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TABLES (F ATOMIC WAVE FUNCTIONS

V. F. Brattsev

ABSTRACT

Atomic wave functions have been calculated and

tabulated for the elements helium through argon,
singly and doubly ionized, by the Hartree~Fock-
Slater self-consistent-field approximation. The
development and applications of that approxima-

tion are described.

INTRODUCTION

Quantum mechanics serves as the basis for fun-
damental modern theories of physical and chemical
properties of atoms, molecules, and condensed sys-
The task of theoretical calculations of these
properties comes, in the final analysis, to the so=-

tems.
lution of Schrodinger's equation. For the majority
of specific problems of atomic physics, knowledge
of the ground-state energy of a system and the cor-
responding wave functions of stationary states is
necessary. These data have already made it rela-
tively easy to calculate the entire cambination of
the optical, electrical, magnetic, and chemical
characteristics of these systems.

Unfortunately, the mathematical difficulties
of the solution of Schrodinger's equation are such
that its exact solution in a final form is practi-
cally unattainable, Therefore, in specific calcula-
tions we are farced to limit ourselves to approxi-
mate solutions with a greater or lesser degree of
accuracy. By these means, one can determine the
greater value of different types of approximation

methods for quantum mechanics.

In approximation methods, specific physical
concepts ordinarily are used to permit one to intro-
duce greater or lesser simplification into the gen-
Because of this, the
use of the approximations in compariscn with the
general theory is limited to the smaller sphere of
objectives or phenomena in which the corresponding

eral equations of the theory.

simplification is permissible.

Cbviously, the simplest class of structured ob-
Jects of the microcosm accessible to theoretical
caleulation is that formed by free atoms (we do not
teke into account atomic miclel and elementary per-
ticles, the theory of which enters into the frame-
Therefore, in the first
year of development, the application and, later, the

work of quantum mechanies).

verification of quantum mechanics were tested on the
simplest atoms.

The atomic-wave=function calculations represent
the central problem of the theory of atoms and its
numerocus applications.
gree, retain their individuality in the complex for-

Atoms, to a considerable de-
mations of molecules and crystals. Therefore, a-
tomic wave functions are also used in the theory of
Hence we urderstand the sci-
entific interest and also the significance of methods
for deriving atomic wave functions.

these complex objects.

The stationary equation for atomic hydrogen and
its solution were given in 1926 in the initial pages
of Schrodinger's first repor‘l;l concerning quantum
mechanics. In the same year, Heisenberge formuleted
the approximate theory for the helium atom, showing
how to treat the cases of ortho- and para-electron
states., Later, there appeared a series of articles
devoted to the calculation of helium-like atoms, end~
ing with the computation of Hylleraas ,3
record tresking for that time. There was interest
in similar calculations, particulerly the questions

which was



in connection with the btroasd program of experimental
research begun by Herzberger, for the determination
of the magnitude of radiation displacement of the
basic energy levels of the two-electron atom and

If it is taken into account that radiation
corrections are very small (forr example, for the

lls state of helium it is 2 x 10" of the energy of
that state), it becomes clear that the appropriate

calculatton becaomes exceedingly complicated and la-
32

ions.

borious.,

In 1927, Pauling6 made a theoretical estima-

tion of the radii and polarizabilities of many-
electron atoms and ions, attributing to each elec-
tron a hydrogen-like wave function with a properly
selected screening constant, There then followed
the calculation of analytical hydrogen-like func-
tions with varying exponential imices.7’8 On the
basis of such calculations, Slater9 constructed em-
pirical rules for the selection of parameters for
nodeless, radial, one-electron functions of any atam
and molecule, These Slater functions were exten-
sively used in basic calculations for atams and

Interest in analytical hydrogen-like
10,11

molecules.
functions has contimued.

The general quantum mechanics method of calcu-
lation of one-electron atamic functions and atamic
fields was introduced in 1927 by Hartree, 2 Har-
tree's method is based on the fact that every elec-
tron in an atom is represented by its own wave func-
tion tn(q), and the contribution Vn(q) to the effec~
tive electrostatic field of the atom is defined by
the integral:

It (@)]?

v (a) = ef—“———— dg'.

la - a'l
Then the Schrodinger equation for the wave function
of the atom is replaced by a system of nonlinear
integro~differential equations for one-electron
functions, in each of which the operator of the in-
teraction of a given electron, along with all the
rest, is given by sums of the integrals of the indi-
cated type. The one-electron wave functions obtain-
ed as the result of a solution of a system of equa-
{ions determines the character of the field in which
the electrons are located, i.e., the coefficient of
This characteristic of Hartree's
equation is reflected in the name "equations of a

the equations.

self-consistent field."
spherical symmetry of the atomic field after inte-

gration over angular variables, the Hartree equa-

tions represent & system of ordinary integro-differ- .
ential equations for radial functions.

Fram the hypothesis of a

In connection with the determination of one-
electron wave functions, there is also the problem
of constructing general wave functions of a system
made up of one~electron functions. In general, this
question is connected with the Pauli principle and
with the symmetry properties of wave-function coor-
dinates. In 1930, Fock' demonstrated that Hartree's
equations could be obtained by modifying the varia-
tional derivative of the Schrodinger equation for
the many-electron system, if one represents the wave
functions of that system in terms of the product of
one~electron functions and varies the latter. The

‘product of one-~electron functions, generally speak-

ing, does not satisfy requirements of Pauli's proper
symetry principle. Utilizing in the variation prin-
ciple the wave-function system constructed from the
one-electron functions and teking into account Pauli's
principle, Fock obtained a system of equations dif-
ferent fram Hartree's equations by the presence of
supplementary so-called exchange members in the op-
eratar of the Coulamb interaction of electrons.

These exchange members also determine the separation
into terms distinguished by the values of the total
spin S and angular momentum L of the electrons.

The equations of the self-consistent field with
the Fock exchange give the best description of many-
electron systems within the framewark of a one-elec-
tron epproximation as they are derived by varietional
neans with this single simplifying assumption.
fore, beginning in 1930, a significant mmber of a-~
tomic calculations were carried out by Hartree ,lh’ls
his students, and others, using Fock's integral equa-

The construction of high-speed calculating

machines exerted an influence on the general direc-

tion of the calculation of atomic structures. After

15 years, almost all endeavars in this field are de-

voted to the calculation of analytical wave=function

parameters. As L3w<unl6 demonstrated, radial wave ’
functions can be accurately approximated by a linear

canbination of Slater's functions without node with

properly selected indices of' exponents and coeffi-

cients., Therefare, :hhis form of analytic wave func-

There-

tions.



tions was selected by most au*t‘,lfxoz's.l?'e3 Such a
change in the general direction is apparently con-
nected with the fact that until recently, camputers
The analytic
form of the functions permits one to use relatively
As with mumerical
integration, one has to deal with rather cumbersame
tables.
in the atom, the number of parameters quickly in=-

possessed a highly restricted memory.

few data, which is its advantage.

However, with increased numbers of shells

creases and the amount of work necessary for obtain-
ing them also increases, qulckly exhausting the ca-
pacity of the most powerful computers.

In connection with what has been said in the
literature, we again observe the tendency toward
the rumerical integration of the Hartree and Hartree-
This is contributed to by the
growth in capacity of the memory storage of contem-

Fock equations. 2k

porary camputers and also to the development of more
perfect methods of mumerical integration of differ-
ential equations, for example, the method of "dis-
persion” by elimination of fluctua‘bion.a5 Some of
the first work devoted to mmerical integration of
the equation of the self-consistent field done on
electronic camputers is related in articles cited as
Refs. 26-30. Work for the following years is noted
in Refs. 31 and 32 and the article cited as Ref. 2k,

The Hartree~Fock equations for the structure of
heavy atoms contain very unwieldy exchange terms.
Their solution demands considerable camputer working
time, where about 80% of the time is expended on the
calculation of exchange interaction. This calcula-
tion in heavy atams plays a comparatively minor role
campared with the uncalculated relativistic, spin-
In this case, the value of
an energy level is determined to a greater degree by

orbit-interaction terms.

the relativistic terms in the energy operator rather
than by the Coulomb exchange interaction, Therefore,
in the framework of a nomrelativistic approximatim,
it would be possible to limit oneself to the solu-
tion of the self-consistent field equations without
exchange or try to take into account the exchange by
a simplified method.

Such an approximate variamt of the exchange
factors was proposed by S].a:l'.er.33 Meking use of
Slater's simple approximations, Hermsn and Skill-
man3u produced voluminous. wave-function calculations

of the basic states of all the elements fram Z=2 to

Z=10%, The results of these calculations are pub-
lished in a separate volume, which, apparently, is
the sole extensive publication of atomic wave funce
tions,

However, with the progression to heavy atoms on
the basis of the calculations, we must now adopt the
one-electron equation of the Dirac type with the self -~
consistent potential, As we know, only the first
steps have been ventured in this direction.

As far as medium and light atoms are concerned,
the solution of Hartree-Fock's equation is fully
Justified. But, at the present time, there do not
exist voluminous publications on the wave functlions
of these atanic calculations in the Hartree~Fock
approximation.
£i11 that gap.

These tables, to a certain degree,

The tables contain the normalized radial wave
functions, P(ng]r), of stationary states of atoms
and ions and are related to the three~dimensional
one-electron wave functions, ¥{ntm]r), by the equa-
tion

#(agm|r) = % P(nt[r)Y(m] 9, o).

The functions P(nt|r) ere obtained by a mmeri-
cal solution of the Hartree-Fock equations.

This article comtains the results of calcula-
tions for all. terms of the principal elemental con-
figurations of singly- and doubly-ionized atoms fram
helium to argon, inclusive.

The form of the tables is traditional. The
functions P(nl]r) are cited separately for each stae
Far the sake of simplicity in
the use of the tables, we did not include the col-
umns containing the functions coinciding in limits
of accuracy but pertaining to a different state. At
the end of each column are given the values of the
Lagrange diagonal multipliers A(ng) and the mean vale
ues of the powers of the variable r,

<% > =/raP2(mlr)dr,

for 0 = =2, =1, 1, and 2. All mmbers are cited with
an accuracy up to the last significant figure.

of the atam or ion.

The method of Hartree-Fock is set farth at
length in Ref. 15. We stopped at its last stage;
that is, at the mumerical determination of the equa-
tions of the self-consistent field.



For the atom with the miclear charge Z in a
state belonging to the configuration (nlzl)q‘l...
(nsls)qﬂ and to any single term, the equations have
the form:

{a"‘ 2(z - ), g (e, +1)
—— e -

d.r2 r r2

- )‘oo} Fo

1
- ;E Togtilootk = lou')Pc' ’ @)
arfo\ k
0sr<e 1<0s<s,
where

Yy ’Z(qo' - soa') Y5150 -ZTGOkYOO‘k ’
ot k>0

Togn, = f &'—')k P B, dr' + [ Z?;)kﬂ PP, dr'.

o] r

The coefficients Ygory 8T determined by the
configuration and the term. The function P(no,to.]r)
are triefly designated by Pc'

Equation (l) represents the condition that the
expected value of the total ermergy be stationary
with respect to variations of the functions Pc and
be subject to the supplementary conditions:

Fo(0) = Bo(®) = o, (2)

fPﬁdr-l, (3)
(o]

deP&, dr =0, then £ = £,, n; 4 0. (&)
0

The parameters, k,;, appear in the calculation
of these conditions as Lagrange multipliers, vwhere-
upon the diagonal multipliers, Aggs carrespond to
normalization conditions in Eq. (3), and the nondiag-
onal muiltipliers, A ,, O # o', carrespord to arthog-
onal conditions in Eq. (4). To simplify the task,
we delete the last term from the calculation and as-
sume A, , = O with 0 £ 0'. As we know, it is possi-
ble, in a mmber of cases, to do this without any
disadvantage, as when, for example, all the shells
are closed in a configuration. In general, there is
a basis for hoping that nondiagonal miltipliers can
be made so small that they can be disregarded with-
out exerting a significant effect on the solution of
the system in Eq. (1). Calculetions have shown that

this hope is very often (but unfortunately, not al-
ways) justified, and orthogonality comditions are
fulfilled to a sufficient degree of accuracy in a
natural way. Further, with reference to the system
in Eq. (1) we shall always assume the absence of the
nondiagonal Lagrangian multipliers.

Thus, the problem consists of searching for a
solution to the system in Eq. (1), satisfying con=-
ditions in Egs. (2) and (3), and of belonging to a
given configuration., The latter means the follow-
ing: neither the equations nor the supplementary
conditions depend upon the principal quantum mmber,
n,, enmtering into the configuration. It is naturel
that the system in Eq. (1) may have many solutions
satisfying the conditions in Eqs. (2) exd (3).
There is the further necessity of one additional
condition permitting each solution to lead to a spe-
cific configuration. To farmilate it, we note that
each equation of the system in Eq. (1), by obviocus
substitution of functions Pc into Yo end into the
right-hand side, could be made linear and similar
with respect to the function carresponding to it:

% 2(z-Y) 2.0, +1) »
- = %o (oo

dr2 r r2

-ch(r, r!)B (r*)ar’. (5)
0

Let us agree that:

in order to campute the solution of the
system in Eq. (1), suitable additional
conditions in Egs. 52) and (3) belong to
the configurations (n1£1)ar...{ngts)ds,
if each function Py of this solution is
the (ng = g ~ 1)th eigenfunction of the
corresg:onding linear operatcor in Egs. (5)
2).

and ( (6)

The problem is solved by the method of succes-
sively meking the functions more precise. let there
be a certain approximation fi"o,] with a desired salu-
tion {Pc}. Let us assume that the function made
more precise has thi index mmber cl. The used ap~
proximate function Po made the equation linesr with
the index cl. For the new, mare precise approaxdma-
tion we shall normalize to unity the (ng;- )~ 1)th
eigenfunction of the problem., Having next selected
another mmber, 0y, e shall define P°2’ etc. The
approximate zero must be prepared beforehand and may
be established by different methods as, for instance,




by means of anslytical functions or the interpolative
method of Hartree., It is simpler to assume that all
Po =0, If it is agreed to begin with the functions
of the inner shells and move in the direction of the
outer shells, then the approximation will not be bad.

The (n<T -~ 2, = 1)th eigenfunction and the car-
respording eigenvalue of the problem in Egs. (5) and
(2) in 4ts turn is usually found by the method of
successive approximation: the (m+1) approximation is
Po(’“l), and xc(““'l) is found through approximation
from the equation (the index O decreases):

{i L2 =™ g }P(’“ﬂ)
. ]

dr r r

= x(’““l)p(’““l) +J‘K(m)(r,r')P(m+l) (rt)art , (n

provided that

pletl) (g) - p(mi1) (=) - o
and for any condition of normalization. Functions
2™ are normatized provided that all normalizations
of m are done in the same manner., If it is necessary
in achieving the solution, it is possible to renorma-
lize by virtue of the uniformity of the problem in
Egs. (5) and (2). In practice, it is convenient
lEq. (3)] to normalize functions to unity at some
point Ty

P(rl) = 1.

Thus, at each successive approximation one must
find such a A and, corresponding to it, its solution
P of the equation:

% +FP = \P +Q, 8)
dr
if
P(0) = P(=) = 0 (9)
and
P(ry) = 1. (20)

Let Po(r,k) be the solution of Eq. (8) satisfy-
ing the supplementary conditions

Po(o,x) =0, Po(rl,x) =1,

At the point r,, where r, > r., the function Po
acquires & certain value Po(re,l). We shall now de-
termine the function P_(r,\) as a solution of Eq. (8)

with the conditions

Pm(rQ,)‘) = PO(rQ’)\)’ Pm(m))‘) = 0.

l’

With h > 0 and fixed velues ry and r,, the ex-
pression

o(\) = = [P _(r, + 1) - B (r, + 1)}

It is obvious that
those A's, for which the solution of Eq. (8) with
zero conditions at the boundaries of Eq. (9), satis-

fying the comditions of normalization in Eq. (10),
will be the roots of the eguation

represents a certain function A.

w(}) = 0. (11)

The sought X\ is distinguished from the other
roots by the fact that the solution of Eq. (8)

(n -2 - 1) is once converted into zero in the in-
terval (rl,re). With the corresponding choice of
r, and r, (at which we later stop), this is equiva-
lent to the condition in Eq. (6).

If the unknown root is separated from the rest
by the valueg A' and A", it is easily found to an
assigned degree of accuracy by the chord method.

The boundaries A' and A" are found by successive
trials. In the progression from one trial value to
the next, one can be guided by the fact that the
trial value must be increased if the rumber of nodes
is greater than n = £ - 1 at the function Po, and
decreased if the number of nodes is less than n-f-1l.
If the mmber of nodes is equal ton - ¢ - 1, the
direction of change of the trial A can be defined by
the symbol w{\). The function w()) is constant with
respect to A\, and, if \ is sufficiently large, then
w(\) > 0. Thus the graph of the function w(}\) ap-
pears as:

Mo NN )‘o/
B 7 A

It 1s obvious that for a located root with an
even mumber, the trial value A must be increased
If the sought
root has an uneven pumber, then the process must be

when w < 0 ard decreased when w > O,

reversed. Roots are computed by means of mumera-
tion starting with a large mumber to which has heen
attributed a neutral mmuber. This rule is easy to

express analytically:

- sign(€ - n + g +1)
A k{1+al - } ,  (12)
vhen §£n-g -1 amd
n-1
A = )\{1 + ag(-l) %1531 w()) }, (13)



if § ene-g ~1. Here £ is the number-changing sign
at the function P in the interval (rl,re), but @,
and a2 are positive constants determining the magni-
tude of change of experimental )\ values.

This completes one step in the sequence of mak-
ing the functions more precise.

At each such step it is necessary to calculate
the functions

o =2(Z-Y<,)_zo(zc,+1)_
] r r2

oo’

L
Q = Q‘O = - -2- Po,l TW'kYOU'k’
oo k

which in the main comes down to the calculation of

Y e Designated by Zyg,, the first item in Eq. (1)

far Yc »

[¢]
1
By = 3[ e p_dr.
0

') is:

It is obvious that zoo,k(o) =0and ¥ ., -

Z -0 as r -« ®, By direct differentiation we are

oo 'k
satisfied that

21 ..Kg

OU'k r CU'k + PcPovl,
k+1 2k + 1
] - ———
b gotx © T ¢ Yotr'k r Zco'k'

By such means, the calculation Y —
at by successive integrations of equations of the
first order.ls From consideration of stability, the
first of these is integrated from O to ® for the
beginning condition ZOU'k = 0; the second, in the

converse direction, whereupon

is arrived

Yco'k = Z‘w,k as r—%,

A peculiarity for r = O in Eq. (1) makes a vary-
ing r an inconvenient mmerical realization of the
described method. In the first place, it is compli-
cated to use the formulas of integral equations; in
the second place, the integration step has to be
These tend to violate the
process of the operation cycles, blocking prograns
and significantly increasing their size.

changed mmerous times,

One way to surmount these difficulties is to
substitute appropriate variables. One could expect

that a good variable would be

Per +1lnr, (1)

Actumlly, a8 r = @ the equations for P are
close to the equations for the exponents and, there-
fore, there is no reason to change the step of in-
tegration by means of larger r's. Accordingly, P
for the larger r's is almost equal to r.
P ~r£+l. As in the case of p ~ ln r, then, rela-
tive o the varisble p, P~ e**1)P gnd 1t 15 again
not necessary to change the step of integration
according to p. 3By such means, to make use of vari-
able p, the step could be taken by means of a con~
stant both as p ~ 2 and as f = - ©,

For » ~ 0,

The substitution of only one indeperndent vari-
able in the equation far functions P would keep the
first derivative, which is undesirable.
there follow substitutions by means of an indepen=-
dent varisble to combine with substitution function
P. In accordence with Ref, 1k, we assume:

3
r
- (1 z r) B(r).
It is not difficult to reason that through such

a8 transformed equation for P,

2
a’P
._+FP=Q

is changed into

a®r 2 {22‘ 1 1)}1.
d92+(1+r)2 ¥ (1+r)2(r+l;

Therefore,

2
r
- (1 z r) Q, (15)
for function £, and the equations for zoo'k and
Yoo"k' assume the aspect
2
k X
Zoorx = " T+ z 2ok ¥ T2 Tofors
. (16)
k+1 2k + 1
Yoorx * T ¥ ¢ Yootk = 141 Zootk

Additional conditions ere:

£(~=) = £(+=) = 0,
40

r e 2
f(l+r) £7dp = 1.

-0

The first approximation which must be done in
the mumerical derivation is the substitution of the
mmerous intervals for the final: p_<p = P Thus,
it is necessary to remove the boundary condition from



+

* @ at points p,. For us it will be sufficient to

know the rough equations

£,(p, +h) £.(0)

LP N (0 R S 3 ey (x7)

[o]

To find them, it is possible to take advantage
of the method suggested by Ha:rtree.ls

The boundary condition Z{-®) = 0 could similarly
But inasmuch as Z decreasessignificantly

be removed.
more rapidly than f as p = =@, it is possible, with-
out disadvantage, simply to assume Z{p ) = 0, For
the function Y, the initial value pertains to the
point p+:

¥(e,) = 2(p).

The second approximation consists of substitute
For the sol-~
ution of equations of the first order, we take advan-
tage of the formla

ing a different differential equation,

- ]
Yiaz = Yygo ¥ 2 (o 143 ¥ 1940 = Yy + 1),
and for the second equation, the formula
h2
V-2 +Y =75 (Yi+l + 10Y! + b4 ) (18)

Substituting in their derivatives, given in the
equations, we obtain a convenient form for program-
ming formulas:

1 19kh
L Od 3[1‘25(1-“'1 15} %
2&21 +ri5 -

. MhZ o _MhB 5 . 91“%1 (19)
24(1 + rﬁ 24(1 + r, ) okl v r, L)%
$ap -3 jel
2 2
N 191“'1 ra-r | MR . hry 2Ry s ‘
k]
2h(1 + ri_l)2 oh(L + ri_2)2 oh(1 + 1-1_3)2
16h k +1
)[l TEA{I+r,,) ] Y
5hik + 1)Y h(k + l)Y 9h(k + 1)z
tEE T, 2) o o ri+3 o e ) (z0)
19h(2k + 1)z " sh(2k + 1)zi h{2k + 1)z
R Y G T ) WA +1,,,) A+ ri+3) (?

where
Ry = Rg,01,1 = T5,1T0 1
and
2
l+hFi+l ) 5113‘)f ( Fi_)f
12 J441 12 1-1
2
= - '1—2(Q1+1 + 106.i + Q“_l), (21)

r \3
§1=(1 +lri> 9 -

Formulas in Eqs. (19) and (20) requires knowl-
edge of the three initial values of Z and Y. In
accordance with the accepted method of eliminating
boundary conditions,

and
Yy = Zp Yy = By Ynee = Zyepe

where the zero index correspords to point P, and

index N, to point p+.

For the construction of functions fo and £
(corresponding to P and P ), it is necessary first
of all to choose points pl and 02 corresponding to
points Ty and Tpe
to take those values of the argument p for which the
f coefficient in Eq. (15) is reduced to zero. It

can be demonstrated that there are always two such

For such points it is convenient

values of the argument.

In the interval rpl, 02], both solutions of Eq.
(15) oscillate, but in the interval [p_,pl] and [0,
P +], one increases and the other decreases. There-
fore, in different intervals, the calculation of
functions has to be carried out differently. In the
interval lo_,0, ], the function £ is found by the
method of "dlspersion "3 in its utlllzatlon with
different equations [Eq. (21)]. By induction, we

see that the values far f and f are allied
0,1 0,141
in the relationship:
fo,1 ™ v (i, 1+ 1)1‘0,14.l +u (i, 1+1), (22)
in which
A
i41
v (i, 1+1) = 1 —~ , (23)
o 2B, - Aiuo(i -1, i)
u(i-21,1) +w
i+l i
u (i, i +1) = D W e (aw)



where

hF S5hoF

i i
Ainl-l- B 2 2Bi=2-T,

g

i * in + Qi_l).

w 1;—2-(

i

According to the method of removal of boundary
conditions in Eq. (l’{),

v(-1, 0) = q_,

uo(-l, 0) = 0.

From these initial equations, we calculate v,
(1, i+1) amd uo(i, 1+1) accarding to the recurrence
formulas in Egs. (23) and (2lt) down to point P, 3 more
precisely, until the pl is near the node point. Since
fo(Dl) = 1, in all points of the imterval [p_,p. 1,
the values of the sought function can be found by
means of the formuls in Eq. (22). Knowing t_ at the
points Py and Py- h, its value in the interval [pl,
927 can be found very well through the formla
T R T

- j-1"0,1
J
o’ i+l Ai "

g te

2B fg, N

£

down to the point pe+ h, Along the way are located &
mumber of step changes of function fo. In the inter-
val [p2,9+], the function f_ is found by the disper-

sion method.

Having obtained fo(pe-i- h) and f2(92+ h) by such
means, it is possible to calculate u)()x), and this is
all that is necessary far the solution of the equa-
tion w(}) = 0.

Coefficients of Eqs. (15) and (16) are expressed
Therefore, for their calculations
at a fixed value p, it is necessary first of all to
calculate the corresponding r(p), which is obviously
arrived at with the solution of the equation

by the variable r.

or) er +1nr -p=0. (25)

Inasmuch as it is impossible to express » by o
analytically, we are obliged to resort to the mmeri-
cal method. It is convenient to apply Newton's methe
od to BEq. (25):

@) () oE®) .

L4
¢{r) is substituted here and

‘P'(r):l-l'%.’,

12

yielding

() _ (0 (1, 2=x® - 10 2@
¥ i (l * 1+ r(P) )'

It is evident that

L2) _ (o)
(®) =

(»)

p - (P -1lnr
)

r
therefore, if the calculation of r is completed ac-
cording to the inequality

}J;r(P) -=1lnxr
1+ r(p)

(»)

<=

the sought-for value of r will be known with & fix-
ed relative error €. The initial approximation for
r can be obtained from the following considerations.
For sufficiently large positive p, » ~ p + 1n p.
Far sufficiently large negative p, r ~ ep.
int;mneiiate P, r is approximated by r ~a + bp +
cp .

For an
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0.750 0.001 —0.585 0.537 0.609 —0.543
0800  0.001 —0.484 0.452 0.700 —0.618
0.850 0. —0.398 0.378 0.776 —0.683
0.900 0. —0.326 0315 0.838 —0.738
0.950 0 —0.2685 0.262 0.886 —0.783
1.000 0 —0.215 0.217 0.921 —0.818
1.100 0. —0.140 0.148 0.958 —0.866
1.200 —O0. —0.091 0.100 0.959 ~—0.885
1.300 —0. —0.059 0.067 0.934 —0.882
1400 —0. —0.038 0.045 0.890 —0.863
1500 —U. —0.024 0.030 0.834 —0.831
1.600 —0. —0.016 0.020 0.771 —0.780
1.700 —O0. —0.010 0.014 0.705 —0.744
1800 —O0. —0.007 0.009 0.639 —0.694
190 —O0. —0.004 0.008 0.574 —0.644
2000 —0. —0.003 0.004 0.513 —0.583
2400 —0. —0.002 0.003 0.455 —0.543
2200 -0. —0.001 0.002 0.402 —0.485
2300 —O0. —0.001 0.001 0.354 —0.449
2400 —0. -0.001 0.004 0.310 —0.406
2,500 —0, —0.001 0.001 0.271 —~0.366
2.600 —0 —0 0.001 0.236 —0.329
2700 —0 —0 0. 0.204 —0.295
2800 —O0 —0 0. 0.177 —0.264
24900 —0 —0. 0. 0.153 —0.235
3.000 —0 ~0. 0. 0.134 —0.209
3.200 —0. —0 0. 0.097 —0.185
3.400 —o0. —0. 0. 0.074 —0.129
3.600 —0 —0. 0. 0.052 —0.100
3.800 —O0 —0. 0. 0.037 -—0.077



