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AUTOMATED HEURISTIC STABILITY ANALYSIS
FOR NONLINEAR EQUATIONS

by

L. D. Cloutman and L. W. Fullerton

ABSTRACT

L::" ) The modified equation wmethod of heuristic stability anal-
ysis has proved to be a useful tool for the prediction of in-
“stabilities of nonlinear finite difference equations that are
- -used in numerical fluid dynamics. The need to calculate and
manipulate multi-dimensional Taylor series expansions is a
serious disadvantage of this technique, and for many problems
of interest, it is difficult to obtain a reliable result by
: hand. We have, therefore, written general purpose programs
to do the algebra by computer, for both the series expansions
and elimination of time derivatives from the truncation error
terms of the modified equation. We discuss some important
features of the procedure and present examples of how the
results may be used to design and improve difference methods.
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. INTRODUCTION

FORMAC, but they did not treat nonlinear equations.
Heuristic stability analysis (e.g., Hirtl)

The massive amount of algebra involved im car-

consists of examining the lowest order truncation
errors of a finite difference equation (FDE). These
errors are obtained from Taylor series expansions,
sometimes multi-dimensional, of the solution of the
FDE about a suitably chosen point. Often simple
examination of the expansion can reveal undesirable
properties of the FDE, such as zeroth or negative
order errors and diffusional instabilities. In
principle, these expansions can also be used to help
design difference methods by eliminating inaccurate
or unstable forms before performing a series of
numerical tests. Heuristic analysis also has been
useful in predicting some of the stability require-
ments of nonlinear finite difference methods used
for numerical fluid dynamics calculations. In
particular, Rivard et al.2 have recently used such
truncation error expansions (TEE's) as the basis of
a technique to stabilize and improve the accuracy of
the ICE algorithm orginally described by Harlow and

Amsden.3 Warming and }{yet:t:4 discuss a procedure for

analyzing linear problems using a program written in

rying out the expansions and time derivatives elim-
inations for many problems of interest is a hin-
drance to applying the heuristic technique. Indeed,
even relaqively simple FDE's may be impractical to
analyze by hand, because one cannot be sure there
are no blunders in the derived result. We have,
therefore, implemented the heuristic technique in an
algebralc computer language, and this implementation
is discussed in the next section. In Sec. III, we
give several examples which illustrate how the

results of our program may be used.

II. METHODOLOGY

In order to illustrate the heuristic technique,
we first carry out an analysis of a typical FDE from
the field of numerical filuid dynamics. The one-
dimensional continuity equation in Cartesian coor-

dinates is

3 4 Bpu _ 3 (- 3p
at + x dx & x|’ (1




where p is the fluid density, u is the velocity, and we substitute Eq. (3) for each of the variables in

£ is an artificial mass diffusion coefficfent that Eq. (2) and drop high-order terms, we obtain the
may be needed for stability. TFor the ICE method, original differential' equation plus extra terms that
we approximate Eq. (1) by we call truncation exrrors:
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where a superscript denotes the time level and a

subscript denotes the mesh cell number. Figure 1

i i ion.
shows the kind of staggered grid used by ICE. The This result is called the modified equation. This

. expansion procedure, w is simple d
time centering parameter 6 assumes values between *P P ure, we see, simple, well define

d tedi . i £ id
zero and unity. We now choose a point, say time and very tedious. It is, therefore, eally sulted for

level n and cell center i, about which to expand implementation in an algebraic language. We chose

. 5,6
the dependent variables. Next we calculate the to code the heuristic algorithm in ALTRAN,”’ because
truncated Taylor series expansion ALTRAN is designed for massive algebraic operations

on rational polynomial expressions. Moreover, it
M n contains a number of routines which manipulate trunca-

n+h 1 9 3
Yige © 2: ;ﬁ'(hdt 3t + kéx 5;) y 3 ted power series efficiently. The list of the expan-

sion code is given in Appendix A. The algorithm

3 could be implemented in a number of other algebraic

where y is either p or u in our example. Because
2 languages including MACSYMA, REDUCE, and FORMAC,

we want truncation errors through 0(8t) and 0(6x“)

provided they are available on a sufficiently large

in the final result, we must, in this case, keep

2 4 computer.
terms in Eq. (3) through 0(8t°) and 0(8x ). When

The most important consideration in designing

this code was to minimize the work space (i.e., core)

needed. Even though we use the LCM version of ALTRAN,
N which has 131 000 words of workspace, the explosive

growth of intermediate terms can cause memory

"4 e
.

overflow even for fairly simple difference equations

unless care is taken to make the most efficient use

Fig. 1 Fragment of the computing mesh for the of the memory. Running time 1is usually no problem
thermal diffusion example, Eq. (15). The
T; are defined on the cell centers ry, and
the r; , are the cell edges. The same sub- also tends to reduce run times.
scripting notation is used in the ICE dif-
ference equations, where p is defined at

X, =T, and u ig defined on the cell edges. resent dependent variables and their partial deriv-

on the CDC 7600 although the efficient use of memory

The program uses indeterminant arrays to rep-



atives. For example, 8(i+j) u/BxiQtj is represented
by the array element U(I,J). The code is set up to
handle four such variables; P, T, RHO, and U. More
variables can be added to the layout if needed,
although they would increase memory requirements.

The maximum order of the expansions is set by the
integer variable ORD, currently set to a value of
six. The maximum value of I or J is set by the
integer variable N, also currently set equal to six.
If higher order derivatives or expansions are needed
at any point in the calculation, N and/or ORD must be
increased, with a corresponding increase in memory
requirements and running time. In practice, however,
even large, high-order problems are practical on the
LASL 7600's.,

The Taylor series expansions are done by the
LONG ALGEBRAIC ALTRAN PROCEDURE TE, which is invoked
as a function. Suppose we choose (i 8r, n 8t)
as the point about which we want to perform the
expansions. A single call to TE can expand a prod-
uct of up to four variables. The calliag sequence
TE(fl,al, bl,f2,a2,b2,f3,a3,b3,f4,a4,b4) expands
n+b

nt+b n+b n+b

] 1 (fz) 2 (f3) 3 (f,) 4
1+al i+a2 i+a3 i+34
both 8r and &t.
TE(U,-1/2,1).

ucts with a single call than to make separate calls

(fl) to order ORD in

For example, u?ti is represented by
It is more efficient to compute prod-
and multiply the results. That is, use

+1l n
TE(RHO, O, 1, U, 1/2, 0) for p'i‘ Ul
TE(RHO, 0, 1)* TE(U, 1/2, 0).

The first method com-
putes only terms of order ORD. The latter method

, not

expands each variable to order ORD, and the mul-
tiplication generates many terms through order 2*ORD
that are eventually discarded.

Since there is no simple way to specify the dif-
ference equation on data cards, all input data is
specified in executable ALTRAN statements in a spe-
RORD and TORD are the
maximum orders of 8r and Gt, respectively, to be
DERMOD is the left-
hand side of the modified equation, and it will be

cial section of the program.
retained in the final result.
explained in more detail in the example. DE is the
differential equation, and FDE is the finite dif-
ference equation expressed in terms of TE. The
listing of the code in Appendix A contains Eq.

(2) as an example. Note that DE and FDE are always
written in the form such that they are equal to zero.

We want the truncation errors to O(8t) and O(Grz),
so RORD = 2 and TORD = 1. Since the expansions are
divided by 6t and 6r2, they must be carried out to
at least order 2 and 4 in &t and Or respectively.
Therefore, ORD must be at least 4.

This example is a trivial problem —-- only 14
seconds of central processor time and 37 000 words
of workspace were required on a CDC 7600. Although
131 000 words of workspace are available in our -
version of ALTRAN, memory space, not running time,
still limits the size of the largest problem that
can be run. Very large problems often can be run
plecemeal, however.

Appendix A consists of a complete listing of
the expansion code, plus a sample problem. Appendix
B contains a detailed flow chart of the ALTRAN cod-
ing, definition of all variables, and a description
of the purpose and operation of every procedure.

For some purpose it is necessary to eliminate
all time derivatives from the modified equation.

In our example, we need 3p/3t and 3u/3t and their
derivatives with respect to both r and t. Therefore,

the modified equation is punched out in the form

2

3 3
DERMOD = RHO(0,1) =§%=_%‘§_ pg_:+ g2
ox’
3¢ 3p
+ 3r ar TER. (5)

The time derivative elimination code then differen-
tiates the right-hand side and eliminates the time
derivative from the truncation error terms TER.
It is necessary to use the modified equation for the
momentum equation to eliminate the time derivatives
of u. We will return this example in the next sec—
tion.

A simpler example will suffice to illustrate
the complexities of automating the general procedure
for eliminating time derivatives. The modified

equation for the difference approximation,

T?+l - T; K M n n
8t " E \e T My + T (6
x .
to
2
9T _ 0T
5= Ky €))
x




expanded about time n and space point i is

2 2 4
dr _ , °T 8t 3t  Sx“k 3’7 2 4
3t K 2~ 3 2 +7% st 0(8t",8x ).
ox at 9x

2

(8)

We will keep error terms of order St and 6x2. Begin
the elimination of BZT/at:2 by differentiating Eq.
( 8) with respect to t,

ﬁ=x 1 _ St 37t Sx'k
Zat:2 axzac 2 at3

. (9
"ot

Substitute Eq. (9) into Eq. (8) and discard high-or-

der terms:

or _ 2% stk odr |, ex’x '
ot axz 2 axzac 6 axA

(10)
Note that we have lowered the order of time deriva-

tive in the error terms by one. Now we can differen

iate Eq. (8) with respect to x to obtain
1 % s o't ex’k %1
5. 8 T2 2. 2v 76 6 aLn
9x" 9t Ix Ix“ 3t Ix
which we substitute into Eq. (10):
o1 . 9% _ ksx> [1  xst\ a'T
dog2l 0% (2 2Ly 1 (12)
t 2 2 3 2 4
o9x §x~/ 9x

It is obvious from this trivial example that the
elimination of time derivatives from the truncation
error terms of the modifed equation is, in general, a
very messy algebraic problem for the general case of
coupled nonlinear partial differential equations.
The code and flow charts listed in Appendixes C and
D describe a first attempt to solve this problem.
Although this program is capable of handling very
large problems in a reasonable amount of central
processor time, a clever programmer should be able
to improve its efficiency. For this and other rea-
sons to be discussed later, this code should be
considered a useable but unpolished tool.

The elimination code reads its input from cards
punched either by itself or the expansion code. The

elimination code only makes a single pass at elim-

inating the time derivatives, lowering the order of
Thus,
The

first run would read cards punched by the expansion

the time derivatives by at most one per run.

our simple example would require two runs.

code, and the next run (and all subsequent runs if
necessary) would read the cards punched by the expan-
sion code on the previous run. This multiple run
procedure is inefficient in terms of the human inter-
vention and turn around time involved, and we intend
to eventually combine the expansion and elimination
codes into a single completely automated code.

The elimination code can also handle simple
systems of equations. It can read a second modified
equation and substitute derivatives of the first, or
primary, modified equation into the second, or sec-
ondary, modified equation. Our limited experience
with systems of modified equations suggests that
improving the efficlency of workspace utilization
should receive high priority in the list of improve-
ments to this code.
rious with the LCM version of ALTRAN available on
where 131 000 decimal

words of workspace are available, but it is likely

The memory problem is not se-

the CROS operating systenm,

to be quite limiting at installations with smaller
workspaces. Some steps for reducing memory require-
ments and the number of runs are described in Appen-

dix C.

I1T. APPLICATIONS

Truncation error expansions may be employed in
three ways. First, they indicate the order and ac-
curacy of FDE's, and so they may be used to help
choose the best form for a particular problem. Sec-
ond, they may be used to find stability conditions
for some problems. And finally, they may be employed
as the basis of a new method for stabilizing some
finite difference algorithms. In this section we
discuss examples of each of these applications. We
emphasize that although most of our examples are
relatively simple and could be done by hand, the
ALTRAN programs are powerful tools that can do and
have done expansions much too large and complicated
to do reliably by hand in a reasonable amount of
time.

a. Comparison of Errors of Difference Equations

The TEE's easily indicate some undesirable

properties of FDE's, such as zeroth-or negative-




order errors. Such information is quite useful,

for it may rule out use of a particular FDE before
it is coded and subjected to numerical tests. But
beyond such simple observations, FDE's are not easily
compared. The next example illustrates the type of
analysis frequently necessary to determine which one
of several FDE's is more accurate. Consider the one-

dimensional diffusion problem in spherical coordinates

—g—§=¢riza—ar <r2%>for 0<t<w 0<r<m,
(13)
T(r,0) = Ei%—E ,
T(m,t) = 0 ,
and
Z o =0,
where ¢ is a constant. The analytic solution is
T(r,t) = exp(-¢t) sin(r)/r . (14)
Now consider the explicit FDE
§+l " (Tl © T
e Yy Fiv1 T 1
_ ri—lﬁ(T; - T . (15)
Fi T -1

The computing mesh is illustrated in Fig. 1. We
compare the accuracy of two different definitions of

Vi in Eq. (15):

3 3
(ri% - ri_;ﬁ)/3

(16a)

and

(16b)

Note that the cells are spherical shells, and Vi is

the volume of one steradian of the ith cell.

Heuristically we expect Eq. (16a) to be more

accurate than Eq. (16b) near the origin, because the
former volume elements exactly fill space. The lat-
ter volume elements are all smaller than the former
for the same set of mesh points, and the effect is
most pronounced at small r. Both volume elements
give conservative FDE's, but they conserve different
amounts of the conserved quantity. For constant T,
volume elements in Eq. (16a) lead to comservation of
the correct amount of the conserved quantity

m/2 2
4 f T r'dr, but Eq. (16b) conserves the wrong

[o]

amount.

We can use the expansions to determine which
The TEE's for Eq.
(15) with Eqs. (16a) and (16b), respectively, are

equivalent to

volume element is more accurate.

ot _, 1 3 (2ar
e ) ar \* 8r>
r
2 4 3
_[9_ st _ ¢ Grz] [ﬂ+ia_Tj| (17a)
2 12 4 r 3
or or
2 2
S E T IO
6 r ar
and
2 2 4
ar_ 1o ( 20\ [ofee sse?][a%
ot 23r \F 3r/)” 2 T 12 4
r or
3 2 4,2
+iﬂ] I S I U VRSP S (17v)
r 3 2 2
or 4 r or

for a uniform mesh.
At first glance, Eq. (17b) appears better than
ar (17a)

Furthermore, unlike Eq.

Eq. (17a) because the coefficient of in Eq.
is proportional to 1/r3.
(l16a), Eq.

is exact for a solution T, linear in r. Thus, our

(16b) leads to a difference scheme which

earlier arguments about volume elements in Eq. (l6a)
being better appear to be wrong. However, as we
shall show, our superficial examination of Egs.

and (17b) is at fault.

(17a)

Currently, there is no general procedure for




choosing the more accurate of several FDE's, based on
Taylor series expansions. But we now present a

procedure which works many problems, and we hope it
will provide a basis for an even more general proce-
dure. The cursory examination above is misleading,
because g% = 0 at the origin and because some error
terms partially cancel each other. We expand T in

Taylor series about r = 0 for some n, 0 < n < r

5/2°
and a time T, tn< T < cn+l:
o (D) i
1
) = 2 2 20.m 0. (18)
1=0 ar(1) 1!

After differentiating Eq. (18) and substituting into
the space errors of Eqs. (17a) and (17b), we find

Qérz a1 4 31 . 2 3%t 2 ar
= 4 S—— = s
12 4 r
or
r=n, t=t

3T(0, 1) , 5 3°1(0, 1)
3

r n ar3

[
[
rofR

w
T
=
wl“

+ 0(n°)] (19a)
and
gor>[ ot , 43’ 3 3%
— — + — —
12 r 3 2 2
ar or r- .ar _
r=n
2 2 3
_98r7| 3 97T(0, T) - 7 3°T(0, 1)
12 2n2 8r2 n a1_3
+ 0(n°)] (19b)
Because or orT = 0 for most physical problems, the

1/n2 error in Eq. (19b) dominates all others in Egs.
(19), and so Eq. (16a) actually leads to errors
smaller than Eq. (16b) near the origin.

The boundary conditions are imposed by
T =T (20)

and either

T™ Ty + 2T (21a)
or
v =7 +i1 +&0 (21b)
N+1 N3 'N-17 3D

where Tb = 0 is the boundary value. For boundary
conditions in Eqs. (21a) and (21b), respectively, th

right side of Eq. (15) is equivalent to

3 2
31 3 { 23T\ Sr|d3’T 223°T 2
q’{? 7 3 (" ar>' s[ 3t T 2]*0(5‘ )}
r or ar

(22a)

and

¢{:15 5";(1:2 %)— o Z—i{- + 0(6:2)} . (22b)
Each equation is valid for both volume elements in [
(16a) and (16b). Note that the simpler Eq. (Zia) he
a large zeroth-order in the diffusion term. Therefc
we expect the first-order boundary conditions in Eq.
(21b) to be more accurate in the outer part of the
mesh where the boundary treatment dominates the
accuracy of the solution.

In order to substantiate our deductions based
on TEE's, we numerically solved Eq. (15) using sev-
eral combinations of Eqs. (16) and (21). Figure 2
shows the relative errors as a function of r at tim
t = 0.23687 for several of these calculations. We
see that the best accuracy obtains from volume el-
ement in Eq. (léa) and boundary condition in Eq. (2!
as predicted.

b. Truncation Error Cancellation Algorithms

The second application of TEE's is important i
the field of numerical fluid dynamics. A number of
instabilities that arise in such calculations are
due to diffusional truncation errors with negative
diffusion coefficients. An obvious application of
TEE's is to find stability conditions for numerical
algorithms that are subject to diffusion instabil~
ities. On a higher level, these expansions can be
used as the basis of new method for stabilizing the
FDE's as reported by Rivard et a12. Both of

these uses are illustrated with a one-dimensional
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Fig. 2. Relative truncation errors vs. radius at a

fixed time for five solutions to Eq. (15).
Curves 1, 3 and 5 use volume elements (16a),
and curves 2 and 4 use volume elements

(16b). Curve 1 used boundary condition
(21a). All others use boundary condition
(21b). Curves 1, 2, and 3 were computed

using 10 cells, and curves 4 and 5 were
computed with 20 cells.

version of the ICE method3 that requires much

less artificial diffusion to obtain stability than
many other methods. Again, we emphasize that our
simple example is chosen for clarity of presenta-
tion, and the programs are useful for much more
complicated FDE's.

We describe the truncation error cancellation
(TEC) technique in detail only for the continuity
equation (1), but the same procedure is applied to
the momentum and energy equations, as well. It is
possible, however, to improve the algorithm by ap~
plying the procedure only to one or two of the equa-
2).

(4), but the

tions. We use the FDE given by Eq. The trunca-
tion error expansion is given in Eq.
time derivatives must be converted to space deriva-

tives by using the continuity and momentum modified

equations. We obtain for the diffusional errors
a%p 8t 2. 2. 6x 3u| 3%
T = (26-1) (™ + %)= |
ax? 2 4 x| 4 2
%

(23)

where 7 is the diffusion coefficient of the trunca-
tion errors and c is the local sound speed. We
have neglected the 82€/8x2 term in Eq. (4); as we
ghall see, it 1s a higher order term in the TEC
algorithm. If £ = Q0 in Eq. (1), the FDE 1s unstable
whenever § < 0. In the original version of ICE, a
constant global artificial mass diffusion coeffi-
cient £ 2 0 is used to stabilize the algorithm. It
is necessary to choose £ large enough that £ + =0
for all cells at every time step, and so a large
amount of global diffusion is needed to stabilize
many problems. Because the diffusion term is explic-

it, a necessary condition for stability is

Eoe< 3 &x” . (24)
Artificial viscosity plays a similar role in the
momentum equation and imposes a separate require-
ment analogous to Eq.(24). Although these artifi-
cial diffusion parameters stabilize the algorithm,
they decrease the accuracy of the solution and
introduce time step limits that can be so small as
to preclude the solution of some problems.

The basic idea of the TEC algorithm is to re-
place the artificial diffusion parameter with a
variable £(x,t) which i1s chosen so that it locally
cancels the destabilizing effects of diffusion
truncation errors. Consequently, much less diffusion
is needed for stability (often several orders of
magnitude less in parts of the mesh), and so ac-
curacy is improved and diffusional time step limits
are relaxed.

The first step in deriving a TEC scheme is to
evaluate algebraically the diffusion coefficient Z.

Expansion yields a result of the form

20 3w 3 (20, 2% _20f 2
ot 9x ax 9x ax2 ax 9x

3 (. 3p)_ 3¢ 3p
+ = -

3% <C 3x)” % Bx 25)
The algorithm for carrying ogt the expansion gives
the nonconservative form C-Q%%, but we convert it
to the conservation form 1nax the right-hand side
of Eq. (25). In some cases, usually in the momemtum

equation, %% will contribute additional diffusional




errors that should be included in TEC as discussed
by Rivard et al. 1In our continuity equation,
however, %& does not produce additional diffusional

errors, and the %& %& truncation error is neglected.

In order to obtain an improved FDE, Eq. (23) is
differenced to yield
- ot n (2,1 ,2 2
Bi = (01 5 [(“1—%) ty et ci—l)]

(26)

_ Sx ( n_ _ n )
8 Uiy T Wyoas2’) -

Next we choose

-(1+8) Ci-% if Ci—% < 0

_(1‘8) Ci-lfé if Ci_;é 2> .0
which is then incorporated in the finite difference
(1). The constant B, 0 < B <1, is a
free parameter that determines the degree to which

form of Eq.

the diffusional truncation errors are cancelled. If
B8 is too small, the FDE's will have so little diffu-
sion that dispersively generated ripples destroy
accuracy. If, on the other hand, B is too large,
unnecessary artifical diffusion reduces the accuracy
of the solution. The optimum value of B is problem
dependent and must be found by trial and error. In
practice, B = 1 is frequently an adequate value.

Although the derivation of the diffusion errors
for the TEC scheme requires extra work, the modified
FDE's yield substantially better solutions. TEC has
been installed in several programs, and the scheme
works well except in problems with very strong shocks
where higher order errors are significant. We now
briefly compare several TEC and non-TEC solutions in
order to show the advantage that may be expected
from using TEC.

Consider Fig. 3, which shows the run of density
for three one-dimensional shock tube calculations,
The initial condi-

tion is a 5:1 pressure and density jump at cell 90.

as well as the analytic solution.

All solutions coincide at the left and right bound-

aries; the solutions have been displaced vertically
for clarity. The bottom curve is the analytic'solu—
tion. The top solution is an artificial viscosity
solution with nearly the minimum diffusion needed
for stability.
wave, and the left discontinuity 1s a contact sur-

The

The right density jump is a shock

face. Both discontinuities move to the right.

shock is smooth, but the contact surface has disper-
sively driven ripples behind it. TEC.with the same
viscosity u as the conventional method, was used in the
second solution from the top. The shock 18 unchanged,
but the ripples behind the contact surface are stron-
ly damped. The third numerical solution is also TEC
run, but the viscosity is reduced by a factor of ten.
The shock is significant sharper, but it shows a
little overshoot. The first peak behind the contact
surface is as high as in the artificial viscosity run,
but the damping behind the contact is much stronger.
The artificial viscosity scheme is unstable with this
little viscosity.

The TEC algorithm readily generalizes to multi-
dimensional flows. As an example, consider a Méch
0.1 wind blowing over a pair of walls as shown in
Fig. 4.
isotherms of a TEC solution obtained from the two-
The comparison solution

Shown there are the velocity vectors and

7
dimensional RICE program.
with normal artificial viscosity stabilization was

obtained with 100 times as much viscosity, because

o

£=0.8, 4*1.0

S
8
7
» 6
% 51 \. TEC =01
o a4t Anolytic
3
2
i
ol Lt 1ttty b1l L 1 1
(¢} 20 40 60 80 100 120 140 160 180
Cell Number
Fig. 3. One dimensional shock tube calculations.

All four solutions coincide at the left and
right ends, but the three numerical solu-
tions have been displaced vertically for
clarity.




the conventional method was unstable with less
viscosity. The two velocity solutions are similar,
although the TEC solution shows more shear in the
vortex, and the weak Helmholtz instability in the
upper right quadrant is somewhat stronger, an indica-
tion that viscous forces are relatively small in this
problem. The isotherms, however, are much different.
The TEC solution shows steeper gradients across the
vortex, because there is less diffusion and less
viscous heating in the energy equation.

Experience indicates that TEC is quite general
in its range of applicability and that it provides
significant improvement in the accuracy of numerical
fluid dynamics calculations. The use of ALTRAN to
compute the TEE's 1s proving to be extremely helpful.
IV. SUMMARY
We have shown that the Taylor series expansions
needed for Hirt's heuristic stability analysis can

be easily generated by a program written in a comput-

Specific Internal Energy

el el

Truncation Error Cancellgtion

Velocity Vectors

Truncation Error Cancellation

Artificial Viscosity

A two-dimensional flow with and without
TEC. The TEC run has 1% as much viscosity
as the artificial viscosity run. A Mach
0.1 wind enters the mesh across the upper
half of the left boundary, and it leaves
across the upper half of the right bound-
ary.

Fig. 4.

er algebraic language such as ALTRAN. The truncation
error expansions have proved quite useful in choos—
ing optimum finite difference equations, in deriving
some necessary conditions for stability, and assist-
ing in the design of truncation error cancellation
algorithms. The ability to derive the truncation
errors automatically is essential for all but the
simplest difference equations. The extension of
these codes to include more dimensions is straight-
forward, and present computers are adequate to
handle many problems of interest. We expect the

use of such algebraic computations to increase and
become a much more important part of numerical
analysis as algebralc systems become more common on
large computers and as potential users become famil-
iar with the language and come to apprecilate the
potential of algebraic systems for accurately and

quickly solving massive problems.
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APPENDIX A
THE EXPANSION CODE LISTING

This appendix gives instructions for running
the code that computes the Taylor serles expansions,
a listing of the code, and a sample problem. This
particular problem was run on a CDC 7600 under the
CROS operating system using the LCM version of
ALTRAN.

Lines 19 through 27 provide the input for this
run. RORD and TORD are the maximum orders of the
expansions in 8r (denoted by DR) and &t (denoted by
DT), respectively. This run expands the difference
equation (2) for the differential equation (1) using
the subscript notation for derivatives and the expan-
sion PROCEDURE TE described in the text. DERMOD is
the time derivative we want to eliminate using the
second code, and it is not limited to a first deriv-
ative in time. For example, DERMOD = RHO(1,2) would

be appropriate for p = Ap + Bpxx. DE 1is the dif-

ferential equation, :;:re we have represented & by T
in this run. Note that we have shifted the term on
the right-hand side of equation (1) over to the left-
hand side so DE = 0. This must always be done for
both DE and the finite difference equation FDE. In
FDE we have represented 0 by Gl. Note that we have
not followed our own advice in the text concerning
the efficient use of TE. This problem is small
enough to easily run on the LASL LCM version of
ALTRAN, but we would have to be more careful with
memory utilization with the SCM version or with lar-
ger problems. It may be necessary to break large
problems into pieces and run them separately. For
example, the diffusion term could be deleted from DE

and FDE and then computed by itself on a second run.

Most of the output is intermediate results that

are sometimes useful if the run terminates abnormally.

The final results are printed after the message
'""CONSTRUCT THE MODIFIED EQUATIONS." The modified
equation is given by DERMOD = NUMER/DENOM, and the
output beginning with RORD is punched from logical
unit 25 by the computer as input for the time deriv-
ative elimination code.

In lines 38 and 39, the code checks for the
possible existence of errors of order Gr_l and/or
Gt-l and prints a warning message if appropriate.
Some difference equations, such as equations (15)
and (16a), will trigger a fictitious warning. How-

ever, the truncated power series package cannot han-

10

dle an error of negative order, and the code will
terminate abnormally after the warning message is
printed. One example is the Lax method for the diffu-

sion equation:

DE = g% -D Q;%
oxX
= T(0,1)-DIF*T(2,0) (AL)
and
n+1 n n
FDE = [Ti - (Ti+l + Ti_l)/Z]/dt
n n n 2
- DITy,, = 2T, + T, , 1/8% (A2)

= (TE(T,0,1) - (TE(T,1,0) + TE(T,-1,0)/2) /DT
-DIF*(TE(T,1,0)-2%T(0,0) + TE(T,-1,0))/DR*%2

Lines 33 and 34 contain a possible trap for the
unwary user. The use of relations such as RP = R+DR/2
for equations such as Eq. (16a) can simplify the input
phase. The user may find other useful substitutions,
and these were left in the code as examples of sub-
stitutions that we found useful in our test runs.
These statements must be removed or replaced before
RM and RP can be used for another purpose.' A similar
situation exists for line 55, where F1 and F2 are
used as ratios of widths of adjacent cells for cases
where 8r is not constant. That is, FDE may be a (at
most) four-point difference scheme over three cells
of widths DR, F1*DR, and F2*DR, with the order being

chosen by the user.
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ALTRAN VERSION 1 LEVEL 9

LASL Code: LP 0770

PROCEDUYRE MAIN #  TRUNCATION ERRORS OF DIFFERENCE EQUATIONS,

EXTERNAL INTEGER ORD=4

INTEGFR Ms31, Nz=CRD

INTEGER RORD, TORD

LONG ALGERRAIC (NR3M, NDT1M, ReM, PCAIN,AINISXP(N), T(AIN,PIN)IXP(N),
PHIM, THETAIM, RPtM, RMIM, Gi;M, G2tM, DIFsM, LAMIM, FiiM, F2uM,
TIMEM, U(QAIN,PeN)IXP(N), RHO(AIN,AgN) SXP(N)}) ARRAY DETPS, FDFTPS,
TFR, CONTPS

EXTFRNA( ALGEBRAJIC DPR=DR, DNT=DT, LAMZ2=z|AM

LONG AL GERRATIC FnE, DE, PERMDD, NUMFR, DENOM

LONG ALGERRAIC ARRAY MODEO

ALTRAN INTEGER TPSNRD

ALTRAN SHORT INTEGER ARRAY Xp

ALTRAN ALGERRATC TE, TPSEVL

ALTRAN ALGERRAIC ARRAY TPS, TPSMUL, TPSSBS, ARRSRS, TETPS, TPSCHOP

w ®» ®» o mw INSERT INPUT IN THIS INITIALIZATION RLOCK = ® = » = = & =

RORD = 2 ' TORD = 1

DERMOD = RHN(P, 1)

NE = RHO(CA, 1) + RHO(1,MI*U(A, Q) ¢ RHO(A,A)xU(1,B) = T(0,p)«RHO(2,P) =
TL1,PY*RHD(Y,R)

FDE = (TE(RHD,2,1) o RHO(A,?)) 7/ DT + GI*((TE(RKN,1,1) ¢ TE(RHD,®,1))
TECU,1/2+1) = (TE(RHO,P,1) 4 TE(RMO,=1,1)) * TE(U,=1/2,1)) / (2%DR)
(1=6G1Y) « ((TECRHN,1,@) 4+ RHO(@,M)) * TE(L,1/2,@) = (TE(RHD,=1,0) ¢
RHO(?, 7)) & TE(U,=»1/2,R)) / (2%DRY = (TE(T,1/2,8) * (TE(RHO,1,0) =
RMO(Q,P)) @ TE(T,«1/2,3) % (RHO(A,D) = TE(RHN,=1,?))) / DR=%42

“+ »

WRITE DERMOD, DE, FDE, "END PHASF ONE"

FDE = FDE (RP, RM = R#NR/2, ReDR/2)
DF = DE (RP, RM¢ = ReDR/2, Re=DR/2}
FNDF = FNE (DR, DY = LAM#DR, LAM#DT)

CHECK FOR TRUNCATION ERRORS OF NEGATIVE ORDER

NMUMER = ANUM (FDF, DENOM)

IF (DEG(DENOM,LAM) GT,@) wWRITF FNF,"MAY ABORT DUE TQ NEGATIVE ORDER ERROR"
NUMER = @ s DENOM =z Q

CONVERY DE AND FDF T0 TRUNCATED POWER SFRIES

DETPS = TPS ( DEtDNR,DPT = DRaLAM,DYxLAM), LAM, DRD)
FOETPS = TPS (FDE, LAM, ORD)

FPE = 0

WRITE DETPS, FOETPS

REGIN REDUCTION Nk ERRORS



[AS

2 FDETPS = TPS (TPSEVL(FNETPS,[ AM), LAM, IMAX(RNRD,TORD))
b1 FDETPS = TPSCHOP (FDETPS, RORN, TNRD)

52 DETPS = TPSCHN® (DETPS, RORD, TORD)

53 WRITE FNETPS

54

55 CONTPS = ARRSRS (FDETPS, (F1,F2), (1,1))

2; ;Es;: FPETPS = TRS thjsvunews.u"). LAM, TPSORD(FDETPS))
on E FNPETPS, CONTPS, "TER WITH ALL TIME DERIVATIVES", TER
59 # COMPUTE AND PUNCH MODIFTED FAUATION

Y WRITE "CONSTRUCT THE MONIFTEN ENUATION"

a1 MODEN = TPS (DEF, DERMOD, NEG (DE, DERMON))

he 1F (MODFR{1),EN.A) FRFTURN , "INCNRRECT DERMOD"

h3 NUMER = ANUM ((MNDER(1)Y*xDFRMOD=NF=TPSEVLITER,1))/MODEQ(CL1), DENOM)
AU

65 WRITE RORD, TORN, NUMFR, DENDM

bb WRITFE (25) RORD, TORN, DERMOD, NUMER, DENOM

67

»8 END

NAME /JEXTNAME USE TYPE STRUC PREC CLASS SCNPE DB LAY ADDR
CONTPS VAR ALG A L LeVe1
DFTPS VAR ALG A L Leay
DIF IND  ALG Lx3%]
NR IND ALG L0y
nT IND ALG Lxday
FNFTPS VAR ALG A L L«20O}
F1 IND ALG Lx001
F2 IND ALG Lx20y
61 IND  ALG Lx0AY
Ge IND ALG L*@01)
LAM IND  ALG L+2@}
PHT IND  ALG L«@01
RM IND ALG Lx@OY
RP IND ALG L*3a1
R IND ALG Lx0e1
TER VAR ALG A L Lx@pt
THETA IND  ALG LAY
TIM IND ALG LxAD1
P IND ALG A LxQat
T IND  ALG A L0031
U IND  ALG A L+d0a1
RHO IND ALG A L*x00}
ANIJM/SQANUM PRNC ALG L S X

ARRSBS PROC ALG A L S X

DDR VAR ALG S X

noT VAR ALG S X

DFEG/S9DEG PROC INT S X

NENOM VAR ALG L

DERMOD VAR ALG L

NE VAR ALG L

FDE VAR ALG L




IMAX/S9IMAX PROC INT L S X
LAM? VAR ALG S X
MAIN PROC L S X
MQOEQ VAR ALG A L

“ VAR INT

NUMER VAR ALG L

N VAR INT

ORD VAR INT s X
RORD VAR INT

TETPS PROC ALG A L S X
TE PROC ALG L s X
TORD VAR INT

TPSCHOP PRNC ALG A L S X
TPSEVL PROC ALG L S X
TPSMUL PROC ALG A L ] X
TPSORD PROC INT L $ e
TPSSARS PROC ALG A L 3 X
TPS PROC ALG A L S X
Xp PROC INT A S X
LxAAy LAY

CONSTRUCT THE MODIFI CONS CHAR S

FND PHASE ONE CONS CHApR S
INCORRECT DERMOD CONS CHAP s

MAY ARORT DUE TO NFG CONS CHAR S

TER WITH ALL TIME DE CONS CHar S

a CONS TNT S

1 CONS INT S

?5 CONS INT s

2 CONS INT $

11 CONS INT S

) CONS INT S

ALTRAN VERSION { LEVEL 9

PROCEDURE TE C(A,AX,AT, 8,BX,RT, C.CX.CT' D,D%,NT)
# 2«D TAYLOR SERIES FXPANSION OF THE PRODUCT AxBxCxD

VALUE A,AX,AT, B,BX,RT, c,cx,CT, D,0X,NT
LONG ALGEBRAIC ARRAY A,8,C,0

LONG ALGEBRAIC AX, AT, BX,RBT, cx,C1, DX,DT
ALTRAN ALGEBRAIC ARRAY TETPS

ALTRAN ALGERRAIL TPSFVL

RETURN ( TPSEVL(TFTPS(A)AX,AT' 8,B%,87, CeCXsCTo D,0%,NTY,

W= B 0D NE W~

P

END

1) )
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NAME/EXTNAME

AT

AX

A

RY

BY

R

cY

cx

c

Nt

DX

n
TETPS
TE
TPSEVL
H

ALTRAN VERSTION 1 LEVEL 9

EWN = DO BN U W

— . e e

END
NAME/EXTNAME

AT
AX
A

BRY
#X
R

cT
cXx
c

DT
X

USE

VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
PROC
PROC
PROC
CONS

VALUE A,AX,AT,
LONG ALGERRAIC ARRAY 4A,B,C,D
LONG ALGFRRAIC AXx,aAT,
ALTRAN ALGEBRAIC ARRAY TETPS,TAYLOR,TpSMUL

JSE

VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR

TYPE STRUC PRFC CLASS SCOPE DB

ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG

ALG
INT

R,BX,RT,

L
L
A L
L
L
A L
L
L
A L
L
L
A L
A L
L
L

B8X,RT,

C,CX,

XXX CCCCLCLCELCC TS <<

N wnn

# 2=D TPS TAYLOR SERTES 0OF THE FRODUCT AaBx(C«D

CT, D,DX,NnT

CX,CT, DX,DT

IF (NULL(R)) RETURN ( TAYLOR(A,AX,AT) )

RETURN (TPSMULCTAYLONR(A,AX,AT), TETPS(R,RX,BT,

TYPE STRUC PREC CLASS SCOPE DB

ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG

g
e e

o<

LAY

PROCENDURE TETPS (A,AX,AT, B,RX,RT, C,CX,CT, D,DX,DT)

C,CX,CT,

LAY

ADDR

D.DX,DT)) )

ADDPR




ST

n VAR ALG A L v
NULL/SONULL PROC LOG S X
TAYLOR PROC ALG s L S X
TETPS PROC ALG A L S X
TPSHMYL PROC ALG A L S X

Fo et et e s s - e s s
VI NN D IP AU E P

N g
N

n v
& w
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w W NN NN
N— 0o

[ RV RV R R PRV
ODPNOCOUVIE W

ALTRAN VERSION 1 LEVEL 9

PROCEDURE TAYLNP (F, A, R)
¢ 2«D TPS TAYLOR SERTES OF THE VARIARLE F

VALUE F, A, B

EXTERNAL ALGERRATC DDR, NDT

EXTFRNAL INTEGER N&D

INTEGER 1, J

LONG ALGERRAIC A, R

LONG ALGEBRAIC ARRAY F

LONG ALGERRAIC ARRAY(A$ORD) TAY=(F(Q,%), ORDSA)

INTFGER ARRAY((A31@) FACT=(1.1a2.6.20.1?0.72“.5?0“,“&32“:3628R0.362889?)
INTEGER ARRAY(P:1@) (NF=(1,1P%n)

TF CALER,®) DO ¥ DIFF W R, T 7T
IF (B,EQ,P) RETURN (TAY)
DO I=1,0RD
TAY(TY = (RADDTIwxI*F (A, 1) /FACT(])
DNEND
RETURN (TAY)
DOEND
IF (B,ER,?) DO # DIFF W,R,T, R
Do I=1.0Rn
TAY(TI) = CAXDDR)Y22I*F(I,R)/FACT(T)
DNEND
RFTURN (TAY)
DOEND
PO 1=1,0RD # DIFF w,R, T, R AND T
DO J=1,1,=1 1 COF(JI=COF(JI4COF(JI»1) s DOEND
nn Jzn,1
TAY(TY = TAY(I) » COF(J)ﬁ(AtDDR)ttJi(BtDDT)**(]-J)*F(J,I-J)
DOEND
TAY(TI) = TAY(IY/FACT(I)
NOEND

RETURN (TAY)

END
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NAME/EXTNAME USE TYPF STRUC PREC CLASS SCOPE 0B LAY ADDR

TAY VAR ALG A L D*0A Y
FACT VAR INT A DxAQ2
COF VAR INTY A Nre@3
A VAR ALG L v

R VAR ALG L v

DDR VAR ALG ) X

npT VAR ALG [ X

F VAR ALG A L v

I VAR INT

J VAR INT

ORN VAR INTY S X

TAY{ OR PRNC L S X

NePBY DB

DxANP nA

LT Tk DR

2 COMS INT ]

10 CONS INT S

{20 CONS INT s

1 CONS TNT S

24 CONS INT S

2 CONS INT S

3628800 CONS TNT S

162880 CONS INT $

4a3ze CONS INT S

SA4n CONS THNT S

h CONS INT S

729 CONS TINT S

ALTRAN VERSION 1 LEVFL 9

1 PROCEDYRE TPSCHOP (A, RORN, TORPD)

2

3 4 CHOP THE ?<D TPS TN ORDFR® RORD IN DR AND TO ORPER TORD TN DT
o

S VALIIE A&, RORD, TORD

6 EXTFRNAL ALGERRAIC DDR, NDT, LAM?

7 LONG ALGFRRAIC APRAY A

A INTEGER 1, RNRD, TnRD, NRN=TOSQORN(A)

9 ALTRAMN ALGFRRATC ARRAY TPS

10 ALTRAN A_GERRAIC TPSEVI

11 ALTRAN SHORT IMNTEGER TPSORD

12

13 nn 1=, 0NRD

14 ACI) = TPSEVL (TPS(A(I),NNR,RORNDY, DOR)
15 A(1) = TPSEVL (TPS(A(I),DNT,TORN), 0ODT)
16 NNEMD

17

18 RETHRN (8)

19
20 END




NAME/EXTNAME HSE TYPE STRUC PREC CLASS SCOPF DB
A VAR ALG A L v
NDR VAR ALG S X
noT VAR ALG s X
1 VAR INT

LAM? VAR ALG S X
ORD VAR INT

RORD VAR INT v
TORD VAR INT v
TPSCHOP PROC L S X
YPSEVL PROC AlG L S X
TPSORD PROC INT S X
TPS PROC ALG A L S X
4] CONS INT S

ALTRAN VERSION | LEVEL @

LAY

LAY

ADNR

ADDR

1 PROCEDURE ARRSRS (A, LHS, RHS)
2
3 ¥ SUBSTITUTE THE LIST RHS FOR THE LIST LHS IN THE {e«D ARRAY &
4
5 VALUE &, | HS§, RHS
b LONG ALGEBRAIC ARRAY A, LHS, RHS
7 INTEGFR ARRAY DR=zDRINFO(A)
8 INTEGER 1
9
12 N0 1=DR(1,7),DB(1,1)
11 ACI) = ACI)C(LHS=RHS)
12 DOEND
13
14 RETURN (A)Y
18 END
NAME/EXTNAME USE TYPF STPUC PREC CLASS SCOPF DB
ARRSBS PROC L S X
A VAR ALG A L v
DBINFO/SIDRIN PROC INT A S X
[p):] VAR INT A
I VAR INT
LHS VAR ALG A L v
RHS VAR ALG A L v
@ CONS INT $
1 CONS INT S
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ALTRAN VERSION | LEVFL 9

1 PROCFDURE XP (N}

2 VALUE N

3 INTFGER I, J, N

4 INTEGER ARRAY(PpN,m3N) FXPzi

S

6 DO I=z@,N

7 DO Jz=?,Ne1

8 CEXP(I,J) = 7

9 DDEND
10 NOEND
11
12 RETURN (EXP)
13
14 END
NAME /EXTNAME USE TYPF STRUC PREC CLASS SCOPF DB LAY ADDR
EXP VAR  INT A Proey
1 VAR TNY
3 VAR INT
N VAR INT v
xe PROC L S X
D+AQ Y nA
2 CONS INT S
1 CONS INT S
y CONS INT S

# DERMOD
RHO(®, 1)
# O

¥ FDE

® ( T(P,AYaRHO(2,P) + T(1,0)*RHO(1,0) = U(A,R)sRHO(L,R2) Ul1,8)«RHD(2,0) » RNO(B,1) )

( 6#DR2*102DT#GLwU(5,1)aRKO(bH,8) o 3*DR«#1RaDTY«GI* Y5, ) #RHO(S,]) = DRee§@eT(6,@)%RHO(6,R) « 64DRex1@aU(S,0)*RNO(6,0) o
J'D“'ﬁlﬂ*U(é'ﬂ)tRHO(S,ﬂ) + QGADRttaom‘ttStGl'U(S;Z)'RFD(O,E) + lﬂB-DRNB'DTQOS'Gl'U(D,2)tRN0(5'l) + OF'DRttatDYN’}tGhU(i'l)!
RHO(4,2) + 19.DR--anDYnn3a61-U(6,0)nRHO(},J) 3 zuecoR--e‘or‘nancxauts,2)nﬂwote.n) + lbn-DR-uatDY--ZﬁclﬁU(B,l)tRNO(S.l) +
1804DR*ABADT*aP2C1#U(U, 3)eRND(5,8) o GADR22AeDTH420G12UCS, NI #RND (4, 2) + 18P2DRe+BADTea24C10U(S,1)4RHO(4,1) + 3@e0Ra28a0Taw 20
G1*Ulb, MY «RKO(S, ) + UBA*DRaB#DT*G I U(3, {1 eRHN(6,8) ¢ J6CeORn482DTRGInUCU,B)aRHO(S, 1) ¢ saeaonn-n-ora01-0(n.1)-RNO(5.9) ¢
(5ﬂaDRnt8aothjtU(S,ﬂ)nnHO(ﬂ,l) . 18?:Dn'05107-51au(5,1)nRN0(a.8) + 6PADReeBaDTeGI0U(6,)#RHO(3, 1) = 120%0R2%BaT (4, ()

RHO(6,0) = 724nRarBeT(S, N)#RRO(S, D) = 3P#0R228aT(6,0)aRN0(0,0) o G3@eNRw#*Bay(3,0)9RHO(H,0B) + 368¢DRenBaUCU, B)4RHO(S,Q) ¢

18P£DRA»B84U(S,8)4RHO(U, B) + 6A«DRASBREY(6,0)eRH0(3,B) o 964DR2%62DTwaSeG1aU([,5)2RHC(6,8) + T2PA0R46aDTHa52GIaUC2,8) aRKO(S,1) ¢-




61

120A2DR*26#DT#45aGI4U(3, 3INRKO(4,2) + 6OPeORRnbeDTan50G1oU( 3, 2)4RHO(3,3) ¢ 9BaOR##G6aDT#a5aG1aU(S, {)#RHO(2,4) + JeORANEeDTAOSY
CI%U(6,0) ¢RHO(1,5) ¢ UBASDR2xaeDT#aUrGIAU(T,8)4RHO(L,A) + 288N«DRabeDTwaaGLeli(2,34RH0(5,1) ¢ 720nDRanbaDTorarG1oUL2,4)n
RHO(S,8) 4 360PaDR#4640T#sdxG1oU(3,2)0RHO(U,2) ¢ 24PA¢DR*n6aDTRaanGI*U(3, 3)eRHO(E, 1) + 120PaDRunbADTHaUnGEIaU(L, 1) ARHC(3,3) ¢
18AGADRA#6#DT e ynGInU(A,2) *RKO(3,2) ¢ voaonaasnor-au.cx-uts,d)-nn0(2.u) + lbanonn'btanfu-61-U(5.1):RNO(2,3) + ISADRuAHEADTHROw
G1eU(6,MISRHOC1,U) ¢ 19202DR2bsDTea32CIoUCT,3)#RHO(H,8) o B6UQeDRenbaDT#a3aG1oU(2,2)¢RFO(S,1) ¢ 28BASDRYwbaDT#23IxGIAU(2,3)n
RHD(S,@) ¢ 720P«DRa%#6#DT#»3aG12U(3,1)aRHO(Y,2) + T20PaDRanbaDTnaSeGIeU(3,2)«RHOCU, 1) ¢ 24AASDRa%6aDTaw32G1eU(3,3)WRHC(4,0) ¢
12004DR##6#DT#a3#GIAUCU,B)4RHOC3,3) + 360AxNRe262DTes34G10U(L, J)I#RHO(3,2) ¢ 360RDRan6eDTe4InGIaU(L, 2) ¢RKO(3, 1) +
S6040R2264DT#a34G1oU(S,AI#RHO(2,3) + 1BAAADR*aH2DTA430G1RU(S, 1)eRNO(2,2) ¢ bOaDR*a6aDT+a3aGIsU(6, PI4RROCL,3) ¢
ST6ANDR##6eDT2424G1aU(1,234RH0C6,D) ¢ 172232DRwwbaDTnn24G1¢U(2, 1)4RNO(S,1) ¢ B86URCDRA#6aDTH224G1aU(2,2)*RHO(S,B) ¢
T2P22DRanonDTna22G14U(3,B)#RHO(8,2) ¢ 14UPORDRe 62 DTCn20GLeU3,1)oRNO(U,)) ¢ 72P02CRAe6sDT2w24G1aU(3,2)#RKOCL,0) ¢
360AMDR26aDTan24G14U(U,BICRND(3,2) ¢ 728BeDRessaDTea20Gloy(U, 1)0RHOC3, 1) ¢ 3500*DReepalTea2aGiaU(Y,2)%RHO(3,E) ¢
10BODR#46#DTew2aGI2U(S,@)ARHO(2,2) ¢ 216PDRenb*DT*a24G1#U(S, 1)eRHOC2,1) ¢ 18@aDRAeHRDT#a24GInU(6, M) @RHD(S,2) ¢
1152040R#w6#DTAGI*U(1, 1)4RHO(6,P) ¢ 1728PaDRe46aDTEG1#U(2,8)#RHO(S, 1) ¢ 1728AaDRenbsaDTACIoU(2,1)*RHO(S,0) + 164PP*DRA*6*DTRGIw

UC3,@)#RNOTU,1) ¢ 1UUPADR*#64DTAGIaL(3,1)#RNOCL,A) ¢ 7282«0Ra%6aDTeGIoUCE, B)aRNO(3,1) + 7207«DRa*6eDT#G12L(4, 1 )*RNO(S, ) ¢
2160a0R2264DTaGIaU(S,B)aRHOL2,1) ¢ 216A20R2a6xDTaGIaU(S, 1)aRN0(2,0) ¢ 36B4D0RwabaDTeCInU(H,8)%RRO(1,1) = ST6AeDRae6xT(2,a)n

RHO(6,0) = 5760sCRa#64T(3,0)aRHO(5,0) = 3680¢DRen6aT (4, B)#RNO(4,0) » 14uPeDRa6aT(5,2)wRHO(3,0) = 360#DRawbsT(6,0) *RhO(2,0) +
11520« DR x6eU(1,BI¢RHO(A,B) ¢ 1728R20Re06aUC2,@)*RHO(S5,8) ¢ 14URASDRA%E%U(3, @)ARHO(G,B) ¢ 72B2«DRweonU(U,8)aRK0(3,0) ¢
2168%DR*#64UCS,BI%RHO(2,B) ¢ 36@#DRasbwlU(6,0)#RHO(1,8) ¢ 1924DRandaDTanTsGisU(B, 6I%RHO(S,1) ¢ LLUBADRARUADTaaTAGCIAU(E,5)w
REO(U,2) ¢ 24P2#DRevUwDY*aTaGIoUC2,U)¢RHO(3,3) ¢ 12¢PwDRexUnDTRaTeGloU(3,3)aRHNO(2,4) ¢ 1804DRawUaDTaaTaGIsUC4,2)«RHO(L,S) ¢
1290RaaUsDTanT72G14U(S, 1)4RHO(R,6) & 11522DRevtaDTaabaGIaU(R, SINRKO(S,1) + 1924DReAUADYeab2GIoUCH, 6)4RHOLS,P) o
T200«DRA*UeDTenpaGInU(L,U)*RHO(U,2) ¢ 2BBA+DRaeueDToaARGIeUC],S)eRHOCU, 1) ¢ 960PcORReyaDTaapaGLoU(2, SIARNO(3,3) ¢
T2PADR&«4aDTaap*GL2aUCP, UYARHO(3,2) ¢ 36P220RweUsDTanbaGIoU(3,2)4RHO(2,4) ¢ UBBLWDRANLACTa2bnGI#U(3,3I4RN0(2,3) ¢
36040RAG4DTawoaCIaU(L, 1) 2PHO(!,S) ¢ GRPEDRA®UADTRAbaGLaU (8, 2)8RHO(1,a) & 124DRe4UsDTRebeGiaU(S, L) *RHO(P,6) + T2aDRaA%GaDTasbe
Gi#U(S, 1) aRHO(B,S) ¢ STHBaDRRaLaDT#w5+G10U(@,)AI#RHO(S 1) ¢ 11529DRaeURDTRSeGLoU(D, SI*RKO(S,B) + 28800 DRaAUADT#wSAGIwU(],3)n
RHO(G,2) & JUURAXDR22G2DToaSaGI#U(Y,4)eRHOLU,1) ¢ 28822DRe+UsDTweSeGinU(],5)«RHO(U,B) 28BANADRAAURDT#aS52G1wU(2,2)0RHO(3,3) ¢
28AA0ADRAMUDTHa54G12U(2,3)4RHO(3,2) ¢ 16UBRADREwUADTAaSHG1#U(2,4) *RKD(3,1) ¢ 720P«DR#e4aDTA45aG1#U(T, {I*RKO(2,4) +
1440A«DReny*DT«aSaGI*UCS,)2)¢RHO(2,3) ¢ 1440NRDRaeUaDTanSaGLinU(3,3)eRH0(2,2) ¢ ssn-on.-a-oi--s.cg-u(u,a)-ﬁuo(1,5) ¢
18AAADRRAUNDT#aSAGI*UCL, 1)#RHO(E,)4) + 36AA0ORasU*DT#2SaGIaU(U,2)#RHOC1,3) ¢ 72'0Rt-u-DTt05-Gl'U(S;F)aRkO(@;S) *
360xDPaalaDT*aSaGIvU(S, 1) ¢RHO(B,U) ¢ 23AUPIDRA#USDT#aLeGIoU(CR,3I0RHOL5,1) ¢ ST60«DRaeUsDTRaU*GIoU(R, U)4RHO(S,0) o
ebuan-onanh-ora.a-cxnut1.zaaauotu,2) ? ST6QQaDRA#UADTaauaGIsU(L,3)aRHO(U, ) ¢ 1UABPADRNAUADT#aU*GLIeU(),4)*RHO(4L,R) ¢
ST6PaDRAUsDTRausGI*U(2, 110RHD(3,3) ¢ B6UBARDRA#AeDT#nGsGI+UL2,2) *RHO(3,2) ¢ S76ACeDRenUsDTanGaGIoU(2,3)eRHO(3,1) o
LH4OACOR® 2 UADT#2URGI*U(2, 4)¢RHO(3,P) ¢ 72P04DR4#G4DTe0GaGInU(Y, @) #RHOC2,4) ¢ 28AAPeDRanqnDTasUnGIRU(I, 1) #RHO(2,3) +
U320020R*e4aDT22UGINY(T,2)#RN0(2,2) ¢ 28BRA*DRaaUeDTHUaGIoUL3, T)#RNO(2,1) ¢ 18ANADRenawDTenuUAGIaUCL, B) «RHO(T,4) +
7200eDR*aUaDTanyaGiaU(U, 119RHO(1,3) ¢ 108RAWDRaeUADTAeyYnGIoU(U,2)eRHO(T,2) ¢ 36B«DRealUDTsal4aGioU(S, ) eRNO(R,4) ¢

LUUPRDRe2UaDTHrysGLoU(S, 1) #RHO(B,3) ¢ bQIZBtDRnta-oTa-SaGI'U(ﬂ;2)'RN0(S,l) + 230UPaDRandeDTaa30G1eU(RA, 3)2RHO(S,0)




0¢

17280R6DRaUsDTaa3aG18UCY, 1)#RAD(U,2) ¢ 17282N*DRenUsDTan3aGloU(1,2)0RN0(4,1) » ST6ABaDRanUsDTa23eG10U(1,3)4RKO(4,0) +
S76PAADRN & UsDTaa3#GInU(2,PYeRHO(3,3) ¢ {728PP«DRenunDTan3oGIwti(2,1)¢RHO(3,2) ¢ 1728MC+DRwsUYxDToa3aG{eU(2,2)«RHO(3, 1) ¢
ST6RBeDAA«UADTxaSAGIAUC2, 3 eRHO(3,P) ¢ 28B024DRwnlUnDTan3I+G1oU(3, B)oRHO(2)3) ¢ B6URCDRA«a+DTa#3aG1eU(3,1)4RN0(2,2) «
BAUARSDR®aLaDTax3eG1oU(3,2)0RH0(2,1) ¢ 2RANCADRA+UWDTw23aGIoU(3,3)4RHO(2,0) ¢ T280+DRxwua" 2GI*U(4,yB)aRHO(L,3) +
2160A*DRY 4 LaDTa230GIoU(a, 1) *RHO(1,2) + 2160A«DRaaUaDTaa3aG1aU(8,2)aRHO(1,1) ¢ LULBWORWaUCDTan3aGIoU(S,)R)aRHO(B,3) ¢
432RwOR4eysDTwa3sG1#UCS, 1I*ANO(B,2) ¢ $3B2UANDReaUeDTax2eG1aU(R, 1)aRNO(S,1) ¢ 69128+DRantisDT#222G1sU(B,2)«RKO(5,0) ¢
172RAANDRW#UADTaw22G12U( 1, B)#RHO(Y,2) + 3US6PARDRACGeDTan20G1#U(1,1)#RHO(%,1) ¢ 1728RA«CR2ausDTox2#G1oUCL,2)*RHO(L,0) ¢
1728AA40RAUaDT#a2%G1oU(2,0)«RHO(3,2) ¢ 34S6ABLDRAUSDT##20G10U(2,1)2RKO(3, 1) ¢ 1728AA«DRewueDT#e24GIsU(2,2) *RKO(3,0) «
B86URARDR#wUADTan24C1#U(3,BI¢RHO(292) ¢ 17280AeDR#aUwDTa220G1¢U(3,1)0RN0(2,1) ¢ BLUCR4DRaadaITa220G1aU(3,2)*RHO(2,8) ¢

2160 PeDRN«EADTePACI*U(U,BIARHO(E,2) # UI2AUNDRR*U=DY22aG1oU(U, $)sRHO(101) ¢ 216ACcDRwaUaDT*024GLoU(G,2)#RN0(1,0) ¢
43200DRa%UnDT#a20GirU(S,2)4RHO(Q,2) ¢ BHUBKDRwRUSDTRa2aGLoU(5,1)aRHO(B, 1) ¢ 333200eDRaeunDTaG1aU(R, @) 2RKO(5,1) ¢
1382UReDRexdaDT4GIoUA, 1) #RHO(S,8) ¢ 3USHPOaDRewlUaDT#GIaUCL, BIRRNO(U,1) ¢ 3456282DRewynDToGLeU(s,1)aRHO(4, D) ¢ 34560CsDRandsDT
GINUL2,BY*RHO(S, 1) ¢ 3USHEAaDR==G#DTG1eU(2,1)aRHO(3,8) ¢ 17280020Re«uxDTAGI2U(3,B)*RNO(2,1) ¢ 17280020R#a4aDT2GIsU(I, 1w
RHO(2,08) ¢+ U3200#DRa*4wDTeGLxU(G,0)2RHO(L,1) + 432B0#DReeleDT«GinlU(G, §)eRNO(1,B8) ¢ BOUPLDRAwGaDTeG1nU(S,B)aRHO(B,1) ¢
ALOASDR*#UANTAGI#UCS, 13aRHO(P, D) « U6ARNSNR42UT (A, B)4RNO(H,0) » 3382uA«DOReeua?(1,2)eRKC(S,0) = 1728MACORSaUNT(2,B)¢RNH0(E,0)
115200P4DRwaUNT(3,A)ARHO(3,A) = 432MP+DRealaT(U,RICRHO(2,@) » ROUBEDRAaUsT(S5,0)4RHO(1,0A) ¢ 13824PeDRevurU(B,@)aRKHO(S,2) ¢
I456ABaDRwwU*U( L, AI*RHO(L,B) ¢ 3USHABsORenlialU(2,B)oRHOCI, @) ¢ 17288PaDReey«U(3,C)*RHC(2,0) ¢ U32PP«DReawdrU(U,Q)*RHO(1,0) ¢
BEUARDR2aLwU(S,B)xHHO(B, D) ¢ HUPEDR2«240Taa06G12U(D,6)0RN0(3,3) ¢ {ULASDRA22aNT#+QaG1aU(],5)aRN0(2,4) ¢ T2PADR4A2aDTwAGaGLw
U(2,8)4RHO(1,5) ¢ 16B2DR*a2aDT#29aG1aU(3,3)#RHO(B,6) ¢ 38uAeDRA2aDTaeB8aG10U(A,SIARKO(3,3) ¢ 1920#DRew2aDTaxBaGIrU(R/6)n
RHO(3,2) ¢ 72RAaDRa#2+DTnsB8aG10UL1,4)eRHN(2,4) ¢ ST6040R2e2aDT0eAGL2U(1,5)8RHO(2,3) ¢ 288AaDR##24DT#282G12U(2,3)*RHO(1,5) ¢
IHAANDRI®2aDTanARSGINU(2,U)#RHOCI,U) ¢ UBO*DR*«240DTanBaGIoU(3,2)eRNO(P,6) ¢ 96A2DRA22aDTea82GIsU(3, 3)#RHO(B,S) +

1920P40R 424D s TaGleUCA, UI#RHO(3,3) ¢ §15200DRea2aDTae72G1aU(B,5)eRHO(3,2) ¢ 3BuBaDRan2aDTwnTGisU(B,6)#RHO(3,1) ¢
288NA*DRAEIaDT e TAGIAUCL,3Y4RAH0(2,4) ¢ 28APA*DR=a2eDTenT2GIoU(], a)#RHO(2,3) ¢ 1726C2DRAa2aDTe270G1aU(1,5)#RHO(2+2) «
BHUAKDRA#2eDTwaTwGInU(2,2)*RHOC1,S) ¢ 14UBPADR*w24DTeaTaCleU(2,3)0RHO(Y,4) ¢ JUUPRDRan2eDTRaTaGLeU(2,4)vRHO(1,3) ¢
960#DR*A2aNTHaT4G1aUC3, 1)4RHN(2,6) + 28804DRa+2eDTanTaGinaU(3,2) eRHO(B,5) ¢ UBABeDR*#24DTon74G1eU(3, 3} #RHO(R,4) +
7600@aDRas2eDTanb*GIoUCR, 3)4RHO(3,3) ¢ ST6MANDRe=2eDT4n6eGivU(B,a)aRHO(3,2) ¢ 230UC=DR222eDTwabuGieU(B,5)RKO(3,1) «
IBAGAORSA24DTaebwGlaU(D, 6Y¢RHO(3,8) ¢ BLLUAARDR*#2¢DTawnbaGloU(1,2)oRHO(2,4) ¢ 11520P«DR2#24DTwabwG1eU(1,3)¢RH0O(2,3) ¢+
BOUBAYDRAPaDTaxb4GIAUCT)UIRRHO(2,2) + 3USHEPDRW22aDTanpaGI2U(1,5)oRHO(2,1) ¢ 1728P2CRen2aDTaabeG1ay(2,1)#RHO(1,5) +
4320AaDR*€2aDT4262G1 202, 2)«RHO(1,4) ¢ STHOR*DRA#2aDThe6#G1#lI(2,3)#RHO(1,3) 4 G3202aDRw*24DTae62GIaU(2,4)»RHO(L,2) +
GoU*DRA224DTHabaGivUC3, A)2RHO(P,6) ¢ SToAxDR*e2eDTeepaCinU(3,1)aRKO(A,S) + JUUAB4DR*220DTwapuGlinU(3,2)¢RHO(D,U) ¢
§19200xNRex24DTaabaGLixU(3,»3)ARHO(B,3) ¢ 2300B2aDRA*2eDTaa5eGLoU(B,2)#RK0(3,3) ¢ 230UBCaDRw424DT#nSwGIaU(DB, 3)aRNO(3,2) +
§1152002DRaa24DTanSaG12U(R, 4)xRHO(3,1) ¢ 230GPaDR*24DTanaSeG1#UCB,S5InRHO(3,B) ¢ 172808aDR#42¢DTaaSaGIaU(],§)#RHO(2,4) ¢
3456002DRe#200TaaSuGI2UC], 2)9RN0O(2,3) ¢ 34S6BAaDRan2aDTasSsGIosU(,3)*RHOC2,2) ¢ 17280AaDR#+2+40T#e5aG12U(1,8) #RHO(2,1) +
3456@4DR#%2¢0TeaS*G1%U(1,5)aRHO(2,08) & {T728C0+DR«x22aDT#eSAGI*U(2,@)#RH0O(1,5) ¢ BOHUBRWDRax22DTw+SeGIwaU(2,1)4RKHO(1,Q) +
172825 DRaw2eDTaa54G1aU(2,2)2RHN(1,3) ¢ 172880xDRea2sNTenSeG1aU(2,3)2RHO(1,2) ¢ B6A2B#DR1224DTAa54GI#U(2,4)aRHO(T, 1) ¢




1¢

STONADR*424NTaa5aG12UC3,0)4RNO(R,S) + 2BRAADRwA24DTauSeGioU(3, 1)2RHO(A,U) ¢ S5T6CADR2#24DTaaS52G1#U(3,2)4RHO(C,3) «
S76A22DR*47aDTaxSuG{4U(3,3)0RN0(S,2) ¢ 46NBRA*NR+220DTesdeGI+ULR, 1) ¢RHO(S,3) o 691200wDRw¢24DTH4UsGI#UCY, 2)«RHO(T,2) +
G6C8AAADRL«2aNTen e GIOU(R, 3)#RHO(3, 1) ¢ 1152PP«DRea2«DTanuwG1eU(R, 4) sRHOI3,R) o 172872aCRaa2aDTaaUsGI*U(Y,@)«RHO(2,4) +
69120P«DR«#22DTanlUsG12U1, 1I4RNO(2,3) « 103680020Rew24DTaxdsGay(],2)0RN0(2,2) + 6912020DR4a2a0T2ndaGinU(1,3)0RN0(2,1) ¢
17280A4DR*2240TaninGlaUC1,L)4RHD(2,Q) + QOUGBNRa2eDTAsUnGIU(2,P)eRHO(L,4) o 3456AC2DRaa2#DTonleGLaU(2,1)0RHOCL,3) ¢
S18UAOADRR22#DTwlUeG1aU(2,2)0RHO(1,2) ¢ 3US6PAADRRw2eDTanUaGEInU(2,3)0RHO(E, 1) + B6UMPPADRAC24DTawGeGIaU(2,4)2RKOCY,B) ¢
ZBSOB-DR't}-DTntuﬂsl*U(S:G)'RHO(F:U) * liSZMGnORn-ZQDTtaa-GI'U(SIl)ﬂRNO(Gpl) + 172000«DR2024DTaeynGI*U(3,2)0RN0(E,2) ¢
11520QaDRa2xDTawlwGIvU(3, I)4RHO(D, 1) o L6PBRO#DR2*24DTaw3eG1ol(B,8)«RHO(3,3) ¢ 1382400DRex240Tona3nGleU(R,1)aRNO(3,2) +
1382U400+DRen2aDTwa3eGI*U(0,2)wRHO(3, 1) + UORBARNDRew24DTwa3nGInU(E,3)%RRO(3, ) o 5912000DR#«24DTwn3aGiaU(1,0)eRN0(2,3) o

287360040Ra%2#DT#x3IxGI# U], 1)4RAR0(2,2) + 207368B«DRe*2aDTaa3aGloU(,2)*RHO(2,1) + 6912004 DRAw24DTn3InGI2U(,3)eRH0(2,8) *
3US6NRENRew2eDTea3IaG1oUC2, ) aRHO(L,3) o 1A3680PeDRea2aDTee3aG12UC2, §)0RHO(1,2) ¢ {P36800aDRe424DTea3aGlel(2,2)#RHO(Y, 1) +

3456089DRea2oDTan3eGioU(2,3)eRN0(L,R) 11520A«DRee2aDNToe3aGleU(3,2)oRKO(RA,3) ¢ 345600-DRwe24DTan3e1eU(3, 1)0RK0O(R,2)
3456B0aDRex24DTea3eGIoU(3,2)aRHO(A,1) ¢ 11520MaDRA«24DTw3sGLaU(3,3)¢RHO(D,R) o 1382020eDR22240T#e24G1aU(D,P)#RHO(S,2) «
276UB0ADRe#2aDTar2%G1aL(0, 1)wRHO(3, 1) + 13824PReDR2e2aDTen24GlolU(R, 2)*RHO(Y, Q) o 2P7360P¢DRe224DTna20G10U(1,P)*RNO(2,2) o
H1472ABDRw«24DTAR2¢G1 2L, {)RHO(2,8) + 207360CaDRen2aDT#+20GLaU(],2)#RRO(2,0) ¢ 10368RA*DR.222DTea2eG10U2,8)¢RKO(L,2) ¢
20T360A«DR#42eDTa#24G141(2,1)¢RHO(1,1) + 1A36APA*DORN#23DT#224G1aU(2,2)¢RHO(1,R) ¢ JUS6PP*DRaw24DTne2eG1oU(3, A)4RHO(E,2) +
6912ANaDR2e2aDTen24G1%U(3, 1)#RH0(D, 1) + 3US6PPIDRA«2¢DT# 02451 2U(3,2)¢RHO(A,B) ¢ 2764BOAsDR+24DTRGI2U(R, D) #RKO(S, 1) ¢
27648080«DR#2aNTeG1oU(@, §I#RHO(3,2) # 410720@«DRea2eDTeGIoU(], @) aRKO(2,1) ¢ G1072022DRe#22DT«GieU(1,1)*RHO(2,08) ¢
2AT36AP*DRa#2+DTRGI4U(2,A)0AH0(1,1) ¢ 2073600eDR422DTaGInlUC2, 1) #RNO(1,0) ¢ 69120B4DR«22eDToG1aU(3,R)*RHO(A, 1) +
69120A«DR*#24DT4GI#U(I, 1)¢RH0(A,0) = 13824PB*DR#24T(A,P)I*RHO(U,R) @ 276G8BANDRR24T(1,0)eRHO(3I,A) « 2073600nDRAN2eT(2,0)0
RHOC2,P) » 69120040Ra#24T(3,034RHOC1,0) ¢ 27648Q0#0R«e2aU(R,R)2RNOCI,0) ¢ 414720N*NRen2aU(],R)eRHO(2,P) ¢ 207368020Re%2aU(2,0)%
RHO(L,@) ¢ 691200aPR4424U(3,0)#RKO(E,@) + 102+DTea1{aGLeU(P,6)0RHO(1,5) 192#0Twet JaG10U(),5)*RHO(@,6) ¢ 11524DTewi@wGln

UL, 5)#RHOCE,5) ¢ GoRDTHa1PeGI0U(B,6)#RHOCL,U) ¢ 9604DTer{PaG U], 4)*RHO(A,6) @ 11524DTenPeGIvU(],5)¢RHO(A,5) ¢
S7606DTA*94G1aU0,4I2RHO(L,5) ¢ ST60*DT+a9G1sU(R,5)aRHOCL,U) ¢ 3BUR2DT#404G1U(R,6)9RHO(],3) 38GUARDT*a0aG1eU(1,3)9RHO(D,6) ¢
ST6@aDT#49wGleU1, ) *RHO(QA,5) ¢ ST6PeOT##0uGlel(1,5)2RHOCA, 4) ¢ 23A6B+0Te282G14U(R,3)aPHOCI,5) + 288ARaDT+eBaGIAU(R,4)n
RHOC1,4) + 23040#DTexB2G1aU(A,SISRNO(1,3) ¢ 11520eDTweBaGloUCB,6)#RHO1,2) ¢ {1520aDTaeB8aGIaUC1,2)2RNOLB,6) ¢ 2304AaCTanBaGin
UC1,3)¢RHDIA,S) ¢ 28BANADT*#B8G1#UL|s4)2RNOCB,U) ¢ 23PUBNDT#eB0GLaUC],SIMRHO(R,3) ¢ 6Q12ReDTawToGloU(A,2)4RHO(L,S) o
115200aDT#274G1aUCR, 3)#RHO(,u) 11520AaDT*07eGEoU(R,8)*RHOLE43) ¢ 69520eDTeaTaGl2U(0,5)0RN0(S,2) ¢ 230UPDTanTnGiali(0,06)n
RHO(1,1) + 23R8QAaDT*2T7aGIaU(1, 1)4RHO(D,6) ¢ 6912CeDTeaTeG1oU(1,2)0RHO(B,5) ¢ 11520240T22TaG1%U(1,3)%RHO(G,8) ¢ 115282¢DTaa7uGln
UC1,5)#RKHD(R,3) + 691204072474 G1eU1,SI4RHN(A,2) ¢ 13826CeDTauabeG1aU(R, 1I4RNO(1,S) ¢ 34SHAPDToRbnGI*U(H,2)2RHOCT,4) ¢
UoPBPAADTeab*GIal(A,3)#RHO(1,3) ¢ 345600DTaebrGleU(B,4)*RKO(1,2) ¢ 13A2UANDTnr6nGIeU(A,SI¥RHOCT 1) ¢ 23BUBADT+abaGI2U(B, b)w
RHO(1,8) + 230aaDTawoeGialU(1,D)aRKO(A,6) ¢ 1382UPeDToebeGioU(!, 1)4RHO(B,5) + 3a5620eDTxebeGlelUl],2)«RHO(B,4) +
Ho0BZALNTANLHGI#U(1,3)4PHO(R,3) o 3US6ARENT#a6aGaUCL,3)2RFO(R,2) ¢ 13R2U0wDTaw6aG1aUCT,SIARNO(A, 1) ¢ 1382UPaCTeaSaGleU(D,0)n
RHO(1,S) + b°l?ﬂetDYtt5tGl'U(B;l)'RNO(X.a) + 138200« DTaSeGioU(R,2)0RHO(1,3) ¢ 13824004DTeaSaGlaU(R,3)#RHO(1,2) ¢
69120RaDT+aS+G1#UCA, U)*RHOC(141) ¢ 13B240«DTo#SeGI0U(Q,5)aRR0(L,2) o §38240#DTaeSaGLsU(1,B8)aRHO(D,S) ¢ 69120RAaDTaeSxGEaU(L, 1)
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RHO(R,a) ¢ 1382aRAaDTaeSaGieU(1,2)eRHO(A,3) ¢ 1382400e0T*e5eG1aU(1,3)eRHO(B,2) ¢ 691200¢DToeSeGIsU(1,U)*RKO(D,1) ¢
$382UAeNTwaS2GIwUC1,SISRHOCA,0) + 23B4AsDT#aSaRHO(B,6) ¢ 69120PaDTendeGieU(A, Q) aRHOC1,8) ¢ 276UBPReDT 2 anGIAUCE, 1) *RKO(1,3) ¢
U10T28PRDTanUaGE*ULR, 2)aRKO(1,2) + 276URQA*DTenurGinU(B,3)9RHO(§,1) + 691200aDTeeunGlaUCR,u)*RKO(1,0) ¢ 69128240TaadnGloU(1,0)n
RHO(B,4) + 276L8ABeDTa»a*GIeU(1,1)sRHO(A,3) ¢ UIUT2RAe0THaanGIoU(],2)#RHO(B,2) ¢ 27648CLeDTe44sGIsU(1,3)#RHO(B,1) ¢
69120090T4xdnG1aUC1,8)*RHOCQ,8) ¢ 13824BeDT#24sRHO(Q,5) ¢ 276UBB0aDTaa3e510U(B,RI*RHO(1,3) + 829440@nDTan3#G1aU(B,1)2RHO(1,2) ¢
82948AR*DTae3aGIoUCC, 2)4RHOCI, 1) ¢ 2764800#0Txx3eGinl(B,3)#RHO(1,0) ¢ 2763808eDYan3InGlaU(1,8)oRHO(B,3) ¢ 8294UB0+DTas3aGlin
L1, 1)ARKHNEA, 2) 4 B29LUABeNTan3eCleU(1,2)aRHD(A, 1) ¢ 276U8PR#0T2a34G1eU(1,3)oRHO(P,A) ¢ 6912ABaDT+eTaRKO(R,U) ¢ 82954GUADTH2n
GIAUCA, PICRNOLY,2) ¢ 16SRBBPAASDTAwRaG1oli(A, 1)0RN0C1,1) ¢ B29UURRLDTR224G1oU(R,2)0RKHO(],2) ¢ B29U4CRDTar24GLirY(),0)2RHO(R,2) ¢
165888004DTan20GinUCL, 1)*RHO(A,1) & R29ULAARDTAN20G1eU(1,2)*RKO(B,0) ¢ 2764BBADTA*24RHO(C,3) ¢ 1658880020T#G1#U(R,d)x
RHO{1,1) ¢ 16588R80«DTaGiaU(P, 1)#RHO(1,0) o 165888802DTaCiaU(1,R)#RHO(B,1) ¢ 1658880C+DTaG1oU(Y,1)2RHO(B,0) ¢
629440PDTARHO(B,2) » 1658888¢4T{0,0)*RRO(2,0) « 16588808+4T(1,8)sRHOC1,8) ¢+ 15538880+U(D,08)#RHO(1,0) + 16588808%U(1,0)
RHO(®,0) ¢ 16SABBQA*RHO(B, 1) ) / 16588820

% END PHASE ONE

¥ DETPS
{ = { T(8,8)*RH0(2,8) ¢ T¢1,0)*RHOCL,0) » UCG,@)*RHO(1,8) = U(1,B)#RND(Q,0) = RKO(B,1) ) ,

[
e

4 FDETPS
(» ( T(A,MY*RKO(C2,0) ¢ TC1,B)*RHO(1,0) » U(B,PI*RNO(1,0) » U(1,@)#RRO(E,8) » RHO(R,1) ) o
DT o  2#61#U(A,B)#RHO( s1) ¢ 24G1+UCD, 1)4RHOCE,8) + 24G1sUC1,0)aRHNCA, 1) ¢ 24G1+U(1,1)+RHO(A,R) « RHO(D,2) ) / 2
e ( 24DR#s2aT(A,B)#RHO(U,Q) ¢ UsDRew24T(1,@)0RHO(3, ) ¢ 3eDRe#20T(2,B)#RH0(2,8) + DRea2eT(3,8)%RKO(1,8) = 4eDRan22U(0, )
RHO(3,8) » 64DR#w24UC1,Q)¢RKO(2,0) « 3aDRae2sU(2,B)¢RHO(L,0) =~ DR=#24U{3,B)*RNO(B,0) = 124DTa#2#G14U(@,0)#RKO(},2) » 24sDTex2s
G12ULA, 1) 4RHOCT,1) = 126DT#220G1aU(Ar2)ARHO(E,B) = $26DTae20G1oUC],FIRHO(P,2) = 24aDTwa22G1*UC1,1)4RKO(B,1) =« 120DTan20G1n
UC1,2)4RHO(A, @) = LaDTex24RHO(@,3) ) / 24 o
DT * ( 4*DRe*2aG1aUCPA,B)*RHO(3,1) ¢ GaDRa224G1oU(A, 1)2RHO(3,A) ¢ 640DR*e20G1oULT, R)RRKOC2,1) ¢ 6%0R*w24G1aU(1,1)*RHO(2,8) ¢
I«DRaa2aGiaU(2,A)*RHO(1, 1) + 3aDRea24G12U(2,1)2RHO(1,0) ¢ DR#*424G3eU(3,@)eRHO(B,1) ¢ DRean2aG1eU(3,1)#RHO(A,0) ¢
GoDTaw2aGiaU(R, AYRRHO(],3) ¢ 12eDT222eG1eUCB 1) 0RHOCT,2) ¢ 120DTer20G10U(R, 2)0RKO{L, 1) ¢ GeDTaa2eG1aU(@,3)0RH0(1,0) ¢
UeDTa#24G1aUL1,AY«RHO(B,3) & (2¢DTaa20G1aU(1,1)#RPHOCA,2) + 124DTwa2eGLaU(1,2)0RHO(R,1) ¢ QeDT+a24G1aU(1,3)#RHD(B,0A) ¢
DYee2enM0(R,4) ) 2 24 ,
e ( 169DR«4AT 2, A)*RHOCH, P) ¢ UB+DRea&aT(1,B8)¢RHO(S,8) ¢ 6RaDRaeusaT(2,B)aRHO(E,#) + ABsDRa24T(3,8)aRHOC3,B) ¢

ISADRAAGAT(ds0) 4RHO(2,P) ¢ S#ORxeueT(5,0)2RH0(1,@8) = aBeDReaLeli(,0)*RHO(S,0) « 12eaDRe*GeU(1,B)2RHO(4,0) = 120=DReadalU(2,0)
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RHO(3,0) = 602DRa*GAU(3,B)¥RH0(2,B8) ® ISKDRw#EAU(U,RIRRKO(1,8) « SaDRW#GAU(S,BI*RNO(B,0) » UBBRDR#42aDTav2aGinU(P,8)ARH0(3,2) «
G60#OR*200Taa22G10ULB, 1) 2RNO(3,1) = UBBADRA®2WDTaR2aGIsU(2,2) SRHO(3,P) = T224DRaw24DTwa2aG30U(1,8)4RH0(2,2) » [44@«DRAn2e
DY##20G1aUt1,1)8RRO(2,1) w 7204DRa%24DT0e20G10U(1,2)4RHO(2,P) = 36AeDR®e2+DTee20G12U(2,2)sRHO(1,2) - 723«DRe224DTRe24C10U(2,1)
HHO(141) = 36A4DR4#24DTw022G1sU(2,2)2RK0(1,8) @ 12QA4DRea2eNTaa2eGLoU(3,B)wRNO(O,2) » 2uCaDR2#24DTae2aGl2U(3, 1) eRHO(D, 1) »
12040Ra«2¢DTRa24GI#U(3,2)@RHO(P,0) w 200aDTasLaGIvU(R,B)*RKO(1,G) » 960#DToaUaGlaU(P, 1) ARHOCI,3) » JUUBWNDTRaURGL#U(D,2) "
RHO(1,2) © 96A«DTaxUeGInU(@,3)%RHO(151) = 24BaDTa0GaGleU(M,U)sRHO(1, @) » 24B4DTanlnaGleU(],2)9RHOCR,4) = 968aDTwalsGLaU(L, )n
RHO(B,3) » 14U0aDT#adaGIRUL],2)*RHO(D,2) o 96P*DTarGaGIsU1,3)4RNO0(E, 1) = 2UPaDTanUnGIaU(1,4)4RHO(D,08) = 4BDT##UwRHO(B,5) )
5760 ,

OT » ( aBaPRAwUxGIaU(A, Q) 2RHO(Ss1) ¢ QABDRA«USGIAU(R, 1)#RHO(S,0) ¢ 1202DReaUeGIaU(T,@)ARHOCG)1) ¢ 1204DRanUaGIwU(L,1)n

RHOCU,B) ¢ 1204DRewUsGLalU(2, Q) *RHO(S, 1) + 1204DRenUeGial(2, 1)0RHO(3,0) ¢ 6CADRanyaGInU(3,A)nRHO(2,3) 4 6O4DRanUGLaU(3,1)e
RHO(2,@) ¢ $1S«DRAnuaGIv(1(a,B)&RHO(1,1) ¢ 1SsDRaaUSGIAULL, 1)2RHO(1,0) ¢ saon-au-ct~u(s.e)-hko(e.11 ¢ 3a0R2ay4aGIoU(S, 1)

RHD(@,P) ¢ 160DRaA#24DT##24G14U(R, M) RKOC3,3) ¢ 48A¢DOR#a20DTee24G1#U(R, 1)2RKO(3,2) ¢-GBPaDRAn2aDTwa20G1aU(D,2)#RHO(3, 1) +
1604DRe#240T#42eG10U(D,)S)eRHD(3,B) ¢ 2UPeDRe22aDTRa2¢G U1, B)AHD(2,3) ¢ T20aDRe«24DTen20G1eU(1,1)7RH0(2,2) ¢ 72040Res24DTan20
GIaU(1,2)%RHO(2,1) ¢+ 24QA*DRaw24DT2228G1aU(1,3)*RHO(2,0) ¢ 1204DRw200Tes2eGieU(2,B)eRKO(L,3) ¢ 36ReDRe20DTa#20G14U(2, 1)
RHO(Y,2) + 36A+DRAN24DT2#24G1eU(2,2)*RHO(1,1) ¢ $2A+DRe222DTue22G1eU(2,3)¢RNO(1,8) UPaDRaa2aDTwn2+GInUC3,2)0RHO(Q,3) +
12A4DRaw2aPT w2225 12U, 1) #RHO(B,2) ¢ 120aDRes2aDTon20G1eU{3,2)*RHO(A, 1) ¢ UB*DRe22eDToa2eG1aU(3,3)+RHO(M,P) ¢

984DTwnunGinUCA, AYXRHO(1,5) ¢ 2UR«DT#UaGIoU(S, 1) 2RHOC1,4) ¢ UBOCDTAwaeGIaU(D, 2) #RHO(S,3) + UBBaDTAwUsGL4U(P, 3)#RKOCE,2) ¢
2UANDT#2UOGIRUCA, UICRHOTT, 1) 4 GBeDT#auaGIaUCR,SI®RKO(1,B) ¢ UBeDTaeGaGI*UCT, A)SRHO(R,5) + 20@8DTwaueGinlU(l, 1) #RHO(B,4) ¢
U8A+DTaaUCGI2UC1,2)#RHO(B,3) ¢ UBBaDTaxUeGlaU(1,3)8RNO(B,2) ¢ 200eDTeaUaGInU(],u)wRHO(B,§) ¢ GB*DOTaaqeGloUC],5)aRNOC(E,R) ¢+
8+4DTaeGeRHO(,8) ) / ST60 ,

® { 16#DR%ab*T(2,0)*RHO(6,D) + J18#DRR#62T(3,AI#RHO(5,0) ¢ 1A*DRae6aT(4,P) *RHO(Y4,0) ¢ qelRaebaT(S,@)aRHO(3,8) +

DR&vET(6,P) *RHO(2,0) » 324DRe262U(1,RI*AND(E,8) » UGBaDR##6#U(2,R)¢RHO(S,R) = URPeDRA6sU(3,8)*RHO(L,B) » 2UeDRamORU(Y, )
RHO(3,0) » 64DR#a6aU(5,B8)#RHO(2,0) = DR#ab62Ul6,RI*RKO(1,8) = 384eDRanysDTna2eGinli(B, 1) eRHO(S, 1) » 19240RenyaDTAe2«G1aU(B,2)0
RHO(S5,P) = GBACDR4«UeNT4#24G1sU(), A)4RKOCG,2) = 960+DR*eUeDTe22eG1aU(),1)0RHO(U,1) GOCeDRawlUADTHe24G12U(L,2)*RHO(4,0) =
UBRRDRA#UXDT#a24G1eU(2,B)#RKO(3,2) « 96PaDRI#USDTOw2eG1AU(2,1)*RHO(3,1) « GBBaDRRaUsDTer2¢G12U(2,2)4RHO(3,7) = 2URsDRAaULDTRR e
GI#U(S,B)4ANN(2,2) = UBPADRa2y«DTAS2eG1#U(3,1)#RH0(2,1) » 20A«DRerUDT#e2aGIoU(3,2)aRN0(2,0) « 6B+DRaalURDTaa2aClay(4,0)
RHO(1,2) ® 12@#DRendnDTa*2eGisU(d, 1)ARKO(1,1) ® 60ADReGADT24G1eU(U,2)#RHO(]1,R) = 12¢DRe24DT#22aG34U(S,B)¢RHO(D,2) =
2UeDRaalUNDY«w24G1#ULS, 1)4RHO(B, 1) » 128AADRe224DTa#GaGiaU(@, 1) *RHD(3,3) = {920#DR#22#eDTuayaGlaU(B,2)aRHO(3,2) = 12804DRe42n
DYsalnGInULA, 3 ARHO(3, 1) » 32A¢0ORN#20DTanteGCiaU(R, 4)¢RHO(3,8) = UBBeDR*#2eDTaRUaGIOU(],P)*RHO(2,4) » 19200DRen24DTarUrG]s
UCS,1)aRHOC2,3) o 28BP«DRaw24DTeelnGleU(1,2)4RHD(2,2) = 192840R*a220TanunaGlelU(1,330RK0(2,1) » UBC*DRA#24DTwalnGlaU(L, L) e
RHO(2,8) » 2U0«DRA#2eDTaalnGieU(2,B)4RHO(1,4) w Qb@+DR*#24DTa%aaG1oU(2,1IaRHO(1,3) » 144ADRA%20DTHadnGEaU(2,2)*RHO(L,2) *»
G6B*ORMR2aDTH4URGINU(2, 3} #RHO(1,1) ® 20040OR#22¢DTanlUaGLiaU(2,4)*RHO(I,R) @ BO*DR422aDTaeunGLelU(3,0)0RNO(B,4) » 32040R*w2eDT00dn
G1#U(3,1)wRHO(0,3) = 4BODR#«w2#DTewlaGinU(3,2)%RHO(0,2) » 32040Ren24DTeednGiaU(3,3)aRKO(O, 1) » 384nDTan6nGinl(A, 1)SRNO(L,5) »




92

QaReOTHbaGIaUN, 2)#RHO(1,4) » 12AAaDT226aG1eU(R,3)*RHO(1,3) o Q6@sDTeabaGinU(0,3)%RhO(1,2) = 38UeDT#26#GinU(d,SI*RHC(1,1) »
6UCDTeapaGiaU(R, 6)#RHO(S) @) = bUNDTa26aG1aUCT,PI#RHO(A,b) = 3RUaDTwepeGIoU(],1)aRHC(R,S) = 96@aDTan6eGlaU(]1,2)2RHO(0,4) =
12804DTansaGlalU(1,3)SRHO(A,3) = G6Pa0TanbeGIoU(1, ) vRHNC(E,2) = 3844DTeesGleU(1,5)*RHO(C,1) ) / R6080 )
¥ FDETPS
® ( T(B,P)*RHOC2,P) ¢ T(1,D)2RHO(1,@) = U(Q,R)*RHO(L,A) = UL1,0)*RHO(E,@) » RHO(Z,1) ) ,
DY & ( 24G1aUCA,B)*RHO(141) ¢ 24G1nU(P, 1I*RHO(1,@) ¢ 24G1aU(Y,B)»RNHO(B,1) ¢ 2«G1aU(1,1)«RNO(C,8) + RHO(B,2) )} 7 2
e DRan2 # ( 24T(P,@I*RHOCU,B) + UeT(1,AYaRHO(3,R) o 3aT(2,B8)2RHO(2,0) ¢ T(3,B)wRHO(1,08) = GrU(@,@I*RHOC3,8) = 6%U(1,LC)n
RHO(2,0) = I#U(2,B8)*RHO(1, M) « UC3, A)aRHO(A,P) 3 / 24 )
» FOETPS
C = (293 T(B,MI4RHO(2,@) ¢ T(1,0)#RHOCI,P) o U(P,B)aRHO(1,0) = U(1,0)wRHO(B,R) » RKO(B,1) ) »
3281 OT & ¢ 24G1eUCH,A)2RNOC1,1) ¢ 2+G1sU(®, §)4RNO(1,0) » 24G1aUCL,B8)¢RHO(D,1) ¢ 2aGleU(l,1)%RHO(B,0) ¢+ RHO(Q,2) ) / 2,
370) = DR#e2 & ( 2«T(B,0)«RHOCU,B) ¢ UaT(1,0)«RHO(3,0) & 3#T(2,8)¢RH0(2,@) ¢ T(3,8)+RH0O(1,8) = 4wU(0,@)*RHO(3,8) ~ 6nU(isB)*
RHD(2,8) = 3#U(2,@3%RHO(1,08) » UC3,@)eRHO(0,2) ) / 24 )
3 CONTPS
{ o ¢ T(A,AI*RHO(2,0) ¢ T(1,@)*RH0(1,8) » U(Q,0)%RHOCE,@) » U(1,8)aRHO(A,08) = RHO(E,1) ) ,
DY & ( 24G1aUCE,AIWRHO(1s1) & 2aG1oU(D, 1)eRHO(L,B) ¢ 20G1eU(1,B)eRHO(B,3) ¢ 22G{»U(1,1)*RNO(B,8) ¢ RKHO(B,2) ) / 2,
@ DRaw2 w ( 24T(Q,P)¢RHACY, Q) ¢ UsT(1,B8)eRHG(3,0) ¢ 3+T(2,0)#RHO(2,8) ¢ T(IoB)tRNO(l.é) ® 4sU(Q,8)ARNO(3,2) » 6%U(1,8)n
RMO(2,8) « 3%U(2,B)*RHO(1,2) o U(3,R)=RHD(0,08) ) / 24 )
¥ TER WITH ALL TIME DERIVATIVES
¥ TER
e,
3281 DT ¢ ¢ 2aGifUCB,PIaRKOCL, 1) ¢ SeGInU(B, 134RHO(1,8) ¢ 2#G1aULL,B)¢RHO(B,1) ¢ 2aG1=U(1,1)*RKO(B,8) ¢ RHO(B,2) ) / 2
3701 » DRaw2 % ( 2#T(0¥,C)2RHO(L,0) ¢ 4aT(1,8I*RHO(3,8) o 38T(2,0)aRK0(2,8) ¢ T(3,0)eRHO(1,0) » UnlU(Q,0)«RHO(3,0) » 6%U(1,0)»
RHO(2,0) w 3%U(2,B)ARKO(!,0) » U(3,B)nRN0(B,9) ) / 24 )
¥ CONSTRUCY THE MOOIFIED EQUATION
4 RORD
2
¥ YORD
1
# NUMER
2aDRa#2aT(A, B)#RHO(U, @) ¢ 4wDR&#22T(1,@)*RNO(3,0) ¢ 3eDR##2#T(2,2)#RHO(2,2) ¢ DRe#24T(3,0)#RHO(1,8) w 4eDRwa2wU(2,8)*RHO(3,0) =
6aDRaeeU(],B)#RHO(2,0) = JaNRax24U(2,8)«RHO(1,8) « DRew20U(3,B)aRHO(,0) = 24sDT#Gi#U(B,B8)#RHO(I,1) o 2usDTGleU(P, 1) e
RHO(1,8) = 204DT#GI#UCL,@)#RNO(®,1) = 2usDToG1eU(1, ) #RHO(B,8) » 124DT*RHO(B,2) + 26eY(2,R)4RHO(2,8) ¢ 24sT(1,08)*RKO(1,0) =

24%U(@,@)*RHO(1,8) » 24eU(1,B)*RHO(E,0)




Y4

¥ DENOM
24

k*® NORMAL RETIJRN FROM MAIN PROCENURE
axx RUN STATISTICS

14,264 SECONDS ELAPSED
131770 WwORDS IN WORKSPACE
{0 DTIGITS IN SHORT INTERERS
28 DIGITS IN LNNG  TINTEGERS
? GARBAGE COLLECTIONS
94557 wORDS OF WORKSPACE NEVER USED

SEJ
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FLOW CHARTS FOR

START
MAIN

Declarations, initialize
raxirum order of the ex-
pansions, initialize maxi-
mum exponer.ts by invoking
PRPCEDURE XP.

Lines 2-15

Set R@RD, T@RL, DERM@D, DE
and FDE with user-supplied
ALTRAN statements.

Lines 19-27

Optional substitutions:
RP=R+DR/2, RM=R - DR/2.

Lines 33-34

'

Substitute &r = A ér,
§t = 6t.

Line 35

Check for possible errors

of order A ], print warn-
ing message if appropriate,
and set NUMER = DEN@M =0 for
efficiency.

Lines 38-40

Convert DE and FDE to trun-
cated power series in A,

Lines 43-44

APPENDIX B

THE TRUNCATION ERROR EXPANSION PROGRAM

END

//> Print and punch R@RD, T@RC,
DERMAD, NUMER, and DLCR@M.

Lines 65-€6

Split the terms of M@DEQ equal
to DERMBD into their numerator
NUMER and denominator DEN@M.

Lire 63

Set the truncated power series
for the modified equation, MEDEQ,
equal to CE expandec in DERMAD.
Check to make sure DERM@D appears
to first order in DE.

Lines 61-62

Compute truncation error TER as
modified equation FDETPS minus
differential equation DETPS.

Line 56

Use array substitution prccedure
ARRSBES to set F1 and F2 to unity
for the special case of a uniform
mesh (optional).

Line 55

t

Use procedure TPSCE@P to discard
terms of FDETPS and DETPS that
are of higher order than R@RD in
DR and T@RD in DT.

Lines 51, 62

?

Discard terms of FCETPS that are
of higher order than max (R@RD,
TPRD) in A.

Line 50




START START
TE TETPS

Calls TETPS to do the ex- Is the expansion for
pansion as a TPS, then only a single varia-
sums the terms of the TPS ' bie?
to return an algebraic Line 10
form of the expansion. ne

Lire 11

L

Call TAYLOR to

Call TETPS to get TPS get TPS expan-
RETURN expansion of all but sion of that
first variable; call one variable

Line 11 TAYLOR to get TPS ex-

pansion of first vari- Line 10

able; call TPSMUL to
multiply the two TPS's
together.

Line 12 RETURN

Line 10

START
TAYLOR

RETURN
Line 12

Initialize: Taylor series
terms TAY are set to case
of A=B=0; FACT = table of !
factorials; CPF is set for
the case A=B=0.

Lines 11-13 No B =02 Yes Do a 1-d Taylor
Line 23 series in r.

Lines 24-26

= +
Compute 2-d Taylor
expansion; I is RETURN
order of the term; .

CPF js Pascal's ’ Lines 27-28
traingle.

Lines 30-36

RETURN
Line 37

A=07?
Line 15

B=07
Line 16

RETURN
Line 16

Do a 1-d Taylor
series expansion
in time.

Lines 17-19

RETURN
Lines 20, 21

27




28

START
TPSCH@P

Injtialize; find order

Line 8

of TPS A.

For each array element

of A, cut out terms of

order greater than R@RD
in 8r and then TPRD in

8t.

Lines 13-16

RETURN
Line 18

START

START
ARRSBS

Initialize CB to find
0B{1,0) & CB(1,1)

the Tower & upper in-
dices cf arrey elements

Line 7

of A.

Substitute the array
RHS for the array LHS
in each element of A.

Lines 10-12

Computes maximum expo-
nents for each element
of the indeterminant
arrays in the layout
in MAIN. Begins by
filling XP with ones.

Line 4

For sufficiently small
I+J, the array element

is set to 7.
Lines 6-10

RETURN
Line 12

RETURN
Line 14




APPENDIX C
INSTRUCTIONS AND LISTING FOR THE TIME DERIVATIVE ELIMINATION PROGRAM

This appendix describes the current form of the code that eliminates time derivatives from the modified equation. This program is contin-
uing to evolve, and our goal is to eventually combine this code with the expansion code to form a completely automated package that we will
describe in a future report. However, this first generation program is useful enough to justify its inclusion in this report.

Input for this program is punched by either itself or the expansion program. If only one equation is being manipulated, there must be a
data card setting SDER to zero. 1f there is a system of two equations, only the first equation read in (the primary equation) is differentiated.
However, both the primary and secondary (the second equation read in) equations have derivatives of DERMOD eliminated. For the secondary equa-
tion, SDER. SNUM, and SDEN are the analogs of DERMOD, NUMER, and DENOM for the primary equation. RORD and TORD are the same for both equations.

A problem is begun by running the expansion code and using its punched output as input for the elimination code. Each run of the elimina-
tion code will reduce the order of time dexivatives present by at most one. If a given run does not successfully eliminate all the time deriv-
atives, its punched output is used as ipput for the next run. The optimum strategy for handling systems of equations has not been worked out.

The listings include the setup statements and results from a sample expansion run, a complete listing and first run of the sample problem,

and the results of the second elimination run. The input and results for the expansion run are given below.

18

19 RORD = ? t )TGFD = 1

@ NERMAN = T(W 1

gl DE = T(?,1) L DIF & 1C2:0) = 2 & DIF » 1(1,8) 7 R

22 = . 7{P,0)) / DT =

gg FOE = rTE{Y'u’é;F -YER;0¢2~(YE(T.1.93-7(0.0)) . RN'-Zt(T(e.z)-YE(T.-l.B))) /
éu (na:zananaa)

2%

8 CONSTRUCY THE MODIFIED EGUATION
# RORD

2
# TORD

H

# NUMER

F
pRuazaRa*2aT L6, PISDIF + ARDRA24RAT(3,0)#DIF ¢ S#DRew201(2,0)¢DIF = GaDTeRes20T(2:2) ¢ 120Rea20T(2,8)#D1F + 2usRATC1,022D

& DENOM

j2#Rws2

The remainder of this appendix is a listing of the time derivative elimination program and the output of the two runs needed to complete this

sample problem.




ot

1. SAMPLE PROBLEM FROM THE EXPANSION PROGRAM CODE
ALTRAN VFRSION 1 LEVFL 9

1 PROCEDIURE MAIN ¢ PRNGRAM TN READ MODIFTED EQUATION AND ELIMINATE T DERIVS
2

3 FXTERNAL INTEGER Nt=7, M2=7

4 INTFGER M331, MMz7

5 LONG ALGFRRAIC (PTeM, DRIM, RIM, RPIM, RMIM, GliM, G2iM, L[AMIY, F1:VY,
6 FPeM, DIFeM, LI AN, AsNRY MM, PIRINT,AIN2)sMM, RHD(AINL,2sN2) s MM, TT e M,
7 TCAINT,2EN2) sHMM) NERMOD, NUMER, NDENOM, SECOND, SNUM, SDPEP, SDEN
8 FXTERNAL LONG ALGFRRATC LAN=LAM, SzR, TIM=T]

9 FXTFRNAL LONG ALGERRATC ARRAY Ri1=RHO, Pi=P, T1=T, Ul=l

10 INTEGER T, J, ROpPD, TNRD, 1T, IR, ISR, IS8T, NT

11 INTEGER ARRAY (¢ gM2) TSRM

12 LONG ALGERRATC ARRAY (23M1,A:NQ) DFRITV

13 (ONG ALGERRAIC ARRAY SUH

14 LONG A|LGERRAIC ALTRAN TDER, RDER

15 ALGFBRATC ARRAY ALTRAN TPS

16 ALGFRRATIC ALTRAN TPSEV

17 RFAL DFLTA, ETIME

18

19 H e v @« =2 6 @ o * » o
en
21 READ RORDP, TORr, DFRMAR, MNUMER, NFNOM, SDER
22 WRITE "INTTTALTIZATION", RORD, TORD, DERMAD, NUMER, DENNM, SDFR
23 SNlIM=(
24 SNEN=]
25 IF cSPDFER _NE. ) DN
?6 RFAD SNUM, SDEM
27 WRITE SHNUM, SDFN
PR NOEND
29
3a H - »omewomew. ™
31
32 4 SFY UP THE SURSTITUTINN MATRIYX
33 DO T = A, Nt
34 IR = 1
35 pn J = &, N2
LY. 17T = J
37 IF (DERMOD NELRPHO(TI,JY) GO TO A1

38 SR = 9HD

39 GN 1IN Ry

un A1sCONTINUE

41 1F (DFRMONGNE (], J)) GO 1D A2

uz SR = i

u3 G0 TN 81

uy A2 s CONTINIIE

4s 1IF (DERMOD NF P(T,J)) GO TN AZ

4k SUR = P

47 GO To At

ug A3 CONTINUFE



1F (DFRMON NF,Y(T, 1)) GO T A4
SUR = T
GO 1O By
AUSCONTINUF
NOEND
NOEND
WRITE DrRMQON,
rN TN ST
R1$CONTTMUF
WRITFE trR, IT,

N T = 1R, Nt
noJd s 1T, N2
NERIV(T=TIR, J=T1T) = SIR(T..))
NERIV(IT,J) = @

"TLLFGAL DFRMON, ARNRTING"

SuRA

SUR(I=TR, J=1T) = SUR(I,])
SUR(T,J) = o
NOENN
DOENG
ISR = Nt = IR
JST = N2 = T
WRITF SuUn, NhERTV, 1SwR, IST

DELTAZTIME(FTIMFY s wRITE NELTA,ETIME

4 @® ® @ & o @ ®w " " o w

# CALCULATF HIGHEST ORDPFR NERIVATIVES NEFDFD

IR =P

IT=0

pn J . m, IST
M

ISR, P, =1
IMAX( IMaY( DeG(NUMER, SUB(TsJ)) DEG(DENOM,
IMAXIDEG (SNUry SR (TeJ) ) e DEG(SNDENs SUB(Ted)))
IF (NT.53T,.2) DN
IR =1
1T = J
ISRM(JY = 1
60 T0 NMO
NOEND
pognn
NMOesCONTINUF
nAENn 3 NT = DEGINUMERY Sia(n®hn))
DEG (SDENs SUB(NyNY)
IF (IR4GTe0 ,0Rs T17,6T.Nn ,0Rs NT,GT40) GO TO @GS
WRITE ¥NO TIME DERTVATIVES FOUND THAT C4N RE ELIMINATENR«
Go 70 ST
ASsCONTINIIE
ISR = IR
IS7T = 171
WRITE *MAXTMUM ORDER OF DFPTIVATIVE TO RE COMPUTED®,

SUR(TeJ)) )

+ DEGIDENOMS SUB(0%0)) + DEG{SNUMe

ISR, 18T, ISKRHM

DELTA=TIME(FTINEY WRITE DFLTA,FTIME |

Y @ @ - wew e mreow

sug (g 0))

+




(4%

103 # CREATF HIGHFR NRDER DPFRTVATIVFS

194

125 NERTV(S,Nn) = NIIMER / NENOM

106 WO TTF NFRIV(Q,?)

127

7R # PURF TIME RERIVATIVE OF NRDER T

149 no TT = 2, 18T

1ta TF (1T.AT,.R) DN

1 NIMER = ANUM(NERTIV(M,1Tat), NENOMY

112 PERIVIA, TT) = (TNFR(NIMERIXDENOM = TNREP(NENAMI&NUMERY / NFNOMa%?
113 WRTTE "PUPE TIME DFRIVATIVE", TT, NUMEE, DENNM, DERIV(E,1T)
114 NRENA

115

1ie RRITE "SPACE DFRIVATIVESH

117 1F (TSRM(ITY _ GT,%)Y NN TR = 1, TSRM(TIT)

118 MUMED = ANUMCDERTV(TR=1,1T), DENOM)

119 DERIVEIR,IT) = (POFR(NUMERIANFNOM « RNFR(NENOMYXNUMFR) / OFNQiix#2
120 WRTITF TP, NUMFR, DFNNM, DERIV(IR,IT)

121 NOEND

122 NOEND

123

124 WRITE DFRTV

125 DELTASTIME(FTIMEY: WRTTE NFLTA,FTTVF

t2e MiMEQS R '

127 DFNOM=R

128 H w @ o = »mw =

129 # EFLIMINATFE TIME NFRIVATTIVES FRNOM THF PRTMARY MORTFIED FOUATION
130

131 po 1 = a, IST

132 PO T oz oA, ISRME)

133 DERTVIN,PY = OFRIV(R,A) (SUBR(T,J) = DERIV(I,J))

134 PERTV(Z2,®) = TPSFVL(TPS(NERTIVIA,A) (DR, DT = LAM®DR, LAMaDT), LAM,
135 TMAX(RORD, TARDYY, 1)

136 DERTV(A, @) = TESEVLITPS(DFRIV(Q,R) (DR = LAaMxDRY, LA, RORM, 1)
137 DERIV(®,P) = TOSEVL(TIPS(DERIVIQA, M) (DT = LAMxDT), LAM, TORM), 1)
138 DNEND

139 NOEND

14 NUMER = ANUM (NFRIV(R,0), DNENOM)

141 WRITE RNPN, TORD, NERMAD, NUMER, DENNM

142 WRYTF €25) RORD, TnRp, DERMORN, NUMFR, NENDM, SDBFR

143 DELTA=STIMECETIMEY s wPITE DFLTA,FTIMF

144

145 NIIMER= R

146 DPENNMzQ )

147 1F (SNFR_FR,.B) GN TN ST

148

tu9 # e e ® emm now e = - =

is@e # ELTMINATE TIME DFRIVATIVES FROM tHE SECONDARY MODJFTED ENUATION
151

182 WRITF "SFCNNNARY FRUATION®", SDER, SNUM, SPEN

153 SECAND =z SN'IM 7/ QNEN

154 no J = @, IST

155 no T = @, ISRM(N

156 SECNND = SFOOUN (SUR(CT,JY = DFRIVIT,J))



(TPS (SECHND (DR,
Toeny),
= (TPS (SECOND (DR
SECOND = TPSFVL (TPS (SFCOND (NPT

SNEN)

1)

PELTASTIME(FTIMEYs WRITE NELTA,FTIME

DY = LAMaRR,

| AM2DN),
L aMaDT),

TYPF STRUC PREC ClLASS SCORF DR

[ - - .

157 SFCOND = TPSFVYL
158 TMAX (RORD,
159 SECOND = TPSEV|
.14

161 NOEND

162 DOEND

163 SNUM = ANUM (SECOND,
1 AU WRTTE SNHM, SHEM
165 WRTTF (25) SNIM, SNEN
1 A6

167 STs CONTINYF

1 68

169

170 END

NAME JEXTNAME USF

TSR™M VAR INT
NERTV VAR A G
DENOM VAR AL
NERMON VAR ALG
DIF IND  ALG
ne IND  ALC
DY IND  ALG
F1 TND  ALG
F2 IND  ALR
Gt IND AL G
G2 TND  ALG
L aM IND  ALS
NUMER VAR  ALG
]M IND ALG
RP TND  ALG
R TND 4l G
SNFN VAR ALG
SDER VAR  ALR
SECOND VAR ALG
S NUM VAR Aln
TI THND  aALn
u MDD ALG
[ IND Al G
R HN TND AlG
T TMDR ALG
ANLIM/SOANYM PROC ALG
DEG/SONFG PROC TNT
DELTA VAR REAL
ETTuE VAR REA|
ITMAY/8Q1MAY eRPAC TMT
IR VAR INT
TSR VAR  INT
IsT VAR  TMT
1Y VAR IMNT
1 VAR  TNT

—— -

Nxpe
Nxap7

LAM«DTY,

LAM, RNRD)Y,

LAY,

LAY

Le@@y
LeAny
Larzt
Lxrndy
Lx2pt
L2020y
Le20
Labiy
Lerry
Lavprt
Leeiry
Le@iy
Laxray
L »@nt
Lxry
Lx203
L0y
Laruty
Lavuy
Lerid g
Lee
LxP21
L*60y

TORD),

ADDR

LAM,

1)
1)




J VAR IMT

LAN VAR ALSG i s X

MAIN PROC L S X

MM VAR INT

M VAR INT

NT VAR INT

N1 VAR INT 5 b3

N2 VAR  INT [ X

P1 VAR ALG A L S 3

RDER PROC ALG L S X

RORD VAR INT

R1 VAR  ALG A L S X

SUR VAR ALG A L

S VAR ALG L S X

TDFR PROC ALG L S X

TIME/SOCLCK PPOC RFAL L $ X

TIM VAR ALG L S X

TORD VAR INT

TPSEVL PROC ALG L S X

TRS PROC ALG A L S X

T VAR ALG A L S X

U1 VAR  ALG A L S X

D+ARg nR

NxAA7 DR

LxA0 1 LAY

At CONS LAR 32k
A2 CONS LAR 352
A3 CONS LAR 374
Al CNANS LAR ave
Ry CNNS | AR 42?
NMA CONS LASR 127
ns CONS | AR 757
ST CONS LAR 159R8
{LLEGAL DERMON, ARDR CNNS [HAR

INTTIALTZATION coNS CHAR

MAXIMUM ORDER OF NER CNNS CHar
NO TIME DERIVATIVES CONS ChHaARr
PURF TIMF NDERIVATIVE £ONS CHAQ

SECONDARY FQRUATINY CNNS CHAR
SPACE DERIVATIVFS CNNS CHaAR
f NS INT
{ cONS TuTY
25 CONS TINY
2 CNNS INT
31 CONS IMT
7 cNus T




Sg

2. LISTING OF THE ELIMINATION PROGRAM AND FIRST RUN OF THE SAMPLE PROBLEM

T OBNT AL o

ALTRAN VFRSTONM | LEVEY 9

PRACENIIRE THFR (AY # TIME DFRIVATIVF PF AN ALGERRATC wWITH QOFNOMTINLATOUR = 3

FXTFRNAL INTEGER N1, NP
EXTFRNAL | NNG ALGERRATE LAY, S, TI™
EXTFRNA| | ONG ALGERRATC ARCAY RY, PY{, T1, U1

VALUE &
LONG A[GERRATIC A, DFR
INTEGER T,

11 # DIFFFREMTTATE %ITH RESPFrT T0 TIME (TIM)

12

13 NE&R = NTFF (A, TIM)

{4

15 g CMAIM RULF FOR TMPLYICTY DIFFFRENTIATION OF DEPEWNOFNT VARTABLES

16

17 no 1T = Ny, @, =1

18 TE (A NFA(RICT,N2Y, TI(I,N2), PIL1,82), ULCT,NZ) =0,2,0,4)) 60 TO KICWOUT
19 PO J = N2=l, @, =i

29 NER = NFRP ¢ NIFF(A, RI(T,J)) * RICT,J¢1) + DIFF(a, PICI, D)) % PI(T,J41)+
21 DIFF (A, U1 (T,0)) & UT(I,Ja1) « DIFECA, TU(1,03Y = TU(T,J41%)
P2 nNFMD

c3 NNEND

4

25 RETIIRN(DER)

26

27 KICKOUT s»RITE "FREGR IN TDER = » N 78 TOO SMALL", 4, OFR, MY, N2, 1, J
2R

29 NN

NAME JEXTNAME 1YSE  TYPF STRUC PRFC CLASS SCNPE DA | AY ADDR

A VAR ALG L v

DER VAR ALG L

DIFF/AQDIFF PRNC ALK L S X

1 VAR TNT

J VAR INT

LAN VAR  ALG L S X

N1 VAR THT S X

N2 VAR INT S X

2B VAR  ALG A L S X

R1 VAR ALR A L ] X

S VAR ALG L S X

TOFR PROC L S X

TIM VAR ALG L S X




9¢€

71
U1
KICKOUT

4

VAR AR A L s X

VAR ALG A L S X

cnMS L AK S 225
ERROR IN TNFR « « N ONS CHAR S

CONS TNT S

cNNS TRT S

1

3. RESULTS OF THE SECOND RUN OF THE ELIMINATION PROGRAM

ALTRAN VFRSTNN 1 LEVFL 9

1 PRACFNIRF RNFP (A) # TIMF DPERTVATIVF 0OF &N ALGFRARAIC WITH DENOMIMATOR = 1t
2
3 FXTFRNAL TNTEGFR N, NP
4 FXTFRNAL LONG Al GFRRATC 1 AN, §, TIM
5 EXTERMAL LONG ALGFRRATIC ARRAY RY, P1, Ti, Ut
[
7 VALUIE A
8 LONG ALGFBRAIC A, DFR
9 INTFGER 1, J
10
11 # DIFFERENTIATE WITH RFSPECT TO R (S)
12
13 NER = DIFF (A, S)
14
15 # CHAIN RULF FNR TMPLICTT DIFFFRENTTIATION OF DEPENDENT VARTARLFS
16
17 DO J = N2, P, =1
18 1F (ALNE,&CRICNMT,JY, TIC(NE,J), P1INT,JY, UL(N1,J) =s0,4,7,7)) GO TO KTCKNUT
19 no ] = Mlef, ©4, «f
°n DEP = DER + DIFF(A, RI(T,J)) & RI(I+1,J) + DIFF(A, PI(I,Jd)) *» PI(T+1,])4
2t DIFF (A, UI(T1,0)) *» UTCT+1,J) 4 DPIFFCA, T1(T,J)) « T1(T+1,J)
P2 DOFND
23 NOEND
2u
25 RETURN(DER)
26 .
27 KICKNUTsWRITF "FPRCR TM RHEP « = N IS TNN SMALL", A, DER, N1, N2, I, J
28
29 FEND
NAME/EXTNAME USE TYPF STRUC PREC CLASS SCOPF  DE LAY ADNDR
A VAR ALG L v
DER VAR ALG L

DIFF/AQNIFF PQNC ALG { S X




- ( 64DT2RA2247(R,2) w DR..Z:R:-?:O:F.T(a,G) ® QaDR2224RaDIFaT(3,

1 VAR
J VAR
LAN VAR
N1 VAR
N2 VAR
Py VAR
RDER PROC
R1 VAR
S vap
TIM VAR
T VAR
V31 VAR
KICKOUT £ONS
ERROR IN RNFP o o N CONS
n CNNS
1 CNNS
& INTYIALIZATION
& RORD
2
% TORD
|
# DERMOD
T(8,1)
¥ NUMER
TeL,a) )
4 DENOM
122Ran2
¥ SDER
]
v IR
8
v 1
1
& SUR
«C Tea,m ’
T(a,1y ,
@ T(a, 2y ,

Iny
I~NT
ALG
™Y
INT
ALG

ALG
ALG
ALG
AlG
ALG
LAR
CHAR
INT
InT

Lol i el e i

wm:nm:n:n:n\'nwwmm:nw

)(KX)()(XKKKK

225

Q) o 310“‘12-01?'7(2'0) ® 122R2w2:DIFaT(2,

B) w 24aRaDIFa




8¢

T(A, 3
TP, 4)
(@8, %)
T(2,6)
T(4,7)
T(1,2)
T(1,1)
T(1.2)
T(1,3)
TeL,4)
Te1,%)
T(1,6)
T(1,7)
T(2. M
T(2,1)
T(2,2)
T(2,3%)
T(2,4)
T(2,5)
T(2,6)
T2,
T(3,M
T(3,1)
T(3,2)
T(3,3)
T(3,4)

T(3,5)

T(3.:6)
T3,
T4, )
TC4,1)
1¢4,2)
T(4,3)
TCu,4)
T(4,5)
T(4,6)
T4,
TS5, ™
T(5,1)
T(5,?)
T(5,
T(S,4)
T(5, %)
T(5.,6)
T(S, 7
Tte,
T(6,1)
T(6,2)
T(6,3)
T(6,4)
T(6,%)
T(6,6)
T(6,7)

T(7,®)

« SUR

T(7,1)
T(7,2)
T(7. 3
T(7,4)
T(7.,5)
T(7,6)

"7, n

L4

€ Tt 1)

T(2,2)
1(2, 3)
T2, 4)
T(#,5)
T(®,6)
Tca, 7
@,

TCi,1)

T(1,2)
T, YD)
T(1,4)
T(1,5)
T(1,86)
T(1.7)
e,

T(2,1)
T(2.2)

T(2,3)

T2, 4)
1€2,5)
T(?,6)
T(2,7)
a,

T3, 1)
T(3,2)
T(3,3)
T3, 4)
T(3,5)
T(3,6)
T3, N
a,

TC4,1)
T(4,2)
Teu,3)
T4, 4)
T(4,%)
T(U,6)
T(s, 1)

a .

TS, 1)
TS, ”
T(5,3)
TS, 1
T(5,9)

T(5,6)

“UNJ SNONUTIUOD 3UO SB pEdl 9q 03 3ae

‘suunyoo 8Y3l JBY3 BIBMEB 9q PINOYS I

3peal1 a3 ‘axau 9yl pue aded sTyz uQ

‘(£°0)1 u3ats Butuuileq



6€

(S, 7)
e,
T(6,1)
T(6,2)
T(h, 3
T(h, 4)
T6,5)
T(6,6)
Tte, T
[%
Te?, 1)
T(7,2)
T(7,3)
T, 8)
T(7,5)
T(7,6)
€7, 7
@)

8 DERTV
T,
Y™, ?2)
T2, 3)
TR, u)
T(¥,5)
T(A,6)
T(2,7)

e,

(1., 1)
T(1,2)
(1,3
TC1,4)
Te1,%)
T(1,6)
TCL, 7
a

T(2,1)
T(2,2)
T2, 3)
T(2,.4)
T(?2,%5)
T(2,6)
T(2,7)
e,

T3, 1)
T(3.2)
T3, D)
T3, 4)
T€(3,5)
T(3,6)
T(3,7)
A,

T(4,1)

T(4,2)

T(u,y
T(4,4)
T(a,5)
T(4,R)
T(4,7)
a .,

T(5, 1)
T(5,2)
T(5,3)
T(5,4)
T(5,%)
T(5,6)
T(5,7)
n o,

T(6,1)
T€(6,2)
Tt6,3)
T(h,4)
T(h,5)
T(h,6)
T(A:s )
e,

T(7,1)
(7,2
T(7, %)
T(7,4)

T(7,5)




oY

T(7,6Y) ,
(7,7,
a )

¥ 1SR

4 IS8T

6
# NDELTA

1,5029262R7%
# ETIME
1.5029242875
# MAXTMUM ORDER OF NDFRIVATIVF TN RF COMPUTED

¥ ISP
# IST

# ISRM

(o, 0,0, 06,2, ¢, 0, NILL,
# DELTA

4,19U0M22U9999F =)
# FETIME

1.,9°24165175%

¥ DERIV(Q, ™)
= { heDT#Re#24T(B,2) = DRa#2aR#22#DIFeT(0,8) » dnURan2¢RsDIFaT(3,0) = 3aDRaa2aDIF#T(2,8) = 124Rn«2eDIFaT(2,8) o 2UsRaDIFx
TC1,@) ) /7 ( 12sRew2 )

# SPACE OERIVATIVES

¥ PURE TIME DERIVATIVE




184

i
# NUMER
= ( 6aDTHRW«22T(2,2) = DRan2aR##24DIF#T(4,0) » 4#ORen2aARRDIFAT(3,0) o 3aDRww2aDIF*T(2,0) = 12aRA%20DIF2T(2,08) » 2UaRADIF+
T($.,0) )
¥ DENOM
12¢Rew2

§ DERIV(Q,1)
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There are three simple modifications that the
The first

change can be made only if all truncation errors

user can make to improve efficiency.

containing time derivative are first or higher or-
derin 6t or 8r. In that case, we can safely elim-
inate the highest order errors from the modified
equation before differentiating it. This greatly
reduces the amount of algebra by disposing of these
terms at an early stage rather than waiting until
the late stages of the calculation to discard them.
To do this, insert the following three statements
after line 105:

SEC@ND = DERIV(0,0)

DERIV(0,0) = TPSEVL(TPS(DERIV(0,0),DT,TORD-1),
DT)
DERIV(0,0) = TPSEVL(TPS(DERIV(0,0),DR,RORD-1),
DR)
Insert
DERIV(0,0) = SECOND
SECOND = 0

after line 129.

The second modification increase the running
time of the code for each run, but reduces the num-
ber of runs and therefore the amount of human
intervention. This modification is recommended for
users who have no difficulty getting the necessary
central processor time for a single run. It
consists of looping through the code repeatedly
until no more eliminations can be made with the
current DERM#D.

INTEGER NPASS = 1
After line 30 insert the following:

AG: CONTINUE
After line 141 insert the following:

REWIND(25)

Replace lines 145 through 147 with the following:

IF(SDER.EQ.0)G§ T$ BB
Replace line 165 with the following:

BB: CONTINUE

WRITE " END OF PASS'", NPASS
IF(NPASS .GT. 10) G@ TP ST
NPASS = NPASS + 1
G# TP AG

After line 167 insert the following:

After line 10 insert the following:

50

WRITE (25) SNUM, SDEN

The third set of changes should improve the
core utilization of the program enough to avoid
running out of workspace if the problem is only
slightly too large, and it will reduce the number
of passes through the elimination loop for certain
problems. After line 133, insert the following:

IF(SDER .EQ. O .AND. I + J.NE.O)DERIV(I,J) = O
After line 139 insert the following:

DERIV(0,0) = DERIV(0,0)(SUB(0,0) = DERIV(0,0))
After line 156 insert the following:

IF (I + J .NE. 0) DERIV(I,J) = 0



APPENDIX D
FLOW CHARTS FGR THE TIME CERIVATIVE ELIMINATION PROGRAM

START
AN (Cew)

Declarations, set array sizes N1 |i e

and N2, and initialize waximum.
exponents M, MM.

Substitute DERIV fer SUB in

the secondary equation, dis-
carding terms of tco high an
order.

Lires .3-17

v

Lines 153-163

/ Read RPRD, TPRD, DERMEZD; NUMER,.
DENGM, SDER.

Line 21

Is there a secondary
equation?

If SDER=0 (i.e., ng secondany, Lire 147
equation), SNUM=0 and SDEN =T,
Otherwise, read SNuM‘and SDEN. f
Lines 23-28
Substitute BERIV for SUB in
' the primary equation, then

eliminate terms of tao high
an order in DR and RV, Com-
pute an updated NUMHR and
DENGM...

Set up the substitution matrix
SUB, set DERIV equal to SUB.

Lines 33-68 Lines 131-140

1 !

Search for the highest order r

" AR g te the needed derivatives
and t derivatives needed; ISRM(J) Compu 3
is the highest order r derivative :z;“gtg;‘é‘:?g”g‘;Is[?ER ard; TDER
needed for t derivative of order (18) ’
J- & — (DERMPD)=DERIV(L,J).
Lines 75-97 ar-at

Lines 105-122




The PROCEDURE RDER uses the same algorithm as TDER to differentiate A with respect to r.
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START
TDER

Differentiate A with
respect to t (TIM).

Line 13

!

Use chain rule to implicitly
differentiate & through thre
dependent variables. Linel18
checks for array overflows.

Lines 17-23

RETURN
Line 25




