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LEGAL NOTICE

This report was prepared as an account of Government sponsored work. Neither the United
States, nor the Commiasion, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with respect to the accu~
racy, completeness, or usefulness of the information contained in this report, or that the use
of any information, apparatus, method, or process disclosed in this report may not infringe
privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages resulting from the
use of any information, apparatus, method, or process disclosed in this report.

As used in the above, ‘‘person acting on bebalf of the Commission’’ includes any em-
ployee or contractor of the Commission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee of such contractor prepares,
disseminates, or provides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.

This report expresses the opinions of the author or
authors and does not necessarily reflect the opinions
or views of the Los Alamos Scientific Laboratory.
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Abstract

The radiation transport equation and the equation for the change of
meterial energy through interaction with radiation are formulated as en
integral equation for the temperature. Geometric aspects of the inter-
action of distant source regions are incorporated into enmergy exchange
coefficients which are formulated for the case of pure gbsorption.

Primary consideration is of the form of the approximating difference
equations for the evolution of the system in time. Given appropriate
energy exchange coefficients, the equations are applicable to quite gen-
eral configurations which may be subdivided into cells of arbitrary shape.
Boundaries of the system receive special treatment based on the assumption
that a very short mean free path exists there. Frequency depenaence is
treated in the group approximation. The time dependence of the equations
includes the retardation of the sources and the centering of the energy
difference equation. The resulting equations are solved by an iteration

scheme.
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Introduction

A number of calculational methods for solution of transient radiation
transport problems in plane and spherically symmetric configurations has
been developed. Greatest emphasis has been placed on methods in which
the energy equation and the transport equation for the intensity are
approximated over a spatial cell amnd give difference equations for the
radiation intensity and material temperature.l Smaller efforts have been
applied to the Monte Carlo2 and integral equation; methods. The tech-
niques vary widely in accuracy and the amount of calculetion and computer
storage requirements. Furthermore, the dependence of these quantities on
the number of spatial zones is different. Consequently, while extension
of each of these methods to configurations of higher dimensionality is
possible, considerable differences in code complexity and efficiency are
to be expected.

In this report an outline is given of the generalization of the
integral m.ethod-3 The formulation depends on the geometry and dimen-
sionality of the system only through coefficients which are assumed known.
Primary consideration is given to specification of the difference
equations in time, to methods for solution of the equations, and to gen-
eral properties of the energy exchange coefficients. The boundaries of
the system are given special treatment.

On the basis of comparisons between the difference and integral
methods, it is expected that for small numbers of zones the integral
method will be faster as well as more accurate. When the coefficients
are simply calculated or do not change with time, considerable advantage
in simplicity of the code is also realized.

050550. e
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Experience in applying transport codes to multi-dimensional problems
is still limited, however. In order to be able to choose the best method

for a particular problem, additional calculations with the available
techniques are needed.

The Integro-Differential Equations

The equaetion for the change of the intensity I of the radiation is

1 3T _
EE+Q - VI "'I-la (B‘I) P (l)

where the intensity is the radiation energy traveling in the direction
Ql per unit area nommal to Q, per unit time, per unit frequency interval,
and per unit solid angle. The absorption coefficient corrected for
induced emission is ., the Plenck function is

2h

S

e &2
associated with the material temperature 0, and c is the speed of light.
A solution of Eq. (1) can be obtained in integral form in which the inten-
sity in a particular direction is expressed in terms of sources along the
backward drawn ray from the point at which the intensity is to be evaluated
(see Fig. 1). Denoting distance along this ray by s,

® _ 5. as’
T =f e "0 @ uw'Bds . (2)
0

a

The quantities in the integrand depend on both position and time. While
the position dependence is evident, the time dependence is through the
retarded time t’ , that is, that earlier time such that the signal reaches

THCLASSIFIER'
1
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Figure 1

the point s = O at the current time t,

’ ]
t =t - z

The material energy E changes by virtue of hydrodynamics of the
material which changes the specific volume T, the pressure p, and the
radiative terms which account for the emission and sbsorption of radi-
ation,

g_f=-pg{—+cfdvu;(f1dﬂ-hnB> . . (3)
0

The absorption term is to be evaluated by using Eq. (2) for the
intensity,

— Ny~
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Since the system is considered to be bounded by regions in which the
mean free path is very short (walls) and which have a temperature giving
a Planck function Bw which is uniform several mean free paths into the
wall (although varying along the wall), an especially simple result is
obtained for the boundary. If the distance to the wall is 8, and the
ray mekes an angle ew with the wall normel, the integral over the wall

volume is
8 4 '4
- j(') ua ds
e ?
av —— uaB
wall 8
volume
Sw 8
"f(; 1] ds' o -fs' v as’
W
=f ao % Bcosefdse p.'
wall 8 v v s
W W
ares
sw
- j(; “: as’
J o :
all do 52 B cos 8 . (5)
areg w
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Substituting these results in Eq. (3) gives

S

] w
. 4 vgas” ARS
aE _ art ’ P - e
dT_'pE't—+cfdvua deuaB—-—-sT-——irfdoncosew——s—r—-hatB s
0 volume walls w
(6)

in which the volume integral ranges over all of the system inside the
walls which can be reached by rays from the point P in question without
intersecting the walls, and the surface integral ranges over all of the
wall area first reached by these rays (see Fig. 2).

\/
i

Figure 2

The absorption coefficient enters the equations in three places:
in the source to determine the volume contribution, in the exponential

attenuation, and in the absorption at the position where the heating is
being evaluated.
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Surface Equations

The wells are treeted as speciael cases of these equations. By vir-
tue of the substantially isothermal surface layer of the wall, reradiation
of a blackbody spectrum at the wall temperature occurs. The equations
for the walls describe the disposition of the intercepted radiation as
lost into the wall interior and rediated as blackbody radiation at a
temperature sufficient to maintain the energy balance. The energy falling
on unit areas of the wall is given by [, oy I CO8 9‘: dl, where 9; is the
angle made by the ray with the normal to the wall element. Substituting
for I from Eq. (2) as before and identifying both volume and surface

sources gives

_ A

f b ‘as’ j(') pds
decoseuB—-——T—— fdccose coseB——-é——— . (7)
volume walls sw

Retardation of the time is required in Eq. (7) too. The loss rate
per unit aree of the wall and per umit frequency is denoted by L, and
reradiation tekes place as wa. When integrated in frequency these terms
give the wall energy balance equation,

)

s W
. 4 e’ fy e’
%T =fdv fdv cos 8'u’B 9—————+de cos 8 cos 6B 9—-——2————-L s
W wea s2 w W s
0 volume surface W

(8)

where '.l.‘w is the wall temperature.

Equations (6) and (8) constitute integro-differential equations for
determining the evolution of the system in time. To apply them to an
actual problem it is necessary to consider the spatial, frequency, and
time dependence of the equations. In the following paragraphs these
topics are treated successively.

[ e
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Spatial Difference Equations

The system, composed of material surrounded by walls, is subdivided
into cells within which the temperature and material properties are uni-
form, representing an average value charecteristic of the cell as a whole.
Two kinds of cells are distinguished: volume cells denoted by index 1 to
which Eq. (6) applies, containing material in a thermodynamic state having
density Py and temperature T 43 and surface cells denoted by K which, by
virtue of their blackbody behavior, are characterized by a surface temper-
ature TK and to which Eq. (8) applies. 1In order to obtain zone equations
it is necessary to evaluate the integrals of Egqs. (6) and (8) in the zone
approximation and to perform an average of the material energy over the
cell volume or the blackbody temperature over the surface cell area.

Neglecting the work term, the energy equation, Eq. (6), becomes

d _ co
- dt (ViEi) B cf v (MZVJ“JBJaiJ ¥ “Z 8PPy - h""i”?i) ’
0 J K
where
. S
‘Jb p ds
= av av =
% 3 E«WJ' '/v: “if —F
i VJ
and
S
w
-S p ds
B. = — f av f d g < ° (9)
iK © %S My g cos O ——p— -
K 7v Sy S, .
1

In Eq. (9) the volume cells have volume V,, energy demsity E,

coefficient Hyo and Planck function Bi’ while a second volume cell quan-
tity is denoted by index j. Surface cells have area SK and Planck

,» @bsorption
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function B,. Sumations in Eq. (9) range over all volume cells and sur-
face cells, respectively. In the exponentials of aij and BiK the sub-
script "a" and prime have been dropped, but the results are still
applicable only to the pure absorption problem. The energy equation,
however, is more generally applicable then to the pure absorption case.
Given, for example, coefficients determined by taking account of Compton
scattering, the evolution of the system can still be calculated by Eq.

(9).

Averaging the surface Eq. (8) over the area of zone K gives

a 4
Focc=) o (‘“‘ DoV PP %D S - 1k> ‘
0 3 n
where
8
-f uds
= 1 f do 8 av e__.?..___
Prs T v, S, 0%k fv 52
K 3
and
8
w
L -4; p ds
e
nom i f oot [ w00t (10)
Sy 8, By

In addition to the remarks about notation above, the additional subscript
4 denoting a surface cell has been introduced.

Coefficient Properties

If the temperatures of all wall and volume cells are equal, then a
state of equilibrium must exist in which dE/dt = 0. This requires that

APPRO\.;EJ.DE EOR
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f‘. Bdv (h«:z Vi + xz 5B, - lmviui> =0 .
J

0 K

When the loss term L({ is zero and temperatures are all equal the surface
equation of Eqs. (10) become

f dv B <lmz v,j“,jﬂx,j + x z S&’K& - :rSK) =0 .
0 J 4

Since in equilibrium a state of detailed balance must exist, the
equilibrium equations can be written for each frequency as

; Vgt llI ZK SkPik

and

;aaxj ’IZ Sp7xe = Ex . (10')

In order for a state of thermodynamic equilibrium to be achieved and for
the above equations to hold, it is necessary that for each physical proc-
ess by which radiation interacts with the material the inverse process
must be taken into account. Only when this is the case can the coéffi-
cients be expected to obey Egs. (10'). For example, if the production
of electron-positron pairs is included it is necessary to also take
account of annihilation of pairs. These equations are considered further
in connection with the reciprocity relations described below.

The normelization of the coefficients ai 3 aiK’ BK 5? and 7KL has
been chosen to simplify their calculation by Monte Carlo methods. They
obey sum rules

APPR(?\/EID' FOR Pu RELEASE
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Z%*Z Py = 1
i K

and
DBty = - (11)
N T

The first of these equations is equivalent to the statement that energy
emitted in zone J is absorbed completely in the rest of the system, while
the second equation makes the corresponding statement for energy emitted
from a surface zone K. Consequently, the coefficients describe the
fraction of energy emitted from the zone having the second subscript
which is absorbed in the zone of the first subscript. Clearly, the sum
rules of Egs. (11) are applicable if other interactions than pure absorp-
tion (e.g., scattering) are important.

Certein symmetries of the coefficient matrices can be recognized
from the equations of definition, Egs. (9) and (10). These reciprocity

relations are

TR
o, =344

?
i Vi

s

Bei = & WA Bix (12)
and

Sy,

Tk T 5 Tt

The relations of Egs. (10’), (11), and (12) are not all independent.
Substituting the reciprocity relations into Eqs. ( 10') the normalization
equations, Eqs. (11), are recovered. Consequently, the reciprocity
relations are sufficient conditions for insuring that thermodynamic
equilibrium be attainable by the volume and surface equations.

CNCLASSIFIED
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The reciprocity relations of Egs. (12) have been derived for the
case of pure absorption in the material. They are more general, however,
and are also valid when other interactions and their inverses are included.
Such is the case for the important problem when Thomson scattering is
present. When the energy loss of Campton scattering is teken into account,
it is necessary to include the effect of inverse Compton collisions if
the reciprocity relations are to be satisfied.

Frequency Dependence of the Equations

First, the case of absorption coefficients satisfying the grey
atmosphere approximation is considered. Then it is possible to perform
the indicated frequency integrations in Eqs. (9) and (10). Denoting the
frequency independent absorption coefficient by i the equations become

= (viEi) - °a<z #iT ,j 13" F z 5B - Vi ?) ’

J

a 4 1 a 4 ®
¥ ST = azva“JTJBKJ *y z SpTe%e - f dv Lo - (13)
3 2 0

and

The grey approximation is particularly applicable for (a) the surface
sources which are independent of the material absorption coefficieht by
virtue of the optical thickness of the heated surface layer and, conse-
quently, have a blackbody frequency dependence and (b) the Cémpton
scattering by free electrons which is substantially frequency independent.
When the frequency dependence camnot be neglected the integrals are
approximated by forming frequency groups v n sys vm+l in which the
absorption coefficient can be considered to be approximately constant.

UNCLASSIFIED
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Denoting quantities associgted with the above frequency interval by the
additional subscript m the group equations become

a - 4 1 4 b
it (ViEi)' ca(ZVJTJ L EZSKTK Zb.jmsﬂ(m - Vi”pfi) )
K m

J nm
and

a 4 L a L ®
T 5% - aZVjTj ijmuijij + EZ;SLTL zb3m71<&m -f dv L. - (14)
3 m m 0

In Egs. (14) the quantity b is the normalized integral of the Planck
function over the frequency group given by

u
5 ]% m+l u3 s
2
Jm T u eu -1
m
where
.
T 3
J
obeying the sum rule gb m = 1. The partial Planck mean absorption coef-
ficient is of use in Egs. (14) and is defined as
P Jm
Vm+1
f av u’ B(T,)
v a i i
m = 2 .
pjm V1
f de(Ti)

Ym

In terms of these quantities the Planck mean absorption coefficient up
J

SCUSSFB
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appearing in Egs. (14) is by = g me . The partial Planck mean absorp-
tion coefficient may also bedused for ug in Eqs. (14). The fact that the
Rosseland mean does not enter these equations is another reminder of the
fact that the diffusion regime is not adequately described by the approx-
imation of constant temperatures within zones unless each zone is opti-
cally very thin. A higher approximation taking account of variation of
temperature within optically thick zones is needed for the correct limit-

ing value in the diffusion limit.

Difference Equations in Time

In the equations as discussed above the time dependence has been
omitted. Both the retardation of the source terms and the difference
approximation to the energy derivative must be formulated in a way which
gives adequate accuracy.

The treatment of retardation has two related aspects: first, the
heating rate is modified by sampling the source at distant positions at
en earlier time when the temperature was different; and second, the energy
stored in the radiation fileld is a consequence of the finite speed of
light and vanishes when this speed is made infinite. Consequently, in
order to include the effect of the specific heat of the radiation in the
material energy equations it is essential to take account of retardation.
This consideration is illustrated by the equations derived above. The
rete of change of the material energy of the entire system ET is obtained
by suming Eq. (9) over all material cells,

_-%'-= fdv (MZVJuJBJz gt KZSKBK:L‘,BiK - h“;"i%%) .

Equation (10) in which the wall loss has been set to zero is summed over

all surface cells and then added to and subtracted from the above equation.

APPRCNED:FQR °PUILI G* RELEASE
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Provided the sources are not retarded the terms can be grouped as follows:

% = JZV[MZVJuJBJ<z ay +ZBKJ - 1>+ nzSKBK(ZBiK-l-Zym-l):l.
© L 3 1 K K 1 4

Compering with the sum rules of Egs. (11) the result dET/dt = 0 is obtained.
It is clear in the derivation, however, that the sources must be taken at
the same time as in the calculation omitting retardation, for the necessary
factorization of the equation to occur.

The differential equation in time of Eq. (9) is approximated by a
first order difference equation. The calculation is to proceed forward
in time by evaluation of quantities at a finite number of instents 2
separated by time intervals Atn: tn+l - tn = Atn. Denoting quentities
evaluated at the instant t> by the corresponding superscript (e.g., )
the energy equation is approximated by

(15)

0B - (vm ) e AR [d(viEi)] n+l . [d(ViEi)] n |
i1 i1 2 dat dat

which is a time-centered difference approximation accurate through terms
of order ( Atn)a. Equation (10), being an algebraic equation to be eval-
usted at a particular time offers no difficulties other than the treat-
ment of the retardation. Both of the equations may be implicit in the
unknown quantities requiring the solution of simultaneous nonlinear
equations. The method of solution will be indicated in the following
paragraphs after the retardation is considered.

Evaluation of Retardation

The degree to which the above equations are implicit depends on how
information about the retarded source functions in remote zones is

APPROVER
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retained in the calculation. In this paragraph the form of the retarded
source functions appearing in Egs. (9) and (10) or Egs. (14) is spec-
ified. In each type of equation the expression is to be evaluated at a
particular time, tn+l, to which the retarded sources are referred. For
each pair of zZones an additional coefficient having dimensions of time

is introduced. The coefficient Tij between volume cells i and J is the
aversge time interval required for energy to be absorbed in cell i after
emission from cell j. Coefficients having the same interpretation are
introduced from a volume cell to a surface cell, T,_,, from a surface cell

Ki
to a volume cell, TiK’ and from a surface cell to a surface cell, TKL'
These time interval coefficients, in simple problems may be calculated
analytically or, more generally, may be calculated by the Monte Carlo

method. In terms of these quantities the retarded time tlj when the

source in cell J emits radiation arriving in cell i at time tn+l is
t;J = tn+l - ij' The retarded sources are to be approximated by inter-

polation in time between quantities tabulated at times bracketing the

retarded time. To make the interpolation possible for all zones it is
&
necessary to provide tabulated data at a time earlier than 2 1 -T

where Tmax is the greatest of all time intervals between cells. To
provide these data a number Q(~10) of arrays of the temperature are
stored. The times corresponding to adjacent arrays need not be sequential

cycles but are adjusted to cover the time interval Tmax approximately
4

J
time t5. Using linear interpolation between adjacent values the temper-

ature for zone j at the time tid is

uniformly. These temperatures are denoted by T, and correspond to the

APPROVI
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. L
‘) = (ijx) (" - tid) * (Tf;)h(tij - tgmx> , 12 £ X g p! s R

'r';(*ciJ (tn - tgmx) 13
M
Tl;(t;j) } (‘I'g) (ts*'l } ti221+_(:§+1) (t:{j - tg) e t;j < 81 . (16)

As the calculetion proceeds the easrliest interval (tg=l, t8=2) eventu-
ally will become of no use because even the earliest retarded time will
no longer fall in it. Thus, if tn+l -
be replaced by the second, the second by the third, etc., and the last
by Tx;+l. In this way the interpolation arrays are maintained with
temperatures always spemnning the required time interval for retardation.

Substituting the retarded temperatures from Eq. (16) in the expres-
sions for

[d(viEi)]n+l
dt

T 2 tg=2 the first array may
max

and the surface temperature equation, Eq. (10), gives expressions which
contain some terms which are known in terms of temperatures at t° and ts,
and other terms depending on Tgﬂ'. The latter terms are the ones which
may couple the equetions together to form a system of implicit equations.
Symbolically, these equations are of the form

LI.§3 g%.ELEAEE
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=z B¢ (TIJM) +z %t (Tzﬂ) o (17)
3

+1
where Aij’ BiK’ BKJ,and CKL are matrices which may depend on Tg , but
2., bi’ and cK do not. If the time step is smell compared to the Tij's,
then many of the elements of Aij’ BiK’ BKJ’ and CKL will be zero, since

those terms will occur instead in bi and cK.

Tteration Equations

o+
The equations for the material and surface temperatures at tn 1 are

nonlinear and may be implicit. An iteration method has been devised to
solve them based directly on Egqs. (15) and (17) and which contains a
series of steps which are detailed below. The iteration starts with the
energy equation and provides first an estimate of material temperatures
based on an explicit method. Surface temperatures are next brought into
conformity with the estimated materiel temperatures. Both sets of temper-
atures are then used to find a new set of material temperatures and sur-
face temperatures as before. As many cycles of this iteration are per-
formed as necessary to obtain an accurate solution. More specifically,
the steps are as follows:

1. The energy difference equation, Eq. (15), is solved for E§+i+l’
H
1
1 at® (ra ]n [d ]’”
ViEg,k+1 = VE 5 ;[dT (viE)| + g5 (ViEy) N ) (18)

. pycm
® -»,

o o & an,
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where k is an index denoting tne iteration. In Eq. (15) [d/dt(ViEi)]n

is known, and [d/dt W’ ]n+l is the value of the term in Egs. (17)
evaluated with Tg i For each zone the temperature T3+i+1 is obtained
3

from the equation of state and immediately placed in T-storage. Its
value is subsequently used for the remaining zones of the energy equation.
Consequently the notation of Eq. (18) is not precise in that the k + 1
terms on the left side are not indicated. The iteration resembles the
the Seidel methodu for linear equations. The sequence of calculations
of new material temperatures indicated above constitutes the volume cell
part of one iteration.

2. With the new material temperatures the surface cell equations

of Egs. (17) are next solved as follows:

4 b

+1 1 1

T S <r;’k+I> =z BKJ( §+k+1) +Z cm(m+ ) too - (19)
J 1

As in the material equations, the newly calculated temperature ?Eji+l
is placed in storage for use in the remaining equations. Upon com-
pletion of the calculation of Eq. (19) for all surface cells, the current
iteration is complete.

3. Tests are performed to determine whether the iterations may be
terminated. Separate tests are performed for the volume cells and sur-

face cells,

2
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Values of 51 = 52 °-1o'2 are suggested. When either of the tests is not
satisfied steps 1 and 2 are repeated. When both are satisfied the cycle
calculation is considered complete.

k., The initial values for the iteration are based on Ti i_o T?.
Accelerated convergence doubtless could be achieved through use of a
method based on estimation of the first eigenvalue. Preliminary caelcu-
lations indicate, however, that rapid convergence is attained without

the acceleration method.

Time Step Calculation

A variable time step AP is desirable to balance the accuracy of
the integration throughout the problem. At early times more rapid changes
are expected then at later times so At can increase as the problem
progresses without incurring any large error. A prescription for choosing
Atn based on the rate of change of the material energy has the desired
properties. In preparation for the first iteration of a time cycle the
quantities [d/dt (ViEi)]n are formed for use in Eq. (18). Using them
immediately before the iteration is started, at? is calculated,

85 2 (V,ED)

i

(21)

a n
I max o 7T V. E |

where Ato is the input number determining the maximum permissible time
step throughout the problem, I is the total number of volume cells, max
selects the maximum absolute value of the energy change in each volume
cell, and 65 is an input test number (~0.1) determining the fraction of
the average zone energy which the largest energy change is permitted to
attain in one cycle.
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