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ABSTRACT

The perturbation theory for material replacement ex-

periments is given through second order thus permitting cor-

rections for sample size. Computed flux and adjoint distri-

bution functions are tabulated for the Lady Godiva assembly

enabling the observed danger coefficients for U-238 and U-235

to be compared with corresponding predicted values. Con-

sistency of this data is checked by its use in three inde-

pendent combinations each yielding for the effective fraction

of delayed neutrons from fast fission the value L841=

0.0068 * 0.0002. Estimation of the reactivity contributions

associated with inelastic scattering give the following con-

nection between central danger coefficient ratios and

[(%1>~-q~ ratios for the Topsy assembly (oralloy core + 81/2”

tuballoy reflector),

AK$U-233)

A&(U-235)

AKO(PU-239)

AKJu-235)

= 1.71

= 1.93

= 1.78

Evaluation of transport cross sections by means of replacement

measurements in Godiva is illustrated for the several elements

carbon, copper, and gold, the values relative to ~!&(OY) = 1

being ~fi(c) = ().43 f 0.02, ~(CU) = 6.5!5 * 0.02} ~ti(Au) =

0.91 f 0.02. 9* ● *9 ● *9 ● ● 00
● * ● ● ● . .O.
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I. Introduction

Many measurements have been made of the reactivity

changes caused by the addition of foreign material to small

voids located at different radial positions in various spher-

ically symmetric critical assemblies at Pajarito. Some of

the results have been given in LA-1159 (Oy Hydride Critical

Assemblies) and LA-1251 (Critical Masses of Oy at Reduced

Concentrations and Densities).

such

This report is concerned primarily with the theory of

material replacement experiments, specifically with

respect to: 1) the usually minor contributions to reactivity

change associated with inelastic scattering and with aniso-

tropic flux components, and 2) perturbations associated with

the finite size of the material replacement samples. De-

tailed application of theory is restricted to the Lady Godiva

assembly (the basic untamped critical Oy sphere).
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II. Perturbation Theory for Material

Replacement Experiments

A. Preliminary Development

A general outline of the perturbation theory has been

given by Wigner”in CP-3048 and subsequently worked out and

applied in detail at Knolls (see, for example, KAPL-71 and

98). In the above reports, neutron transport was considered

to be governed by the differential diffusion equation. How-

ever, our restriction to spherical assemblies, sufficiently

simplifies the perturbation theory without recourse to trans-

port approximations and the following development will uti-

lize the Boltzmann equation in the form,

where ~(fi~~,%) is the neutron density at position~, veloc-

ity V , and time * ; ~t=~(fi,tv~> is the total cross sec-

tion expressed in units of reciprocal length; @’-@,T>ddJt

is the differential cross section (also in units of recip-

rocal length) for transferring neutrons from velocity @/

to velocity G , the process requiring a time~ . The only

transfer process considered to be non-instantaneous is that

involving delayed neutrons from fission.
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Thus ,

where ~f(iv’l]is the fission cross section, W is the average

neutrons per fission, $0 is the prompt fraction of fission

neutrons and ~ the associated spectrum ( @xe<G)’O ;

$L, )(~, and %L are the fraction, spectrum, and decay time

of the L+h type delayed neutron; ~~(*-@) is the scattering

cross section from ~’ to~, and ~C’t> is the delta function.

The unperturbed system is taken to be the critical as-

sembly. The perturbed system differs from this by some

small material replacement (i.e., the replacement of part

of the material composing the original assembly by “foreign

material”) and, in general, is either supercritical or sub-

critical. One effect of the material replacement is thus a

change in the time behavior of the neutron density in the

assembly ●nd the purpose of the perturbation theory is to

relate this changed time behavior (or better, the change in

reproduction number K) to the neutron cross sections of the

foreign material. The neutron transport equation for the

unperturbed assembly is then,

(II-3)

&/’/,.
---
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and the corresponding adjoint equation,

Designating the neutron density and cross sections of the

perturbed assembly by Y)p and rp one has,

(II-5)

By subtracting equation (II-4), multiplied by np( %,s.+) ,

from equation (11-5) multiplied by Yl*l~,$) , then inte-

grating overfi and ~ , there results:

(II-6)

which, after setting sAiV.(~nVn’’)=O (bY Gauss’ Thin.) -d

making use of equation (II-2), becomes,

(II-6a)
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tron spectrum and

theory, the changes

consequently also ~

Aq=\K$-r*\ . For a perturbation

in cross sections are presumed small and I

and (~P-Vl~ . Thus if, in equation

(II-6a), ~p is replaced by~, there results a first order

(of approximation) equation relating ~ to the changes in

cross sections by means of the unperturbed distribution func-

tions, Yl($’,$> and ~*(<,$) . That this first order equation

does not contain terms in (Vi?-~~ is, of course, brought

about by the use of the adjoint n* .

The period, l/d , of the perturbed assembly is related

to the reproduction number K by the Inhour equation, which

may be written as:

K-\ =

A more familiar expression for the Inhour equation is (see,

for example, LA-1033),

k-\ = (\-Yz+i)ci’to ti%i$~
+ %& .—

x \+=’ro i \+oct~ (II-8)

f
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where %e is the lifetime of prompt fission neutrons and W
\

is the mean effectiveness of the delayed relative to the

prompt neutrons. To show that (II-7) is indeed a general

expression of the Inhour equation requires an operational

definition of K. This definition will be taken as: The re-

production number K for a subcritical assembly having a total

neutron multiplication, Tm , when excited by a source having

a normal mode distribution, is given by Tm= i/Ci-U\ (this

relation being equivalent to the statement that each neutron

on the average produces K daughter neutrons). Thus , consider

a subcritical assembly which has a reproduction number K and

is excited by a neutron source, S6,G>. The neutron distri-

u -.

(II-9)

The adjoint distribution Yl*(fi,$) for some arbitrary critical

assembly characterized by cross section V is given by:

.$.v@= sWf(it>) \v\Izqiq[+)+qaq - C* n’N\

(11-10)

Subtracting equation (11-10) multiplied by mp(~,$) from

equation (II-9) multiplied by ~*(fi,~) and integrating over

—
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and equation (11-11) becomes,

.(+)=y

(11-12) -

Combining equations (11-12 and (II-6a) then gives the Inhour

equation (II-7). Equation (11-12) is the basic relation be-

tween reactivity change, K - 1, (which may be positive or

negative), and the cross section changes A [fl~(v’}~@)],

A@’-&), and Ar+(v> . The Inhour equation and the equation

Tn = \/(\-K) are the two relations which afford experi-

mental determinations of K.

The expression (II-7) of the Inhour equation has the

rather paradoxical feature of involving the adjoint distri-

bution of a hypothetical critical assembly. However, equation

.
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(11-12) clarifies this by showing a general connection be-

tween the distribution functions of different assemblies,

viz. , between the ~V(fi,$) of an assembly with reactivity K

(arbitrary) and the ‘~*tt,~) of an assembly with reactivity

K=l.

In the case of a monoenergetic, mono-directional point

source of neutrons S(R,3) = %o~(~-%)S(@%) , equations

and (11-12) may be combined to give,

F*A.
d’tt$’)[fl~~k’)~(~]] ~ (JL,~) = ~sef&$o)

\-K (II-13)

very nearly equal to one, then Ylp(~,~) is nearly a

normal mode distribution regardless of the exciting source

S(i,e) . For this case (11-13) becomes,

(11-14)

where T is the total multiplication of the neutron source

56S(%-$J%(G-$*) , TO is the total multiplication of the

normal mode neutron source, and K* is the value of the ad-

joint averaged over the normal mode source. Equation (11-14)

provides a method for the measurement of V?(X,G) , and also

a reason for the designation of Yl*(~,~) as the “neutron

effectiveness” function.
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B. First Order Perturbation Equation for Spherically

Symmetric Assemblies

With the restriction of spherical symmetry, the neutron

density and “effectiveness” may be expanded in terms of

Legendre Polynomials (see, for example, LA-174),

n($,$)’= z nJn,v) @J ; n*(i,G ) = ~ ny(n,w) ~ (p)
i.=o “L=6

where~ is the cosine of the angle between ? and i . Re-

placing ~p(fi,~~ by ~(fi,$) in equation (II-12) and utilizing

the above expansion, one obtains,

()

u-t
‘ AK6=

Y- ([
~$’~$~$ \vJl~ ll@,v~)?L(#’)@$(v~)~@)+@h$~ L fl~(~$>?jt~)

o

IA A
] p

- $ i\vl ~ni?i@)zfi~$tp)AT+ + &’&& nhrlti~)f fi*

111-15)

Considering neutrons from fission and inelastic scattering

to be emitted isotropically,

and the

form

elastic scattering cross section to be given in the
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AX,=

“>-

J

(II-16)

Finally, converting from velocity to energy spectra

and making use of the relation W+(E) = F ‘s(O + Q-@] +

s~E’ C$k(E+’) + ~
.Zc.p+w, ‘E> , one obtains for material

replacements in the small volume element ~4fi] at m

14
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The terms on the right hand side of equation (11-17) repre-

sent qualitatively the following three causes of reactivity

increase: 1) net creation of neutrons; 2) inelastic scat-

tering of neutrons to more effective energies; and 3) scat-

tering of neutrons to more favorable directions of travel.

When elastic scattering results in neutron energy loss as

in the case of scattering by light elements, the Q-(E+E’)

in term (2) of equation (

and term (3) should read:

11-17) should also include &es(E+E’),

where ~$~~~ is the energy retained after the scattering of

a neutron of initial energy E through the angle whose cosine

The third term is zero for ~=0is~. ; for A#O the

L=\ component (the neutron current scattering term) is

predominant and is proportional to the change in transport

cross section, r+. = ~-.~q .

The function AK6(fi,x) representing the reactivity

change say per mole for the addition of material (x> at the

position k , permits the immediate evaluation of the total

reactivity change associated with the addition of small a-

mounts of (X} in a density distribution ~($X> moles per

unit volume as,

APPROVED FOR PUBLIC RELEASE
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(11-18)

The feature of additivity as in (11-18) and the possibility

of interpretation by use of the standard functions V) and ~*

as in (11-17) make the evaluation of AMe(fi,x~ an appropriate

aim of material replacement measurements. Generally compli-

cating this evaluation is a required replacement

for which the observed reactivity change, A~ob%

sample size

, does not

correspond to the “first order” change, AIAo . The next

section deals with the “corrections” required for the con-
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c. Second Order Perturbation Theory

In this section, it is desired to determine the second

order contributions to reactivity change associated with

the perturbation of the neutron density [~P(RJi))-Yl(l~’)l ●

This perturbation is assumed to arise from the substitution
A

of foreign material in the small volume element Ak centered

at the position ~0 , the dimensions of Aak being small as

compared to the neutron mean free path in

or original material. It is also assumed

displacement of a control rod remote from

system at critical.

either the foreign

that a suitable

FO retains the

Thus, %(~,~) acts as the neutron source for the distribution

(n%> . By reason of the assumed smallness of the re-

placement volume A-N, the distribution (~p-~~ in the

APPROVED FOR PUBLIC RELEASE
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4

vicinity of no is, to first approximation, determined by

the streaming of neutrons from this source; that is , I

Referring to the general equation (11-12) for re-

activity change,

AK6 =

it is seen that, for the evaluation of the right hand side

numerator, only values of <~~~~ within the replacement

volume are required.

Evaluation of (vlP-@ inside A4k :

Letting& represent a coordinate on a line passing

through As~ in the direction ~ , then (II-22) may be ex-

pressed as:

and integrated to give,

(II-22a)

(II-23)

where ~(~d~> is the distance from the internal point R to
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the surface of the replacement volume A4A in

-G.

Since an average J?<2,t)

the right hand side numerator

will be of the

the direction

order [2m~”3 ,

of (11-12) will have the form

, the similar expression for

the denominator being ~ b,+ bz[zii]’’’+.. -] . If bco ,

then the denominator contributes no second order reactivity

changes. This is indeed the case. Rewriting the denomi-

nator of (II-12) as,

then the first term is b, and the second term is seen to

be proportional to @Al , i.e., of order higher

second. The third term is roughly proportional

than the

to

~~p-~o](fiJM) is thewhere 6

total or isotropic component of [~v-~~(~j~) . Inte-

grating (II-22) over a sphere centered at ~e and containing

A
A?L gives,

s LYV-WJG.Ji = SC%*J3)Lsq
Spheve %w~ace (11-22b)

A
and integrating (11-22b) over V gives,

(11-22c)
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Hence,

(II-24)

where ~= is the core radius, and the denominator term (3)

above is also proportional to t<m~ ‘*?

To summarize, the substitution of foreign material in

a
the volume element NL centered at Jt6 , gives a reactivity

change which, to second order of approximation, may be

expressed as,

AK(ho,dL,AT)z

‘*) Equation (11-22c) implies that the total density [~~-~~

falls off from the source as II \fi-fio\2 , this being due to

the neglect of scattering in eqn. (II-22). With scattering

included, the progeny of the source neutrons rapidly approach

a normal mode distribution which is then counted as part of

the unperturbed density ~(~,~) , the density Ln:-ti.l

falling virtually to zero in the order of several mean free

paths from the source. It might thus be better if ~c ap-

pearing in (II-24) were replaced by \/~+ , a revision, how-

ever, which would not alter

is proportional to tch~ .

the conclusion that the term (3)
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“e

with,
~(~~,~) = @ ~(~;%e) \V’\AT(v%v) - ~ @#N\ ‘~k

s

(11-21)

1(8) = Ai A(i,e)

[2LI

where ~ ~A~~) is the distance from the point ~ to the sur-

face of ~A4ml
A

in the direction -V .

For the case of spherical symmetry where the distribution

functions are considered expressed in terms of Legendre

Polynomials, then, letting c2bl) Js(to,+)l(@Jc~~JJ~/~=

C ‘Lqi , equation (II-25) takes the form of (11-17) with

Examples:

1) One energy group of neutrons

diffusion.

Equation (II-25) becomes for this model,

with differential
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Since no+ Ls.q. 5: , the value of the perturbed total

density averaged over the replacement volume, one has,

If one designates as AxO& the first order reactivity changes

associated with fission and capture (i.e., absorption proc-

esses) and as A~05 the first order reactivity changes as-

sociated with scattering, then equation (II-25a) becomes,

AK~&,A-nJfi~> =

Letting $& and $, represent the fractions of the first order

reactivity change associated with absorptive and scattering

processes, respectively, and C&and CS represent the cor-

respectively, one may rewrite (11-25b) as,

(11-25c)
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The cross section changes A \(v-\) q -rc~

are generally known a priori sufficiently

and A~&

well for the pur-

pose of evaluating the correction terms C& and c~ . Simi-

larly, the shape of the function LS~ab~(~e~ permits fairlY

accurate estimates of the fractional reactivity contributions

$a and $4 . Hence the factor C given in (11-25c) may be

computed and yield the- conversion Aueb~.~ AKO .

2) Spherical replacement samples:

For this case, ~~ti) =~o = 3/+ of the sample radius.

Expanded in Legendre Polynomials, the source term becomes,

With a multigroup representation where 1) Greek letters

denote energy groups, 2) Roman letters still designate

anisotropic density components, and 3) the flux terms

~d”.~~~~~i , one has,
. .

(II-28)

(-$ As in (11-17), we ignore the possibility that elastic

scattering reduces the neutron energy.

23
s

f-

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



/y/=== . . ..-
..-.

L----”’ “’

I

The parts of the reactivity change due to absorptive

processes (fission, capture, inelastic scattering) and

scattering become, respectively,

The material replacement

in the last

pies having

inders, the

so that the

section have been

measurements to be discussed

made with right cylinder sam-

unit height to diameter ratio. For these cyl-

various moments of 1~~) are nearly equal to -QO

spherical replacement model applies. More

specifically, the measurement denoted by the symbol AW(Jl,fi,X>

gives the reactivity difference between an initial config-

A
uration in which the volume element AN at Jt is empty and a

A
final configuration in which material (Xl occupies 4A .

Thus , in general, the initial configuration is also a per-

turbed configuration. If one designates as ~e the repro-

duction number of the unperturbed assembly, (original

24
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material (~), such as U-235, occupies A-n ), %L and $(+ the

reproduction numbers of the initial and final configurations

described above, then,

AK (fi,&i.,&)z %&*uiz c~~-u~- ~KL-~~

(11-30)
= AK ( ~,di, Lja %) - Ati(R,& y+ VOi@

Equations (11-28), (II-29), and (11-30) then permit the re-

duction of AK(A,&Sfi,X\ to the first order AWJJ@,X) .

25
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III. Material Replacement Measurements

in Lady Godiva

A. Predicted Flux and Adjoint Distributions

The distribution functions of neutron

joint, YI* , listed in Tables I and II, are

transport approximation (see, for example,

three-group cross sections listed in Table

flux, N, and ad-

based on the P3

LA-174) and the

III together with

the physical conditions: Oy density = 18.75 gms/cm3 and

U-235 concentration = 93.5%. The resultant predicted criti-

cal radius is 8.965 cm. (For the Lady Godiva assembly, the

Oy has a mean density of 18.75 gms/cm3 and a U-235 concen-

tration of 93.7%. Under normal operating conditions, the Oy

ball is a slightly prolate spheroid with a polar to equatorial

diameter ratio of 1.027, the effective critical radius being

8.732 cm. An LA report covering the Lady Godiva assembly is

being written by’R. E. Peterson. ) The three energy groups,

high, intermediate, and low, are designated by the subscripts

CL,
P

, and w , so that the flux distribution in the low

energy group, for example, is represented as,

The deficiencies of the P3 approximation are most marked

for the values of the flux and adjoint near the sphere surface

26
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TABLE III. CROSS SECTIONS FOR OY (93.5% U-235) AND U-238

A. Oralloy:

Energy Energy Velocity
group (Mev) cm/shake u-a

& ,1.6-00 24 .003

P 0.4-1.6 12 .063

8 0.0-0.4 6 .219

B. Uranium-238:

d .05

P .10

x .20

c. Oralloy and Uranium-238:

(r.In

1.233

1.032

--

l.?

1.5

--

rf

1.154

1.172

1.402

.50

.05

.00

‘tr

3.9

5.0

8.0

3.9

5.0

8.0

Average neutrons per fission: d= 2.5

YFission spectrum: ~ = 0.475,

Inelastic scattering spectrum:

(d+@) = 0.333

(~+w) = 0.667

(p+w) = 1.000

X(3= 0.425,
4
~= 0.100

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



where the predicted values of No , ~1 , & , and ~~ are

too large by perhaps 5-10%. However, it is likewise true

that, near its surface, the neutron distribution in Godiva

does not correspond to that of an hypothetical untamped

sphere due to mounting structure and the small surface ir-

regularities required for reactivity adjustments.
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B. Predicted Versus Measured Danger Coefficients for

Oy (Oralloy) and Tu (Tuballoy)

Figure 1 gives the predicted first order reactivity

change LKO(RJOy> (expressed as change in reproduction num-

ber, K, per gram atom Oy) for the addition of Oy at the po-

sition n . Figure 2 gives a similar plot of AK@(fl,Tu).

In these two figures, the total reactivity change is also

shown resolved into the contributions associated with the

~o~~ distributions (i.e., fission, capture, and inelastic

scattering), the ~i~? distributions (i.e., transport scat-

tering) and the remainder (essentially due to the N&n:

distributions) .

Table IV gives a summary of Godiva Oy and Tu replace-

ment measurements. The quantity, QK(R,~~JX~ , listed in

the second column of Table IV corresponds to the reactivity

difference between an initial configuration in which there

is a %“ x l/2°cylindrical void space centered at the position

~ (on the equatorial plane) and a final configuration in

which there is a %“ x l/2°cylindrical sample of material (~)

at the position n . The reactivity changes were determined

in the “cent” unit by means of positive period measurements

and the Inhour equation \ using the delayed neutron data

given by Hughes, et al, Phys. Rev. 73, 111, (1948)] . The—

third column of Table IV gives the uncorrected danger

APPROVED FOR PUBLIC RELEASE
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1. Predicted reactivity change per gram atom for the

addition of Oy (93.5% U-235) at the radial posi-

tion, R, of a critical untamped Oy sphere. The

several curves represent the partial reac;ivjty

contributions associated with A) capture, fission,

and inelastic scattering; B) transport scattering;

and C) the N2 and N3 neutron density components.
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FIG. 2. Predicted reactivity change per gram atom for the

addition of Tu (99.3% U-238) at the radial posi-

tion, R. of a critical untamped Oy sphere. The

several curves represent the partial reactivity

contributions associated with A) capture, fission,

and inelastic scattering, B) transport scattering.,

and C) the N2 and N3 density components.
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TABLE IV.

A. Oy Replacements (30.075 gm sample)

Radius
(cm)

0.08

1.03

3.15

3.79

4.42

4.90

6.05

6.38

6.71

7.35

7.98

8.14

8.78

9.41

AK(R, #L )
(+/sample)

—

17.32

17.04

14.02

12.91

11.63

10.76

8.19

7.49

6.83

5.60

4.24

3.91

2.35

1.37

f?iK(tL)
(+/gin atom)

135.5

133.3

109.7

101.0

91.0

84.2

64.1

58.6

53.4

43.8

33.2

30.6

18.4

10.7

1 + (l+C)
1.049

1.047

1.034

1.026

1.017

1.009

.986

.979

.971

.955

.939

.938

* .99

1.089

142.1

139.6

113.4

103.6

92.5

85.0

63.2

57.4

51.9

41.8

31.2

28.7

18.2

11.7

B. TU Replacements (29.098 ~m sample)

0.08 2.68 21.9 1.13 24.7

2.03 2.82 23.1 1.082 25.0

3.63 3.36 27.5 1.015 27.9

4.42 3.42 28.0 0.984 27.6

4.90 3.55 29.0 .967 28.0

6.05 3.51 28.7 .932 26.7

6.38 3.44 28.1 .923 25.9

7.35 3.27 26.8 .900 24.1

7.98 2.76 22.6 .890 20.1

8.14 2.59 21.2 .888 18.8

8.78 1.57 12.8 m .99 12.7

9.41 0.95 7.8 1.159 9.0
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coefficient, (reactivity change per sample) : (gram atoms

per sample). The fourth column gives the correction factor

1 ~ (1 + c) by which the observed reactivity change must be

multiplied in order to yield the reactivity change per gram

atom, AKO(A ) listed in the last column, this corresponding

to the infinitesimal replacement. Figure 3 gives a plot of

this corrected llKe(nJOy) and AKe(h,Tu) data together with

a graph of the corresponding predicted functions normalized

to agree with the AKa(A= O,Oy) datum.

B.1. Remarks on the Correction Factors

These corrections have been determined from the

relations given at the end “of the preceding section. As an

illustration: for the central Oy slug replacement, the one ~

group relation is,

Averaging {(~-~)~- ~ ]Oy over the computed

(III-1)

flux spectrum

yields the value 1.766 barns or 0.085 cm-~. The effective

neutron path length for the 1/2”slug is Xe= 0.54 cm, thus

giving 1 + C = 1 - 0.046, or [1 ~ (1 + C)] Oy = 1.048.

The difference between the 1.048 and the value
.

1.049 given in Table IV is due to the difference between one

group and three group evaluation of 1 + C. In the former

case one learns only that the mean neutron flux in the

35
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.

perturbation region is depressed 4.6% beneath the unperturbed

flUX . In the latter case, one obtains,

hrCio = Nde(l - 0.0543)
(mean flux perturbation

~;o ‘ NP6(1 - 0.0479)
over a %“ x %“ cyl.

(III-2)
central void’ produced

~;..
N%o (1 - 0.0346)

by removal of Oy)

Thus the central flux is not only depressed but its

spectrum is “softened” by the void.

Similarly, for the case of the Tu slug replacements, one

obtains,

rdo = Ndo(l - 0.0956)

qo = yao(l - 0.0628)

N:O=N80 (1 + 0.037.)

(mean flux perturbation

over a l/# x %“ central
(III-3)

Cyl . produced by sub-

stitution of Tu for Oy)

The relations (III-1) through (III-3) are all consequences

of the second order perturbation theory. Experimental de-

terminations of the dependence of (1 + C)oy on sample size

are in excellent agreement with prediction.

“25” and “28” foil activation measurements over the equato-

rial plane of the Little Eva assembly (Oy core plus m 4“ Tu

APPROVED FOR PUBLIC RELEASE
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- d ‘ “---”””-i
tamper) with and without Oy or Tu in the central 3/4” diam-

eter sphere, have given the results (LA-1487):

3/4” diameter central sphere Oy + void:

“’25”P = “’25”(1 - 0.055)
)

\

measured

“’28”P = “’28”(1 - 0.06.)

3/4” diameter central sphere OY4 Tu: (III-4)

“’25”P = “’25”(1 - 0.045)

1

measured

“’28”P = “’28”(1 - 0.090)

From equations (III-2) and (III-3), the central flux values

given in Table I and the fission cross sections given in

Table III, one obtains, after scaling the perturbation up

to a 3/4” diameter sphere:

3/4” diameter central sphere Oy+ void:

A
“25”P = “’25”(1 - 0“061) )

\

predicted
A
“28”P = “’28”(1 - 0.072)

3/4” diameter central sphere Oy + Tu:

“’25”P = “’25”(1 - 0“048)

1

predicted

“’28”P = “’28”(1 - 0“122)

(III-5)

---
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Since the predicted values apply to the untamped Oy sphere,

the agreement between (III-4) and (III-5) regarding total

flux depression and spectral change in the perturbed region

is considered good.

B.2. Determination of ~f, the Effective Fraction

of Delayed Fission Neutrons

Since the ratio of the “cent” unit to absolute

unit of reactivity change is Wf/100, a comparison for ex-

ample of the predicted Oy danger coefficients given in Fig.

1, and the corresponding “Cent” values listed in Table IV

would yield the value of % f, provided, of course, that the

predicted danger coefficients were correct. Unfortunately,

this proviso is incorrect, quantitatively, due to the limj__

tations not only of the P-3 calculation but also the cross

section values. The following three methods for the evalu-

ation of W f will rely on Tables I, II, and III, only in a

minor way. (Except for detail, these are the same three

methods used for a different purpose in LA-1278, “The Inhour

Equation for the Tu Tamped Oy Sphere.”)

First Method.

The

Use of the Central Oy Replacement Measurement.

reactivity change for central Oy addition is,

39
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Designating r W&llQ@n;o by ~ ~(h. and adopting the

normalization F(r = O) = 1, the denominator of the right

hand side of equation (III-6) is #V~, where ~ is the

core volume and ~ is the value of F averaged over V . A

major error in the danger coefficients plotted in Figs. 1

and 2 arises from a predicted critical volume some 8% larger

than the Godiva volume. This particular error could have

been essentially eliminated by scaling up the cross sections

of Table III and would have resulted in an z 8% reduction in

all danger coefficient values. A second error is due to the

P3 approximation, which gives too high values for neutron

flux near the core surface, and thence, too large a value

for Y. This error can be avoided by using the experimental

value of ~. Thus , the function F(r) is the normalized prod-

uct of the fission rate z N&&d, measurable by “25” foil

activation, and fission neutron effectiveness zqp~;o >

measurable by mock fission source multiplication. Figure 4

together with experj.mental values of “28” foil activation

and the corresponding predicted (P ) functions.
3 (The in-

clusion of the “28” foil activation serves to indicate gen-

eral consistency of the data.) One thus obtains,

7?experimental =7 predicted x (1 - 0.046 f 0.02)

(III-7)
= 0.2803 X 0.954 = 0.267 f 2%

40
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.,

One may define the quantity “<” by,

AKe(JL.6q ~

which using equation (III-6)

a (v-\-88cJLo’) (III-8)

m v

gives,

–.

Were it not for the energy dependence of & , “~” would be

equal to the ratio of the capture to fission cross section

~clr. 9 a fairly small number. Actually, the increased

effectiveness of the lower energy neutrons and the inelastic

scattering make “*” 4 q/r4 ● From Tables I, II, and III,

one obtains,

“d”pred. = 0.032 (111-10)

Thus, with the values (4-~~ . 12.55 f () cm3/gram

atom, ~ = 2789 f O cm3, # = 2.5, and A&(LZO,03~ = 142.1

f 1.0 ~/gm atom.

Equation (III-8) becomes,

[241 = 0.00697 t 0.00016
1 (III-11)

The f 0.00016 includes only experimental uncertainties.

42
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Second Method. Use of the Difference Between Oy and Tu

Replacement Measurements.

This method assumes, as in Table III, that transport

cross sections of Oy and Tu are identical and hence that the

reactivity change accompanying substitution of Oy for Tu at I

any position r is due purely to fission, capture, and ine-

lastic scattering. Again, if n: were independent of energy

this reactivity change would have the simple form,

which, if summed over the core volume, would yield,

*
In the actual case of energy dependent no , one may

the parameter
P by,

define

(111-14)

and obtain the predicted value,
P

= 0.018. That
f

must be I

smaller than (~c/~~~o% is due to an over-compensation of

inelastic scattering reactivity contribution brought about

by use of the term A$$@=oJTu> \n&(~=oJO~~ rather than

43
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and the predicted value of
P

yields,

L,*]= = 0.00687 f O.OOO1O

Again, the cited uncertainty of + O.OOO1O

perimental causes. Although avoiding the

(111-16)

includes only ex-

need for fission

rate and neutron effectiveness distributions, there is the

disadvantage in the Second Method of the assumption of equal

Oy and Tu transport cross sections.

Third Method.

Although

Mass Increment, ~~= , Between Delayed and

Prompt Critical.

the value of AK6(JL=RcaO~> may be read from

Fig. 4, the surface irregulariti,es of Lady Godiva make it

preferable to take advantage of the scaling law between core

density and critical dimensions which in terms of reactivity

change have the expression (LA-1251),

(III-17)

From the value ~A~Jn,O~J = 12350~ given in (111-15) and

44
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.

._. -

>d . ..- .

~= 2789 cm3, one obtains,

AKO(n.=l?=>O@ = \S,~ ~ /~~. atom (III-18)

This value for Oy surface mass gives 1.27 kg Oy per 100~ or

AW=/F4C = 0.0243 (111-18a)

We shall use, initially, the one-group extrapolated end-

point method for determining the dependence of flew (number

of neutrons per fission required for critical) on sphere size.

With the standard notation ~= excess neutrons per collision

and d = capthre to fission ratio, one has,

‘w... A-1-x S$e= g,-1-d
~ ~~ .r(>:q?!$

Cw c
and the relation between ~~f]and mass increment AWlc becomes,

(III-19)

where the log derivative term is evaluated by means of the

equations of the end-point method; namely,

(111-20)

The one-group values + = 0.34 and~= 0.074 follow from

Tables I, II, and III, and (111-19) becomes,
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[84] ~ ~74A~C (by one-group extrapolated=. (III-21)
F’ end-point method)

The log derivative term is a slowly varying function of $CW ,

a 7% change in the latter resulting in a 1% change in the

former. The evaluation (111-21) is thus rather insensitive

to the cross-sectional uncertainties. One feature not taken

into account is that as surface mass is added, leakage is

reduced and the competing process of inelastic scattering is

enhanced. This softens the flux spectrum and increases the

values of the effective one-group cross sections. Thus, the

addition of surface mass A~c should give, by reason of this

spectral effect, a higher reactivity change -AtiCw/I.& , than

predicted by a one-group method. By means of the three-group

cross sections given in Table III, one obtains,

[%f] . 0.280 ‘_”c (by three-group extrapolated

Me end-point method)

The relations (111-18a) and (III-22) give,

L%%] = 0.00680
m

(III-22)

(III-23)

Of the three methods for evaluating $$ , only the last

R Cifrelies on the calculation of a major quantity, viz., -— -
( 1+du ‘

a quantity intimately connected with the relative reactivity

.

4
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contributions of fission and scattering. Despite the com-

plexity of the scattering pr~cess in Oy, the error in the

value of .~~~
( + Tu )

obtained by the extensively checked

(LA-53 and LA-53A) end-point method is presumably small. In

the cases of the first two methods, the quantities “< and
e’

although small, are poorly determined percentage-wise mainly

because of

sections.

scattering

data on a)

uncertainties in the inelastic scattering cross

An indication of error in the tabulated inelastic

cross sections of U-238 is given by central Godiva

U-238 to Oy fission ratio, b) u-238 Capture to

U-238 fission ratio,

ratio.

Predicted

Observed

and c) U-238

(l&a)/$(o$

0.146

0.167*

to Oy danger coefficient

U=ae)/q(W AMa(2S)\AK6(~l

0.64 0.189

0.49* 0.168

~ communicated by G. A. Linenberger (III-24)

By means of (III-24) one finds that the reactivity contribution

to AMO(28) due to inelastic scattering is approximately 50%

of the predicted contribution. Since the reactivity change

due to inelastic scattering is mainly associated with that

part which scatters neutrons into the low energy group, this

is in qualitative agreement with results (a larger magnitude

of inelastic scattering in the high energy group but smaller

neutron transfer to the low energy group than indicated by
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Table III) obtained from measured leakage spectra of small

Tu spheres containing central mock fission sources (LA-1497;

P. Bendt and J. E. Bendt). If the reactivity contribution

to A~O(Oy) due to inelastic scattering has been similarly

overestimated (as is likely), then the value of 8$ given for

each of the three methods is too large, and by as much as

Q 2%. In view of these uncertainties, the summary of %$

evaluations becomes,

[w]
bw =

0.0068 * 0.0002 (III-25)

Note: The relative neutron effectivenesses in the three

different energy groups X
‘P’

and W are computed to be,

Since the measurements of Hughes et al (Phys. Rev. 73, 111,

1948) place the mean energy of the delayed neutrons in the

400-600 kev region, one would expect the Y for delayed neu-

trons to be intermediate between ~p and ~% . A value ~=

1.05 t 0.05 gives ~ = 0.0065 f 0.0005 which is, somewhat

lower than the Hughes et al value of 0.00755 + 0.0005 asso-

ciated with thermal fission.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



.

c. One-Group Neutron Creation Cross Sections,

~(~-l)~~-~c~ , and Transport Cross Sections,~’V

Cl. Relative values of ~(~-1~~-’$~l for U-233,

U-235, and Pu-239 in the central Topsy spectrum, and for

U-235 and Pu-239 in the central Godiva spectrum.

With the fast spectra of the Topsy and Godiva as-

semblies, the central reactivity change contributions due to

inelastic scattering and absorption are of the same order of

magnitude for many of the non-fissionable elements. However,

for the above fissionable elements, the reactivity contribu-

tion from neutron production far outweighs the inelastic scat-

tering effect and central danger coefficient ratios correspond

quite closely to ~(%l)~+-~e~ ratios. The present purpose

is to illustrate how close this correspondence is by evalu-

ating the effect of inelastic scattering (or

the net downgrading of the scattered neutron

pared to the.spectrum incident on the sample

more exactly,

spectrum corn-

material) on

the basis of estimated flux and adjoint distributions.

The one-group cross section [(9-O% -%1 is

defined in the customary way as an average over the flux

spectrum:

(III-26)

I
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plutonium

ization

Since the fission neutron spectra for uranium and

are essentially identical, then, with the normal-

~xWk)k = 1, the relation between central

danger coefficient (reactivity change per gram atom) and
.

cross sections may be expressed as,

(III-27)

where, if the cross sections of (X) are expressed in barns,

the constant A is Avogadros Number divided by 1024. For

the ratio of danger coefficients, one then has,

.
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Table V lists the measured danger coefficient

values, the computed correction values C., and the result-

ant ~(+-tl~- %] ratios . For the evaluation of the C%

it has been assumed that the fission cross section of Pu-239

is energy independent, that the fission cross section of

U-233 has the same energy dependence as U-235 (i.e., ~“(23,E)

/~(25,E) = constant) and that the spectrum of inelastically

scattered neutrons is the same for U-233, u-235, and Pu-239;

namely, that given in Table III. As was mentioned earlier,

there is some experimental evidence that the inelastic scat-

tering of neutrons to the low energy group is not as strong

as indicated by Table III and that, consequently, the com-

puted Cx values are too large.

I
(

I
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values of ~ in the vicinity of 3/4~crit , one has,.

(111-30)

where the function F(n) is independent of the material (X).

With a one-group treatment, the predicted radial dependence

of A&&L,x) is the same as those of the two experimentally

available functions, 1) the flux squared distribution, F&) ,

as measurable by “25” foil activation, and 2) the AU@{n, OY) -

~~e(h,’ru) distribution (again assuming ~~(oy) = ~m (Tu) .

With the three-group treatment for Godiva, the flux squared

distribution (or more accurately the squared “25” fission

rate distribution) falls off slightly more rapidly with in-

creasing radius than does the Oy-Tu danger coefficient dif-

ference. This feature is also observed experimentally, one

having,

Awb(h-~., 0$-T$J~ ,.,N:(A-”JQ ( predicted and
observed ) (111-31)

AKe[A-, O@i) pJ: (A=o)

For the evaluation of transport cross sections, we

shall use in conjunction with (111-30) the recipe,

● ☛☛ ● ● 9O ● 9O.’* ●
● :

● : ● *
● ;5 !“

●* ●:0 :Qo●** ● *O

z Got> (111-32)

● ✘
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::
● *

● *
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I
The transport cross section ~ti(x) relative to that of Oy

is then expressed as,

Referring to Tables I and II, it is seen that al-

though the total flux and adjoint functions have very similar

radial dependence, the small quantities, such as [n:< Y?:’- ,

which enter in the inelastic’ scattering or energy degradation

part of reactivity change,fall off much more rapidly with in-

creasing radius. Thus , in the case of hydrogen, for example,

where the central danger coefficient is primarily determined

by the neutron energy degradation, it is known that

AKea(n,H)< A&a(n=o,M>&n) and that, consequently, any

value of ~’(H)/wti(Oy) obtained from (III-33) will be too

low.

Table VI lists values of AKe(~JX = H, C, Au, Cu) and

their reduction to ~ti(x>\~~(Oy) ratios by means of (III-

33) for several positions of A (the 6.38 and 7.98 cm posi-

tions giving the smallest experimental uncertainty). “Since

the effective transport cross section of Oy in the Godiva

spectrum is # 5.2 barns, it is seen that the predicted hy-

drogen transport cross section &(H)~ 0.2 x 5.2% 1 barn

is indeed much too low. Reanalysis of the hydrogen reactivity

9** ● ● *8 ● *. . .●’* .
●

● : :..46 !.;:
● ✎

9*

.

● *...
:* gem . ● ● ● *

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



——___
b. 9** ● ** ● 0- ● ** ● a

● e ● 8-●: : ●: ●:: 0-0 :08* ● ● 9
● O ●0: ●:0 ● ●:0 ●

— –-

measurements by means of the relations (11-17) and (11-17a)

indicates ~~(H) ~ 0.38 x 5.2 S 2.0 barns, which is about

the expected value. With the exception of hydrogen and

fissionable elements, the term AK@=o,x>6ChJ is not onlY

a small correction term but quite accurately represents the

nonscattering reactivity contributions.
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