross section

scattering on the photons represented by P(w).

is, for many elements, comparable with the pair pro-

duction cross sect:ion.5 However, it must be recalled

that Compton scattering only redistributes the
photon distribution and, thus, the only major influ-
(1) is that some photons are scattered

below the pair production threshold of 2mc2.

ence on Eq.

The Compton scattering contribution is rela-
tively small for lead in a typical PHERMEX energy

range and the pair production cross section domi-

nates. Evaluating Eq. (10) for Pb, we find,
Pe —(El,—) 82)2 (2.8x10 em)? (-14.48)
6.0225%10%3 atoms) (1.35 glend) Q2
207 gram .
2 0.18/mn.

Thus the probability that the unity-normalized

PHERMEX bremsstrahlung spectrum will produce a posi-
tron-electron pair is 0,18 for each mm of length

of a Pb target. The normalization factor for the
power spectrum (which should multiply Eq. (12) to
give the number of positrons produced per mm) is

given by the average number of photons per MeV in

the PHERMEX output.



VI. PRODUCTION OF A NARROW BAND OF RADTATION FROM
POSITRONS
Positrons produced by the above mechanism are
This follows from (1)

the Bethe stopping-power formula5 which indicates

stopped very quickly in Pb,

that an electron of 50 MeV has an average range of
12.5 mm in Pb, (2) the fact that maximum energy of
the positrons considered herein is less than the
maximum bremsstrahlung energy (29.4 MeV was taken as
the maximum in Table 1), and (3) the observation
that high-energy positrons behave electromagneti-
cally as high-energy electrons.

The cross section for the annihilation of an

electron-positron pair into two photons 15,7’5

o2 L [XZHYH WATT) - X3
0’2,Y Ty v Y21 In ('Y Y 1) m 13)

1
where Y= 71—_? , B=v/c,and v is the velocity of
the positron with respect to the electron at rest.
Using the relations

YY1 =v8 (L4a)

and

In (y + ./Y—z—l) = —;- 1n (%J:—g) ’ (14b)

and expanding the logarithm in Eq. (14b) we have,

2
g, =7’ Y]"—+1'{Y7+}'28+ %{z‘l—(%sﬂé iy +)]

2y o Y°B

2 -1,
4 o2 YoHyHL (tanh s-e) 15)

o y2(y+l) B2

B 3

2

2 YoHsyHL (B B3 B .
+ g Y2 (y+1) (3+-5__7_+ *

<
™

Upon expanding Y in Eq. (15) in terms of B we find,

2
| - 2 2 2 {3 _3)\a2
gy —BD- . B+ me B+ mroB+ M2 <5 4)8 +0 (F%)

2 (16)
-TR - w2 280+ o)

i.e., the linear terms in B cancel. Equation (16)
indicates that the major contribution to the two-
photon annihilation of an electron-positron pair

occurs for small values of B. Thus the kinetic

energles of the annihilating particles are small
compared to their rest mass. This implies that (1)
annihilation wiil result in two photons of approxi-
mately 0.511-MeV energy in opposite directions and
(2) the distribution of this narrow band of 0.511-MeV
radiation will be isotropic allowing for any obser-
vation angle that suits the experimenter. The one-
photon annihilation is, of course, forbidden by
conservation of angular momentum. The three-photon
cross section is smaller than the two-photon cross
section of Eq. (13) by a factor of (1/137 ).

Ref. 8 contains a review of the theoretical annihi-
lation characteristics of electron-positron pairs
for all order processes which have been observed or

are likely to be observed for some time.

VII. DISCUSSION

As shown above, most of the photons in P(w) will
produce a positron if the target is several milli-
meters thick. This means that a large fraction of
the energy in P(w) will appear as 0.511-MeV radiation
in a narrow band.

This narrow band of high-intensity radiation
has not been exploited for any useful purpose at the
PHERMEX facility. Among the various uses of this
radiation are (1) the measurement of opacities at
0.511 MeV and (2) the measurement of solid state
properties from a study of the exact annihilation
spectrum. This last use has received considerable
attent:ion9 and is commonly used to determine the
solid state properties of the material in which the
positrons are produced. The unique feature here is
that these measurements would be made in the pres-
ence of an intense bremsstrahlung spectrum.

It is clear that not all of the 0.511-MeV Y rays
produced in the Pb target will escape without inter-
At 0.511 MeV, Y

rays interact with Pb by both Compton scattering and

acting with the Pb target itself.

by the photoelectric effect.5 The attenuation of
0.511-MeV radiation in Pb is described by an exponen-

tially decreasing intensity, I:




I = Ioe—Tx ,
where I° is the intensity at the point of production,
x 1s the distance through which the Y rays travel
in Pb and T=0.17 per mm.5 Thus the intensity of
0.511~MeV Yy rays is diminished by the factor e_1 in
about 6 mm of Pb., In comparison, an electron with
5 MeV (50 MeV) of kinetic energy has a range5 of
3.3 mm (12.5 mm).

These data indicate that the optimum 0.511-MeV
pulse will be obtained when some dimension of the
Pb target is restricted to about 5 mm in extent:
this thickness of Pb will stop most of the positrons
produced in the PHERMEX energy range and will allow
about 50% of the 0.511-MeV radiation produced by
positron annihilation to escape unattenuated. A
particularly attractive target design consists of
an array of cylinders of Pb,each about 5 mm in
diameter and 50 to 100 mm long,with their axes
parallel to the PHERMEX beam. This target would
provide a long interaction distance for the PHERMEX
photons and would allow most of the 0.511-MeV radia-
tion produced at 90° to the incident beam to escape
the Pb.
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TABLE II

PAIR PRODUCTION CODE?

(LASL Identification: LP-0640)

PRAGRAM PURLIS{INP FSFTS5=INP+QUT 4FSFTE=0UT)
NIMENSTON Y(11516)9A(11916)9IM(11)
CAMMAON Yo A

NORN=11
C HERF WF RFAD THFE PARAMETERS FOR THE GAUSS-LEGENDRE
C INTFGRATION POUTINF

NO 1 MM=1,4NORD

RFAD(R4100) N
100 FORMAT(TION

INN=N/>

IM(MMy =TNDP

REAN(B4101) (Y(MM s T14A(MM 4T11,1=14TNN}
TNT FORMAT(RFIN R

1 CONTIMUF

M=4

MmN N

TNR= TMM)
C HFRE WFE INTFGRATE THE PAIP PROD., CROSS SECTION OVER THE
C POWER SPECTRUM OF THF INITIAL PHOTON DISTRIBUTION

DO A 121, 1ND
SUM=SIMFA (M T IR (FIY(M,yI)) + F(=Y{MsI)))
2 CONTINUF
NDATNT=TM(M) %)
WRITF(69102) NPNATNTsSUM
1N FARMAT (11X 9 T4 42X WaF16,R)
STAD
EMM

FIUINCTION F(Y)
OFMAX 1S THF MAXIMUM FRFQUFNCY OF THF PHOTON DISTRIBUTION
FM 1& THF FLECTRON RFST MAGS [N MFyY
A¥Y+R 1S THFE FREQUENCY OF THE PHOTON DISTRIBUTION
P REPRESENTS THE POWER DISTRIBUTION OF INITIAL PHPTONS
SIAMA ¢ THF TOTAL CROSS SFCTION FOR PAIR PRODUCTION

NFEMAX=29,4

FM=g&11NN2

A=(NFMAX=D ,%#FMY /2,

Rz (NFMAX+? (BFMY /9 o0

FeARP(ARY+R)IXSTIAMA(2,%FM/ [ A%Y 4R )

WOTTE (R H4Y) F

44 FOARMAT(IX4RF=8,C1%5,8)
RETIION
FENN

a¥aXaBa Bl

FUNCTION QSTGMA(FTAY
c FTA IS PM/OMFGA AND 1< ALWAYS SMALLFR THAN 1 FOR PAIR PROD,

STAMA==2 % (FTARNI IR (D #C2{FTAY=NI (T TAY)

1 (27271 H((1NQ9+64 H{(FTAVRR2VH{FA(FTA)-FA(FTA))
2 —(ATe+6 e ¥(FTAYRR ) R(]1,~FTARRD ) RFA(FTAY)

OMCGATI=1,ND/FTA

WRITF(69492) STAMASFTASOMEGAL

692 FORMAT(1Xs*SIGMA=#4F 15,8 3Xo¥FTA=#,F15,893XsHOMFGA=#4F15,8)

RETIIDN

£NA

3FORTRAN code for integrating the power spectrum over the pair production cross section.
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FUNCTTION D (CFREN)
NIMENQINN F(7)4<T(7)
THE INTTTAL DHOTON PNWER SPFrTRUM TS RFAN TN AS SFVFN
PATRS OF NUMRFRS AND THF RFLOW ROUTINF NDOFS A LINFAR FIT
TO THESE SFVFN ORDERED PAIRS THE ENERGIFS E(1) THRU

E(7) ARE ORDFRED WITH THE SEVEN INTENSITIES SI(1) THRU SI(7)

Fll1)=neN .o

Fl2)=2840

F(Y)=12 4,0 \
Fla)=244"N
F(RY=2T,0
FIAY=72R4%
F(7)=2044
Q1(1)=422N
ST(?2)=4178
Qt{2)=4145
Ql(a)=,10%
ST(&)=4NTS
ST(6)=4N50

ST (T)= NNN

IF (CFRFQeGTLF(1))
TF (CFRFNGTF(2))
IF (CERFNGGTLF(2))
TE (CFRFN.GTF(4))
IF (CFRFNGTF(R))
IF (CERENGHBTFIR))
P=ST({KY+( (ST (K+1)=S
RFTURM

.U}

—~ RRRARARN
e~ nnnuAn
KO AP DN

YI/Z{F (K1) =F(K) )Y (CFRFI-F(K))

FUNCTION CO(FTAY

NIMFNETON Y(11516)sA111516)
COAMMON Y,y

COAMMNAN /FRTY/ AAA

AAA=FTA

Sit=0,n

MM= 1A

NN=11

RO 2 =21 4MM
SU1=SU]+A(NN0J)*(F1(Y(NN’J)) + F1{=Y{(NNsJI)?
COANT TNLIE

ro=U1

WOTTE(&sSNY 72
FARMAT (1 X s #CO=#,F 15,8}

RFTURN
ENP

CHINATIAN F {1y

CcOMMNON /FRTY1/ AAA

FTA=AARA

F1=ACASH({ o 5% (14 /FTA=1 ) %#U+eR%(1e+14/FTA))
1 #ACOSH(1e/(eS5%{14=FTA)RU+(5#(FTA+1e)))
? H(1o/tU+(Te+1/FTAY /(1o /FTA=14)1V)
RETURN

NN

FUNCTTON D2(FTA)

NDIMFENSTION Y(11516)9A4(11416)
COMMON Yo A

COMMON /FRT?2/ RRR

RRA=FTA

SUT=0,0

MMz 16

NN=11

NO 2 JaleMM

SUT=SIIT+AINNs JIR(F2LY{NNyJ)) + F2(=-YINNsJI))
CONTINUF

nNo>= <Y1

WRITF({6+59) N2
FORMAT(1Xs%#D2=%4F1548)
RFTURN

FND




62

TR

$FM,

FUNCTTON F2(U)

COMMON /FRT2/ RRR

FTA=AnR

F2=1(1,-FTA) /{2, %FTA) ) *

T SORT{1e/(le5%(10/FTA=1,)%U+,5%(1,+14/FTA) )1 ¥%2=14))
2 RACOSH(14/(o5%(1o=FTA)¥+e5%(FTA+14)))

RFTURN

FND

FUNCTTON FA(FTA)

DIMENSION Y(11+16)9A(11416)

COMMON YA

COMMON /FRTY3/ CrC

CCC=FTA

SU1=0,0

MM=x 16§

NN=11

NO 2 J=leMM

SUT=SUTHAINNGJIR(FRALY(NN,JYY + F2(-Y(NNyJ)Y)

? CONTINUF

FA=SU1

WRITF (6+62) FA
FORMAT(1X s %F=#43F15,8)
RFTURN

END

FUNCTTON F2(l1})
COMMON /FRT2/ CCC

FTA=CrcC
PTOF=241415926528/4,
ACAGTR= (Te~FTARR2)

F3zPIOF*# SORT(1./(1.-{ACBGTR IRSIN(PIOF#(14,+U}))
1 *#SIN(PIOF®{1,+U))))

RFTURN

FND

FUNCTTION FA(FTA)

NIMENCSTION Y(119'6)9A(11+16)
COMMON Yy A

COMMON /FRT4/ DNDN

NAN=FTA

SU1=0,0

MMz 1§

NN=11

NO 2 J=14MM
SUT=SUT+ACNNsJI®(F4{Y(NNsJI) + Fal=Y{NNyJ)IY
CANT InlF

FA=SU"

WRITF(AsTR) FA
FORPMAT(1Xo#FaRyFI16,R)
RFTUPRN

FND

FUNCTTION F4 (1)
COMMON /FRT4/ DND

FTA=DAN
PINF=241415926528/4,
ACRGTR= (1e-FTA%%2)

F4=PINFASORT (14~ ACRGTR YRSTINI(PINF#(1,+U))
1 ®SIN(PIOF%(1,4U)))

RFTUIRN

FaR

FIUINCTYON ACFQSH( XX)
ACOSH=ALOG{ XX+SNRT(XX*#%#2~1,1)
RFETHRM

FND
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