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ABSTRACT

o s

An approximate method of calculating critical masses and multiplication
rates is described which gives the resulis in a very convenient form. In thls
approximation the efficacy of the tamper in returning neutrons to the core can
be described by a single number; the tamperfs reflection coefficient, which
depends only on the propertles of the tamper, Qnd not at all on what the cors
material may be. The core cen similarly be described by a reflection coefficioent:
the reflection ceefficient a tamper would need in order to make tﬁe assembly
aritical: For gliven core and tamper m&tefials the eriticel radius is determined

5imply by the condition that core and temper reflection coefficients be équalu
The‘economy introduced by this formulation is so great that all

results on the critical radius cao be represented by a pair of graphs, whichg

except for extfeme values of the constant3, are accurate to 1 per cent. A

second pair of graphs serves to give multiplication rates,
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A GRAPHICAL REPRESENTATION OF CRITICAL MASSES AND MULTIPLICATION RATES

In this note we shall present an approximate methed of finding
critical masses and multiplication rates which, while not as accurate &s
ather methcds that have been developed, hes the advantage of being simple
te understand and oasy to apply:; It has; in additlion, the very convenient
feature that the results come out in a form which lends itself readily to a
graphical presentation.

The method is based on a fact learned from the more elaborate treata
ments of the problem, thet the neutron distributions in core and tamper cen
be approximated in a rather simple way. The neutron density in thes core 1is
taken to be of sinuscidal form, and in the tamper an exponential is used.
The true distribution shows a transition effect near the core-tamper inter=
fase, the density dropping rapidly in passing from core to tamper. We
represent this by allowing a discontinuity in density at the interface. The
magnltude of the discontinuity can be determined from the conservation law:
the rate of production of neutrons in the core of a critical assembly must
Jjust equal thelr rate of absorption in the btamper (suppqsed infinitely
%hick) . Once the density is fixed in this way, tﬁe critical radius can be
decided by examining the neutron balance at the center of the core;, that is,
by demanding that the integral equeation which governs the diffusion of
neutrons be satisfied at r = 0. The extension of the method to nons.critical
assemblies is immediate, since a multiplying system is equivalent to a

critical ome with time absorption,

S It UNGLASSIFIED

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

v s, UNCLASSIFIED

e ® ®

s e ragh
T ]
carveen

The cora cen be characterized by two constaqts in addition to its

-~
-~
-

one

radlus a3 its reciprocal mesm free path o = Notrp where N 1s the nuclear

density and Ty is the transport cross section, and 1lts reactivity

£ o= [(v - 1)0 -0 ] /a Ty s where ¥ 1s the number of neutrons per fission,
% is the fission crose section, and Op is the (rediative) campture cross
saction, The number of neutrons emerging from a collision is just.1 + f.
For the tamper, o' = N”q”tr, f' = » O'r/bvtr’ the primes denoting tamper

guentities, The neutron flux density n (true density times velocity) will

be taken te be

1

n = sin kov/kor in the core,

) (1)
o = Be"X9' T fo'r in the tamper,
1)

with k and K given by

ftantc =3 + £ R K/%anhﬁlﬁ =1 + £°F , {2)

The conservation law, which determines the discontinulty at the surface, i.e.

the magnitude of the constant B, is

of g 2dT = - gtpe J\ nd?TQ (%)
core t . _

amper

The integrel equation for the density is

x—'
' - SI‘ Oldp
n(f_) = (1 + flo Score mz n(r?)dl’r
.
7 2
Y T e
4+ {1 + £%)o? j*‘s,mpar L@ﬂir - ‘2 alr? )d'C'
CHOLASSIHED
2) Sec Frankel and Nelsom fla-b3i % & g — e
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Here 9 is g or o' depending on whether we are in core and tamper, and the

integral Siicldp 15 to be taken along a straight line between ¥ and :_“o For
arbitrery r and rt the geonstry of the intersection of this line with the sur-
fece of the core is quite unpieasent, and leads to complicated angular intagraa
tions in (l). However, for the center of the sphere, ¥ = 0, the geometry is

simple, and (L) reduces to

afe) = (1 + Do " ST e ar
Yo 7 (5)

«0'(r' = a) = oa
+ (1 + fﬁa‘ 300 e n{rt)dr? .
a
Gur procedure is %o obtain & formula for the critical radius by substituting n,
es given by (1), on both sides of this equation.
The integral over the core on the right hand side of (5) can be
a 00 w |
split into two terms o(l + £) S = a1l + f) g - g . The Tirst of these
° o a

terms would give the number of neutrons the core returns to the center for

very large radius {a—>o0), It is

. 41
O e
o(1 + £) S aigdi:?rv dr = (1 + f:) tan ko _ i

in virtue of (2), which equals the n{e) = 1 which appears on the left hand
side of (5). This, of course, is just the reason for the choioce of the
relation (2) between k and f£o The left-over term, e(l + ) gm , thus

v la

represents the deficiency in peutrons returned to the center by a finlte

core, and (5) tells ue simply that this deficiency must be made up by the
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asutrons returned by the tamper.
Eq. (5) now tekes the form
<0 <o Tyt
con e Gt «g'r
{1 + f)oe f o n ré)drd = (1 + f‘so'e ag o an(r')dr’ (6
a
a

The density function which appears on the left hand side is the oore density.
To avoid confusion this has been indicated by the subsoript ¢, In writing
(6) we have multiplied (5) by a factor eoaa_ which takes out the effect of the
aettenuation of meutrons in travelling from the edge of the core to its
center, The right hand side of (&) is thus (aside from a factor Ln) just
the flux of neutrons per unit solid sngle directed radislly inward across
the core surface:. Ia order te put our relation in a dimensioﬂlesa form,

1ot us divide (6) by the net outward flux of neutrons from the core surface.

According to (%), this may be written in either of the forms of 'Score m:l'li'/Lp"zaL2

o
or =cif! g nd T/Lsa”,
Jtamper
We abtain
® Lort o'a (P .ofr!
L!'nae(l + f) Bca Sa e or nc{rq)dr' hnaz(l -+ f')e ag a n(r')dr?
= a
f g da - ﬁg
oore 24T £ tamper nd T

The integrals which appear are readlly evaluated:
® . Yy Y - e
Sa Nl B frijart = g o~ ¥ {sin kor!/kor')dr?
a

=-§E1 (o8 + ikoa)/ko .

® o0~ osa e s0e o
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g ipt oo {1 + K Vgt
j . ‘n(r‘)dr’ =B g (e ( Jotr Jkort)dr?
8

= BEl(c'a + Ko'a) /Ko*

£

i

SQﬂPe T (““/k“)\gz sin{ker)rdr

A

(lkaaoa)(sin ko = koa cos koa)

rdr

S md T = (4B/Ka® goo «Ko'r
tamper 8

a

= LB (1 + Ko'a)/KIa43

Here El(z) is the exponential integral function

El(z) = ‘00 (eaz/z)dz

~ &

a

and IE1 is the imeginary part of the fumection. Extensive tables of El(z) are

available {aAM 509).

Substituting these integrals in {7) gives us our formula for the

critical radius,

L]
{1 + f)(koa) IE (ca + ikoam) a + f‘)(KoVa)eeo 8. (G%a + Ko'a)
= T. 8
f{sin koa - koa cos kos) 7 (8)

- £ (1 +Ko'a) @ /(r-

. 2
This formula has previously been obtained by A. H. Wilson )B by a somewhatl
different argument.

(8) has & remarkably simple structure, in thet the lefit-hand side

involves only core properties, and the right hand side only tamper properties,

2) A, H. Wilson, BM uhla Itgm inﬁebiedot Y@Nk Case for cealling Wilson's reoult

to my attbntionﬁ While Wllson's-prbcedarﬁ; wh}ch is based on a consideraticn of the
angulaer distribution of neutrony ut”tHe® i%e terface, does not seem as simple as curs

for the problem in hand, it Mgs] qertpim adeanteges for more complicated problems
sneve the chniece nf nenkran Fanathv I8 nob” 8d pnanbigsuocus.
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This means thaet, in our approximation, the effectliveness cf a tamper of given
material surrounding a sphere of radius & can be characterized by a single
number, which depends in no wuy on the nature of the core material, As our
derivation bhas shiown, this number, which we ¢ail T , is the ratio of the
inward radial flux returning from the tamper to the net outward flux entering
it. It may therefore appropriately be calied the reflection coefficient of the
3)

tampor In a similar way, & core of given radius is also cheracterized by

a reflection coefficient, namely, the roflection ceefficlent & tamper would
need in order to make the system criticsl. Expressed in these terms, the
oeritical condition (8) is simply the requirement that core and tamper re-
flection coefficients bebequalg

The fact that the core refloction cosfficient is a function only of
£ and ca, and the tamper reflection coefficient of £' and o'a, leads to a
convenient graphical representation of our results, One plets, on semi=)og
faperg curves of T v8 {n(ce) for a series of values of . On a transparent
sheot one plots T vs o’a for a serlies of £'’6, To find the critical radius
for given core and bamper materials, ice. Ffoxr givem o, o', £, £%, one lays
the transparent tamper sheet over the core sheet and displaces it to the
right by an amount ,Qn(o/&ﬂ)o 'The value of oa at which the curve for the
correct f crosses the curve for the correct f' gives the critical radius,

For the determination of the multip]iéation rate of a non-critical
gystem another form of plotting may be used. One now knows ¢, o', £, £ and

a, and wishes to find the multiplication rate ¢ (defined by n»vnoeat)

L]

3) This formulation of iiwug@qult is gontalned in a note by H.A. Bethe,
LAa206 to which ths‘peadsr.is fefgrreé for a more detailed dluCUSSJOn
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The non=critical system is squivalent to & critical system with ¢ and o'
replaced by G = o + ¢/v and &' = o' + a/v (v is the neutron velocity),
but with o(1 + £) and o'(1 + £%) left unaltered. The inveriance of the
latter quéntities is evident 1if they are vwritten out explicitly:
ol + 1) = N(vof + %ol ) 5 o' (1 + f*):=N“o“e£' o They are independent of
the absorption cross section, and thus are unaffected by the time absorption.
The scheme of graphing is to plot curves of T vs oa for e series of values
of o(l + £f)a , and, on a transparcnt sheet, curves of T vs g'a for a series
of values of o'(l + f')a. The transparent tamper sheet is 1laid over the
core sheet and shifted to the right by an amount oa - G'a, The point at
which the curve of the appropriate value of o{(1 + f)a crosses the curve of
appropriate o'(1 + f%)a gives the value of ca. The multiplication rate is
then Found from the relation as/v = & « oa. The multiplication rate is often
expresssd in terms of a quantityy = a/ov. This guantity is given by
1 +y = Eh/baa

Comparison of critical radii calculated from (8) with the more
exact calculations of Glauber (LA-17L) and of Frankel and Nelson (lLA-S3%a)
show that (8) glves a critical radius which is consistently a little %oo
Jews, Over the ranges of constants which are of most interest the discrepancy
is nearly a constant 2 per cent. Such a tendency of our results is easy te
understand; it 1s a consequcnee of replacing the transition effect at the
interface by & discontinuity. This mekes the neutron density near the
interface & 1lttle too high in the core ;nd a l1ittle too low in ths tamper,

gives a little too much fission and a smaller critical radius. The effect

38 o~~ ape
3 ~ Py
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s = - - ~ [ v
= - mnA - o -~ . . a T AT

o 9. e e ° - . - — PR - ergREy
®% o025 206 o 8 8o e akbas "

APPROVED'FOR PUBLI - revease UNCLASSIFIED

P X )

Tin0e
»
[ ]




APPROVED FOR PUBLI C RELEASE

e 3= e ®

is pertly compensated for by tho feot that, for the same reason, B, as
determined by (3), will bo somewhat too small, so the tamper will be counted
%8 3lightly lezs eff'ective than it should be in returning neutrons to the
sere, Thus for highly absorbing tampers, whers the return of neutreons is
lose2 importent, a larger discrepsncy might be expected:. Thiz is borne out
by the results for the uniumped criticel radius, which turns out to be more
nearly Ly per cent low. In plotting the graphs a 2 per cent correction has
been applied to the radius. In the following table a comparison is given
between criticel radili reud from the graphs and those calculated by Glauber,
for values of f{ approximately right for 25 and L9, and n value of f' near

that for & U tamper,

£ =039, £' = -.03 ] £ =.72, £' =-.03
[+ '
o aa oR o ou
graph Glauber graph Glauber
OO' 1098 29021 1029 1028}4
2 1.9 1.685 1.11 1.095
1 1.50 1.196 0.99 0,981,
1/2 1.29 1.300 0.85 0,858
1/5 | 1.06 1.067 0.69 | 0.701

A comparison between multiplication rates from the graphs ard those
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guoted by Glauber is given for the constants f = 39, ' = .03, o/o® =1

3/ My ¥ ¥
graph Glauber

X 0 0

%S foué ?ohv
e -080 2081
3 . <129 <129
Y 6L 6161
5 <180 -18L

The graphical method is seen to be quite good.

J1lustration of Use of Graphs

Critical Masn

To find ths criticel radius for £ = 0,39, £' = =0.03, o/c* = 0.5,
It williba noted that there is a mark, labeled o/c', on the transparent sheet,
which iies on the line o» = 1 when the sheets are superimposed., To adjust
to the mean {ree path ratio o/av = 0.5, shift the transparent sheet to the
left until this mark lies on the line ca = 0.5. Follow the line on the
transparant temper sheet marked f' = = 0.03 till it crosses the line £ = 0,39
ca the core sheet (interpolete between £ = 0.40 and £ = 0.375}. Road the value
of aa at the crossing point, on = 1,29. This is the critical radius in units
of tha core mean free path,

M¥ujtipllication Rate

To find the multiplicetion rate for £ = 0.3, £ = -0,03, ca = 3.0,

" 6=~ see PO

+ if),,::o“a(l + £') and '8 = 08, One

-
® Bra g

0% = 3.3, Compute the valued of ap(}

S emnmn Aaa
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gbtaina

ca(l +f) = 3.9, ofa{l + £') =3.2, ¢'a - ca = 0.3,
To adjust for the msan free path difference, c'a - oa = 0,30, shift the
%ransparent sheet to the left by 0,3, i.e. a0 the right hand margin llios

on the line Ga = l.7. The curves for ca(l + £) = 3.9 and o'a(l + £9) = 3.2

—

aross at ca = 3.427, Tho multiplication rate, ¥, is then v = (Ga/ca) - 1

(3.427/3:0) = 1 = 0,142,
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i 2 . L o.-
LJ L ] e . - - -
e L% e oo %
a o
s sac o ¢ o sse ..O
o e s
~

et HNCLASSIFIED

n - -~
S ~

L X X ¥

APPROVED FOR PUBLI C RELEASE - — ..






APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Y
1

APPROVED FOR @lBLI C RELEASE






APPROVED FOR PUBLI C RELEASE




