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ABSTRACT

By use of a theory which has given exoellent results for the
oritical mass of spheres both untmrped and with infinite tampers, formulas are
developed for wore compliocated counfigurntions, Finlte tampers, severazl
successive tampers, alr spaces between core and tamper, and holes in the
active material are treated, The formulas obtained are found to be much
simpler then those given by any other theory of similar accuracy., Numerical

results and graphs are given for the various cases treated,
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MULPI-MEDIUM CRITICAL-MASS PROBLEMS

Introduction

Recontly a pethod of treating critical-.mass problems in the ones
volooity~group aporoximation has been developed by Serberl)o This troatment
yields formulas that are much simpler then those obtained by the spheriosl-
harmonis method and yet zives critical redil with an error of less than
1 por cent (after appliontion of a sxall correction factorl))o The main
obstacle in applying thoe spherical-harmonic method in its higher approximations
to more complioated critical-mass problems is the size of the determinants
which must be solved. Since this new method climivates the prouibitive amount
of computation involved in the polynominl method, it would seen to be particularly
useful in obtaining critical rasses for complicated scases, In this report
applicatious of the mﬁ;hod ere made to the following problems:

a) Aotive material surrounded by a tamper of finite thickness,

b) Aotive material surrounded by a tamper of finite thickness which
in turn is survounded by unother tamper, whlch may be of either
finite or infinite thickness,

c) Aotive material is separated from an infinite tamper by an air
Bpiice,

d) Aobive material is arranged in the form of a spherical shell with
an:empty hole inside, The case of a tamper extending to infinity
is treated as well as the untampel case, |

Actually our formulas will not ve developed by fitting the integral
$ s o s e
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sguation but will use a procedure suggested by A. H. Wilson in report BM i,
However, insteed of using Wilson's orgument (which obleins the results from the
Bolizmann equatiaa) we will justify the method using the integral equatione

Hothod

For complionted criticalemess problems the strailght-forward method
of fitting the integral oguation wmust be nodifiod in order to avold a certain
ambigulty which arisees with respect te the proper choice of neutron deasity.
To seo the ambiguity let us examine the mothod, The problem of an aotive core
embeddod in an infinite tamper is attacked by first assuming the nemtrons in
ea.ch medlum to ﬁave the same spatial dependence as in an infinlte medium of

that material, (For the core this is {sin k, 9y r)/o r and for the tamper
po-kaoz/opr

Hore the G%s are the reciprocel transport mean free paths,
Subsoripts 1 and 2 refer to core and tamper respectively,

kl is given by 1 + £

=k /tan“lkl '

1

where f [(v =1 fission)]. ocapturo)]]'/al

and v = number of noutrons coming off peor fission,

f - =1
ke is given Dy 1 + fa = kz’canh k2

where £_ = (o

2 oap‘cure 2/ 2

These solutions sre then required to satisfy the integral oquation for the

neutron density et the center of the core.

nf{o) = e“gl[c(r) (1 -+ f(rp/ ).u'tra] r(r) (oxp = S: c(x)dx) av {1)
space

This ylelds one eguation oonneoting A and the oritical radius (a) of the core.,

To obtain a second aqvahan .ch& sc:iu’é' :;n& ¢re reguired to satisfy the law of

2 UNGLASSIFIED
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consorvation of neutrons, This says that the number of neutroas absorbed in
the tamper must equal the net mumber produced in the core, Stated mathematically

this is:

Glfl c§re ndv =~02f2 badnor ndV (®
Combining the two eguations pives an equation for a, Ambiguity arises when
we huve, for example, a sequence of one finite tomper followed by an infinite
ono, Using the above procedure the core density is assumed as:

n, = (sin klclr)/clr
in the finite tamper the dens.ity ie

B, = [Ae‘kaoar + Bakaogr ]/ ar

and lu the infinite tamper,

Y S I of
n}:Ce 3% for

5
Fitting the integral equation and using the comservatiocn law then glves us
only two equations for the four guantities, A, B, C, and a, Hence some rore
assumptions would have to be made about the neutron densities, The ambigulty
is conteined in what these asswmptions should be, Another example of the
trouble one runs into is the problem of the central hole, To f£it the iategral
equation at r = O would requi_re some ad hoc hypotheses about the neutron demsity

in the hole.

These troubles can be avolded, however, by reformulating what actuslly
bas been done in the cmse where they do mot occur. First let us examine

oeguation (2), Since for the steady state the net number of neutrons produced

in the core must egual Wi t' M ewidg” cut

ph the core, the left-hand side of the
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equation must be the total flux of neutrans across the surface aof the core,

000000
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[ ]

Similorly, since the number of neutrons ubsarbed in the tamper mmst be egual
to that flowing into it, the right-hand side must be the total flux into the
tamper,

Thus equation (2) merely states that the total flux is contlauous
across the core-tamper interface, Using the fact thut the assumed solutinus
satisfy the eguations: |

) 2 2 2. 2 2
Anl-l-klolnl-(); Anaakacz n2=0 {»

and the divergence theorem, we transform cquatiom (2) into:

a2 2
of grodn. ) /x o]] _ S as = [r grad n.) /k o] 3 as (1)
[_ 185048 ) /2y sire 2 2a’2 %2 o
- surface surface
From the above discussion und this equation we see that (2) am~wunbs 1o equating
the flux per unit eree (F) in the two regioms at the boundary surface, We also

seo that ¥ fof a medium is given by:

F= (n' fl grad 1) /&%
Generalizing it cen be said thaut at the boundary between two media the flux
should be equated,

Substituting the assuned neutron density for the twoomedium problem
in {1) yields:

a ~001r . ﬂo &
k1 = 6y (1 + fl) . e [fsin klolr)/alr)/olr:} dr +E:2(1 + f2)e 1

(5)
{“Sme.oa(r:-.a:)ﬁg,@dr.g e 3
. S A L ””WSSIHH)
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The first integral on the right splits inte

o0 ' -
01(1 + fl)ﬁo s [(sin klolr)/olr ar .r e ar [sm k.o r)/o ]dxj
o

m <«
But S o Esm klclr)/olrl ar = (wn'lkyol

0

*®© -0yr i
From our definition of k, we see that o, (1 + £.) e (sin k. a r)fa.rldr = k
: 1 1 1 ° 171 1 1

which just cancels the kl on the left of eguution (5). Performing this operation,

a

multiplying through by e“1* and transposing terms puts (5) in the forms

. ' . " m - -
01(1 + fl) g:o ;01 (ren) [@in Iy olr)/clr dr = 62(1, + 1'2) Sa o op(r-e) ne(r)dr
or , (&)
01(1 + fl) g:"’-al(ro ) 1(r)dr = g (1 + fz) g a(rua) 2(x')ci.r B

Let N{r,p) be the number of neutrons per unit volume whose velocity

voctor makes an angle coa'lp with the radius vector corréaponding to u density
distribution n(r) » Now consider the expression: o(l + f)S:o e‘c(r"r)n(r“)dr' .
Except for the lack of a factor representing the attenuation of the neutron
besam from r to O this is the density of neutrons at the origin coming from
distances ereater than r away. Since the demnsity at the origin is uniform

in angle, that coming from any one solid angle is

ba + 9A(® & a@nar

But the density at the origin coming in from e unit solid angle from all

ated botween r and 0 is just N{(r,-1),

distunces greater than r and n9t attenuale
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Thus

N(r,«1} = [c_:(l + f)/hﬂ]g:o OOQ(P'-r)n(rﬂ)dro

Comparing this with equation (6) we sce that it morely says:

L;.“Nl (&In -1) = hﬂue(ao"’l)

o Nl(apal) = Na(ab"l)

(7

The condition whioch we have used {und will henaseforth use at all bounduries

between two modia) is that the flux coming in radially be contimuous,

The integrals for the N{r,-1) can be vritten in fairly simple form.

Here we lunclude o table of this function for all the deasity distributions we

shall need in t-is roporta) :
n{r)
(sin klalr)/clr
/
(cos klolr)/olr

eckor /or

k
o for

N(r,-1)

[0+ /41 Bi(or + son) & !
[@ + 0 /bxre B1(or + iqr) €
Bl * f)/&ﬂocr Bi(or + kor)
Kl + f)/h“]eor Ei{or - k&)

L@ iy od

O~
}

2) The difficulty Wilson encountered in treating the cosine term arises from
failing to notice thet this is an asymptotic, not an exact, solution of the

Boltzmann equation,

one obtains the (sin
of (cos k2°2r) /car and

—rK
o aK

. o
WST -

Asymptotically this gives the cos klolr/olr term,

APPROVED FOR PUBLI C RELEASE
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If the Boltzmann equation with a point source (to which
the prodlems in which the cosine ocour more or less correspond) is solved

klolr)/olr term, and in addition, a linear combimation
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Here Ei{x) stands for j. Q y/y dy, exd I menns "imcginary part of” ond Re
' x
means "real part of",

To see whet 4o do with a free surfece lot us examine how the untamped
sphere is treated by fitting the integral eguation, On substituting
nl(r) = {8in kiolr)/Elr in the integral ogyuation and going through the same
manipulations as before one arrives at equaiion (6) except that the right hand
integra) is not present, Thus the forpula is
R oa, (rea)
+ £ 1° dr = 8
o+ [ " mer -0 ®)
as we Baw wbove this menns Nl(a,al) = 0} l.eo thers is no flux coming radially

lovmrd Iy

The procedure for asttacking more complicated problems should now be
clear, In each of the regions of different neutron properties the neutron
density is assuaed to be that corresponding to aa infinite medium of the
material, Thus in a solid active core a necutron demsity n = (8in klolr)/blr

is used, For an infinite tamper the solution is taken as:

. ek, o.r
arse €2 VERS

2
In case the active material does not extend to the oahter the neutron density

used in the asctive mnterial is:

m = A{sin kloir)/blr + B(cos klclr)/hir

For a finlite tmmper aolntiona of the form:
. ko r
-k
n= {?e 272" 4 ge © 2 ] /bar

R s e HNCLAG |
... “HIED
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These solutions are then reguired to satisfy certuin boundary
conditions, At a free surface the cc'\ndition will be N(ra, 1) =0, At a
surface soparating two media N(rg, 1) and the flux F will be takep contimuous,
These corditions certainly hold for the correct soluticns of the problem. However,
1t is pot irmediately obvicus that merely requiring these of the approximate
selution will yield good results., Experience with tamped and untamped spheres
indicates that it does,

Finite Tampers

Here the problem is to find the oritieal radius for a sphere of active
material e¢qbeddod in o tamper of lmner radius a and outer rudius b, The core

solution will be taken as (ein clklr)/olx' and the tumper solution as:

< _k r a k. r
[Ao 22 + Be 2k2 ]/oar
Subsoripts 1 refer to core constants, 2 to tamper constants, Placing

Ne(bo'l) = 0, equating Nl(a,-l) to Na(a,-l) and setting

2 2
(-fl/kl 01) grad nl) Q= (fe/ka 02) grad na) a

gives us three équationa for A4, B, and a, Eliminating A and B glves us the
following formula for the oritical radius {(a) in termes of b and the verious
nuclear constants: '
0,8

9012!:12(1 + fl) °

f‘.l [_sin clkla - ,olkla. cos klclo]

1 Ei(ola + 4 olkla)

(9
N k22022 (1+f2) - {Ei(oaa + gk a) E4 A ok b) - Bi (GZ;‘P + agl;b) Ei{oa - zkaa)}
faiEi (oeb + oekab) ek2°2a(k202a -1) + (kaoaa + 1) Ei(ogb ° °2kab) o-kecan}

=° e o P 4
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As a check on this method comparisons were made with somne calculations
wade by Group ToL on finite tampers, In the six cases ohecked the agreement was
wall within the'aoouracy to vhich the tvo sets of computatlon had been carried,

One omse of practical interest has beon calculated, This was to see
what is lost by kuving a WC tampor of only 6" thickness with a core of 80 per
cent 25, In units of the core meun free path the critical radius with an
infinite WC tamper came ou%t 1.5565, With 6" WC this was 1.59%0 « a difference
of 2,5 per oenf. in radius or 7.5 per cent in }nasao .

Double Tampers « Oue Int'inite '

By double tamper, one infinite we mean a configuration in which a
spherical core of active material of radius a (region 1) >its surrounded by
tamper materia) extending ta radius b (region 2) ; from b to e there is some
other tamper material (region 3) p

The solutions tnken in regions 1 and 2 are the same as those in the
previous scction, Iu region 3 we take n(r) = Ceo 3 31'/0 ro. To determine
A, B, C;, and a there are the four equetions ob«.ainod by equating flux and
N(r,-1) at a and bo Elmina.ting A, B, and C yields an equation for a:

oolak 2(1 + fl)e 1 I Ei(cla + 10 13.)
1’1 [sin k1 la. - Q kla cos klolm]

2(1 + fé} eaga [Ei(c a + G a) + M Ei(o Aed k:zs.)J
{_(x o + 1o ~kgoR Meka"z‘(k - 1)}

[ 3
o we3 o H * @
e o & ¢ e o -4
s ¢ :. e o8 & ¢ o o
e 3 & e bne Lo ® .
06 9y sev oo 0uO

worobblrchemis e INCLASSIFED
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'k2°2b
= (kaozb + 1)e + X Ei(ozb + aakab)
T k202b
e (kecéb -1 - K Ei(ogb - czkzb)
b
2 2 92
- b
. f3k2 ag {2 +f’2)e Qa +03k1)

5 5 GRBTI3E, b (1
f2k3 o, 1+ f,),)e 37573 Ei(oBb + 63k3b)

For the case of no absorption in region.}, X simplifies to:

1 keacaa(l +
T T2 o=

3

f203 ° Bi(c

ecab
K=

Figuro I shows the oritical radius (for an 80 per cent 25 core

followed by WC nnd then by iofinite Fe) us & function of the WC thickness,

After a thiokness of about 3” no particulur gain is achieved by inorea.si;zg

the smount of WC, The flat minimum at 5" is due to the effects of the

favorable propecty of Fe, namely its lack of absorption, overcoming the bad

effects caused by its small oross section,

Figure 11 is a similar curve with the Fe replaced by Belo

Replaoing the WC by 310 and the Fe by %C plves the curves showm in

Figures III and IV, This is the problem encountered in considering the effeot

of surrounding the plug of the gun with B].O. for safety in fabricetion or

shipping. Compurison with the results described below for an empty shell

between core and tomper showa that the imsertion of the 810 greatly increases

the safety factor, Thus in the case of motive material followed by an alr

spase of equal volume axd then by an infinite WC twmper one can only insert

1,16 WC tamped p¢rits of material before reaching the oritical state. If B

10
is present instead of the air about 1.8 oritis can be present without being
r'y eoe o .=. see =.O
o.. .;' Yoo ese o0 -
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superoritical .
Those boron calculautions were msde assuming 100 per cent BIO

and rough values of the cross seotiors, When the scattering data on BIO

has been evulunted snother coloulaticn will be nade assuming the correct

B]ﬂ) puritafo
Double Finite Tampers:

If the second tamper material (region 3) extends only to a radius

¢ instecad of to infinity, we have doubls finite tampers, In the region 3 we

-031:7,1' °5k3r

now teke the neutron demsity to be: n(r) = [Ce ? 4 De ]/car while
in regions 1 and 2 it 1s taken as before. At a ard b the same boundary

conditions are used, At ¢ the conditian N}(o,)ol) = 0 is added, The reaulting

equation for a is the same as above ea:'cept that K must be replaced by

-f3k2 (1 + fa)o od

2
f2k3 o, ~(1 "l'f) 3 (11)
k.o b
«g k_b
lZ~Z$.(¢:<:+c:l|:<.>)e>33 (ko3b-1) +Ei{co-agko)(k35'b +1)e 33

Ei b - -
(03 + cgk:}b) Ei (050 cglc}o) Ei (c}b © °3k3b) Ei(ogc + 03k50)

Tho single case calculated with this formule was that of 80 per cent 2§
fol .

ollowed by 6" WC and then by 6" Fe., Here Berit = 105730 mfp instead of
105586 with infinite ¥iC, showing that we lose about 3.2 per cent in maas
by having the WC tamper finite aven if Fe is added,

Air Space between Core and Infinite Tamper

Here the core of active material is assumed to extend to e radius a
s00 .00 0'

and the inflnite tampero%ga -aagm a;: s.,di;;s b (b > a)a The neutron density in

APPROVED FOR PUBLI C RELEASE
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tho core is: nl(s:ln olklr)/olr and in the tomper a, =he 2 ° /ozx'o Since

the total flux of neutrons orossing the surfece of the active material aust
equal that crossing the irner surface of the tamper we must have
2 2 2 2
(=lie. fl‘/‘i.?z) grad “1) o = Wt o)) erad ny )y

Equating Na(b,nl) to ¥, (2,-1) gives the second of the two eguations nocessary

to determine & and A, a is given by:

o b+to,k.b
=d. 2k12(1+f)eolaIEi(oa+io kla.) k o5 2(1+f)e 22
1 1 1 1 2 "2 2
+ PRCETPES Ei(ab+aje b) =0
- +
fl ain B:lola clkla cos olklaj 2 2%

(12)

Figuré ¥ shows how the oritical mass varies as s function of a/b,
It is important for the gun to note that with a geometry of core, space of
equal volume, apd then tamper one oan put in at least 1,16 orits and still be
suberitical , Since the gun plug has a atil)l less favorable corfiguration, one
can safely put more them 1.2 orits inte it,
Caloulations o1’ oritical radii from the above formulas are very
simple using the graphs of LA-»23)4° These give plots of what are essentially
the terms in the above e;auations,? By successzsive guessing snd reading from
the graphs rapid computations can be made,
Compairison with results obtained by Glauber with the spherical harmonie

method Por a/d = 1 shows essentially complete agreement with this method,

Central Spherical Hole in Active Material

For the sake of the implosion and the integral experiments it is de-

sirable to know the effect of central holes on the oritiocal mass of both tamped
... .E. E ': ° e o

[ I ]
s e o
® a o

s A0 fINPY NN [T
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and untamped spheres,

Let us take the radius of the hole to be a and the outsr radius of

active material b, For the neutron density in the active mate .al assume:

B, (r) = {sin leir + A cos oiklr} /olr

At b the boundary conditions are N, (by-1) and F contiouous in the case of an
infinite tamper, At the edge of the hole {a) the conditjon of zero flux is
imposed, 1.0,

grad n)a =

For an untamped sphere the formula for b is:

(o k.0 - tan o k. a)
=1 Ei(olb + i,k D) + 1 11

1 Re Ei(nb—l-lok‘o) =0 (13)
1 1 + g ka ten o,k a L

11 1M

For s tamper extenmding to infinity ths corresponding formula
-k, G r

(assuming n, = Be ce /o x') is

2 2 O‘lb
{1 + £)k, "0, /fl}
. Gikaa « tan oyk,a .
I Ei(clb + wlklb) ! 3 ’ Re Ei (c b +1 clklb) -
i+ c lc e tan o 11

8in o,k beo, kb cos olkla - tan gyle
[: lkl 1"1 ¢ 01 g "(1 o kla e °1k1 E:on clklb + cllclb sin clklb]

2 R ] ' (1)
=lk =
[2 (1 + 1‘2) 9, f‘ /f Q-+ kacab) Ei(qab + cakab) o
.:. O;O :oo (X 1 :.. :-
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To check the validity of the formula for small holes a perturbation
theory was used, For the untamped case with 100 per cent 25 and a hole of
radius 0,1 mfp the perturbe.tioq theory gave an irorease of the radius b over that
which would be obtained with no hole of 0000055 mfp. The above formula gave
0.0006 nfp a satisfactory chegk.

From this we see that this method gives good reﬁulta for small holes,
In thils region it also agrees with volumetric tbheoryo For larger holes we know
that (14) will give too small a mass. Applying what in the light of experience
‘(of . LA=23L) would seem to be reasonable corrections gives a curve which again
agrees with volumetric theory., Moreover, checking volumetrio theory in the limit
of very large holes (which can be done by comparison with a properly chosen
plane slab problem) again shows it to be correct, Thus, inatead of (14) the
following simple receipe can be used, To calculate the critical mase with any
size central hole, merely assume the active material to be uniformly distributed
in & sphere of radius th_e same 85 that of the outer radius of the shell of
active material, OQur experience indicates that this should give the critical
mass correct to within a few per cent,

Conclusions:

In oc;nclnsion it can be said that this method serves to solve the
more complicated oriticalemass problems rather conveniently in an approximation
whioch 18 probably fairly good as long as one stays away from extreme cases(such
a8 very large holes and very thin shells or tampers), However, for holes we
advocate the use of volumetric theory instead of this method. In the above work
no use vas made either in the formulas derived or in the results quoted of the

enpirical fact that over a.!;y.:t?’e 'gvid:o:..ré;;gé for which the correct snswers are

NCLASSIFIED
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known this method gives oritiocal radii wmhich are about 2 per cent too low, If one

adds this 2 per cout to all radii calculafled from the formulas in this report

results correct tp 1 or 2 per cent should be obtainable, MNoreover, relative

effects such as the per ‘cent increase in critical mass due to using a thick, but

8till not infipnite, tamper should be given very accurately,
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