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ABSTRACT

Methods for caloulating the opacity of materlals at high tempera=

tures ere discussed in this reporte Minor improvements are outlined for

the treatment of continuous absorption processes, and a small error usually

made in treating the scattering process is oorreoted, In contrast to all

previous ocaloulations of opacity, the effect of line absorption is carefully

examined, for it may well be the dominant proocess under certain conditions

of temperature and densitye Detailed methods for calculating the line

absorption contribution are, therefore, developedes To illustrate the

principles involved, the opacity of pure iron at & temperaturs of 1000

volts and normal density is worked out in detail, For this case, the ovecity

is 20.2 cnz/gram, corresponding to a mean free path for radiation of 631 x lo-scm.

The ratio of the opaeity including line effects to the opecity without lines

is 8.2 .
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GLOSSARY OF NOTATION

- A Reciprooal length, defined by (6.21).
& A Helmholz free emergy, (AI.4),

#, Bohr radius = ,5291 x 10"% cm,

&,y defined by (5472), (6446),
a;' radius of ionic sphere, (4.24)

Bz _ M in (5.33)
2kTu
93
B - 2% o =Y 45 derined by (3.8)

-_~U
“ 02 le

. b (¥)) dispersion factor for line absorptions (2.6)
b' (u) dispersion factor for line absorption (5.1la)
. ¢ velooity of light
0 o(€p) density of states of the free eleotron per unit emergy interval (2.29)
‘\(- 033 degeneracy of the ith ionic level
cp demsity of initial state per df (2.26)

3
Dz u” Me  reduced absorption coefficient (6.20)
A

E, energy of quantum state a of an ion (2.4)

Ej energy of quantum state J of entire system (4.,11)

o positive electronic charge
. fba’fi electron number defined by (2.3)

F(¥,w) function defined by (2,34)

By, p (¥) Gaunt factor for bound=free transitions (2.22)
- »

gﬁ.(a/) Gaunt factor for free=free trensitions
Epp Average Gaunt factor defined by (6.27)

Bk (u) Frequency factor (5.82)
“. £ mi{u)  Frequency factor (5,71)
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Glossary of Notation (continued)

h Pla.mk'a sonstant

A= h

2

I(2/) Specific intensity of rediation see (2,2)

Ionization energy of an electron bound in the n shell, (2.21)
Mean opacity coefficient per unit mass om?/gm.

Boltzmenn's constant
Wave number vector in direction of propagation,(2.1)
Mean free path for radiation of frequencyz{ (3.15)
Mass of absorbing atoms, (2.16)

Grem atomic weight K (6.1)

Number lines in Kth class, (6.44)

5B B K §> whowo W

Mass of electron, (2.3)

No = 6,023 x 1028 Avogadro®s Number

XD Number of atoms in initial state b (2,9)

ny, Number of bound electrons

ns Number of free electrons

n = n+ N, Total number of electrons in system (4.8)

N Total number of atoms in system (4.6)

Nz Number of nucleii of atomic number Z in system (2429)

n, Initial stete of the scattering particle (2432)

f  Unit vector (3.17)

T, Aversge number of quante in each rediation oscillator (2.1)
n(€ £) d(&) Number of states of free electron in energy interval a( €r)

n(i'r) d% Number of electron with velocity veotor betweenv andv + dv (3.3

Pe 1 (545)
“T+r

P Pressure, (6417)
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Glossary of Notation (continued)

P Probability given by (4.,13)

Q Electronic partition function of the system (AI,1)

q Availability of final state (2,29)

r=_M = ratio of line absorption %o continuous background (5.5)
Mo
. Value of r“ averaged over the bound wave functions (4.,27)
r,- _e 2 Classical electrons radius (2.34)
me

Rho  Rydberg energy = 13,607 volts (2.25)
S(u) Stromgrem function Tabulated in Table VI (6,30)
s Eq. (5.11a)
S Entropy (AI,11)
T Absolute temperature (2.16)
u= hY as defined by (3.8a)
T
v Volume of system (2,9)
Sum of Couloumb and exchange electron intersctions (4.12)
w Transition probability as defined by (2,1)
w = Cos©@ (2,34)
w:.b () Trensition probability for spontanecous emission (2.10)
wib () Probability for induced emission (2.11)
2' Effective nuclear change (2,25)

Z* Effective nuclear charge (6.7)

A Effective nuclear charge (AI,15)

oL = ez/hc = 1/137,03 fine structure constant
ol! See (4,13)

0<I/ See (4,17)

% kT is free energy of electrons (4.4la)

a(j Dirac velocity matrix for jth electron (2.1)
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Glossary of Notation (continued)

<
1

-

¥ Dimensionless half breadth, defined in (5,21)
AT xT

Breadth of spectral line (2,15)

b7 (2.3¢)

mcz

€ Direction of polarization (2.1)

€ (r) Potential energy (4.49)

€

(h‘,_’

i

mi
o

%

Energy of free electron

Ionization energy of the ith electron (4.22)

Average energy of electron in ith state (AI.10)

Scattering angle (2.32)

Rosseland mean=free path (3.18)

Mean free path ignoring lines (5.7)

Contribution of lines to Rosseland mean free path (58)
Absorption coefficient, as defined in (5.3)

Absorption due to continuous processes alone (5.4)
Absorption due to lines (2,9), (5.4)

Soattering coefficient, i.e. inverse mean fres path for scattering. (2.33)
Frequency

Density (3.25)

Soreening constants, defined by (4.23) Tabulated in Table II
Surface element (3.1) .

2
= 87/?_9_;_2 = .6654x10'24 cme Thomson cross-section (6.24)
3

me

5{&(?/) Absorption cross-section. Eq, (2.8)
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Glossary of Notation (continued)

0 ¢¢ Electrostatic potential, defined by (4,26)
a ¢ Differential scattering cross-section (2.32)
.kk Electron wave function (4.2)

. {1y Density of states, defined by (4.14)
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The opacity of materials at extremely higzh temperatures is important in the

I, INTRODUCTIOR

study of stellar interiors. As suoh, it has enzaged the interest of astrophysi-
oists for the last thirty years, The most recent study of this problem is by
Morso(l). Following the tradition im the fleld, Morse comsiders only three funda=
mental processes as contributing to the opacity = photo=electric absarption (bounde
free transitions), collision absorption (free-free transitions) and Cohpton scatter-
ing, Tt was pointed out by Edward Teller that a fourth process, line absorptlon,
might often prove to be the determining ome in the opacitye A% his suggestion,
therefore, the problem was investigated anew,

Previous workers(a) had recognized that sufficient absorption strength was
present in the line spectrum to inocrease the opacity by factors of 2 to 4 It
was argued, however, that individual lines are extremely sharp, end although they
are very strong compared to the continuous ebsorption procesgses, they would simply
make a very small region of the spectrum opeque to radiation, Since the mean free
path for radiation (vreciprocal of the opacity) is a weighted frequency average
of the reciprooal absorption coefficient, the blackness of these small regions would
not appreciably alter the mean free path, Teller pointed out two reasons for sus=-
peoting these comolusions: 1) Individual lines were apt to be very much broader
under the extreme temperature and density conditions of stellar interiors than
under normal terrestrial comditions 2) There would be an enormous number of
lines arising from the complicated electrostatic interactions at these temperatures.

The reasoning behind these suspicions is qualitatively very simple, At high
temperatures, an element will be found in many states of lonizatione Furthermore
each ion type will exist in a number of exoited states, For example, calculations

show that iron at temperatures of 1000 volts and densities 5 times normal, i.e. 393

(1) Astrophysical Journals 92 pp. 27-49, 1940, U N c l. AS S ‘ F l E D

(2) Menzel and Perkeris: Monthly Notices of the Royal Astronomiocal Society, V., 96,
Pe 77, (1935); S, Rosseland, Handbuoh dor Astrophysik, Ve 3' 3 tells
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grams/%ms, (conditions availadle in stellar interiors) will have on the avarage 2 K
eleotrung, 1l.24 L elsctrons, 1l.10 i electrons, etc. = in all a total average of 4¢3
bound electrons, We may expeot appreciable numbers of ions with from 2 to T bound
elactrone Moreovar of the ions with say 6 bound electrons there will be some with 2K,
4L, others with 2K, 3L, 1Y, still others with 2K, 2L, 2M, and 80 on. Tach configura-
tion of these ions gives a rather complex line spectrum - the total number of lines
from the assemblage will be enormous. MNixtures of elements will give even a richer
line spectrunme.

Among the causes for linme broadening are 1) Natural breadth; 2) Collision
breadth; 3) Stark breadth; 4) Doppler breadth. Each of these is much more important
at high temperaturss and densities than at ordinary conditions. Because many electrons
are in excitad orbitals a large number of emission transitions can degtroy the initial
state of an ion. In addition the intense temperature radiation present can induce
absorption transitions. Both effects enhance the natural breadth. At high temperatures
collisions with free electrons will frequeuntly occur - a process almoat euntirely
excluded under ordinary conditions. Moreover the high velocity of the ions creates
an appreciable Doppler broadeninge It also enables relatively high oharged ions %o
approach so close that enormous fields are available to cause Stark broadeninge.

In many oases the lines will be 8o broadened as to form a virtwally conbtinuous absorp-
tion band, very effective in producing high vpacitye.

I% will be realized that it is the high excitation of the material, combined with
the pervading electrostatio interactions that makes line absorption so important a
feature in opacity calculations. Previous treatments of the problem essentially
neglected all these interactions except those between a nuoleus and its own bound
electrons It was felt worthwhile to include these interactions in some moderately
satisfactory form in order to insure the accuracy of the calculations of the line

absorption. This problem is treated at some length in Chapter IV of this papers
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An immediate byproduct of the statistical mechanical calculation which is there per-
formed, is the thermodynamic properties and the equation of state of material, It is
gonerally assumed in work on stellar interiors that the material obeys a perfect gas
equation of state with an effective number of particles equal to the sum of all the
electrons and nuclei in the system. In Appsndix I, the appropriaze modificasion of
the equation taking into account the presence of bound elsctrons, electrostatic inter-
actions, and a small correction for relativity effects is given.

The comploxity of the line spectrum precludes any straightforward attack on the
problem, Taller, however, when he proposad considering the line absorption, also
suggested the use of a statistical method of finding the contribution to the opacitye
The method is developed in detail in Chapter V which counstitutes the significant new
contribution to the study of opacitye.

During our reexamination of the opacity problem, Dr. Maria Mayer noticed that the
scattering contribution has always been treated by analogy with the absorption=-
emission contribution. This proves to be incorrect, although the numerical error is
small, The differsnce between the two types of process lies in the effects of induced
emigsion and induced scavteringe. The presence of induced emission strengthens a bean
in its passage through matter, thus tending to reduce the opacity. In the scattering
process, on the other hand, the induced scattering out of a beam compensates for the
induced scattering into the beam. The correct calculation of opacity due to scatter-
ing therefore gives a resuli greater (actually 57 greater) than the conventional one,

Although there are many features in common, the treatment of the opacity of
heavy elements, is different in many details from the treatment for light elements,
This results because the relativistic effects completely change the nature of the
line spectrum of heavy compared to light elementse A conpanion paper %o this by

(3)

Boris Jacobsohn , gives specific avtention to the calculation of opacities for the

(S)Dissertation, Univergity of Chicago, Dept. of Fhysics, 1947,
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heavy elementse

The author wishes to thank Dr, Maria Mayer and Dr, Edward Teller for suggesting
the problem and for much valuable asgsistance in attacking it. It is a sincere
pleasurs, moreover, to acknowledge my indebtedness to Dpe Boris Jacobsohn for wmany
discusgions on every phase of this provlem, and to Mr. Rudy Sternheimer for his
valuable work on line broadening without which this paper would have little practical

significance,
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II, THE PROCESSES CONTRIBUTING TO THE OPACITY

Any process capable of removing guante from an incldent beam, or emitting
quante into thet beam must be considered in the opacity problem. The most
important of these processes is simple absorption and its inverse, Im this
case a quantum is absorbed by an atomic system, its energy being transferred %o
exoitation of the electrons, We may distinguish with profit three different
types of absorption. In the first an electron in a bound state of the atom is
excited to another bound state, This is the familiar line absorption. In the
second the bound state elestron is rernoved from the atom, going into one of the
continuum of free states available, the usual photoelectric effects In contrast
to line absorption, this process is possible for any energy of the incident quantum
greater than the lonization energy of the electron. lastly, an electron in a free
state may absorb energy by a transition to another free state, Any amount of energy
whatever may be absorbed im this prooess, The inverse processes to the three men-
tioned are, in order: line emission, olectron capture, and Bremsstrahlunge

A second absorption process is pair production with its inverse process
annihilation,

The last group of processes is scattering. Here an incident quantum is
deviated from its original path by an atom or electron. If the atom remains
in its initial state after the scattering, we have ordinary ooherent scattering;
if it does noti, the phenomenon is known as Raman scattering. A special case
oceurs if the frequency of incident radiation 1s equal to the frequency of an
absorption lire of the atom, Scattering by free electrons iz termed Compton
scattering.

The remainder of this chapter givos the transition probabilities for these

processes,
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1o Line Absorption

The three types of simple absorpiion = line absorption, photoelectric absorption,
and absorption due to free=free transii;ions differ only in the nature of the
initial and final states of the atom, It is therefore possible to develop the
treatment of all throe at once up to an advanced point and there introduce the
differences,

The transition probability for the absorption of a quantum of energy hv/

from an incident beam is

-

€.x

[

(2.1) " afl = -.1;70—— 7/;;/ dﬂ‘?é}.z ,il?o;j) blz
a

In this formulao—% is the Dirac velooity mafirix for the jth electron, -é is the
direction of polarization of the incident light beam which has the wave number
vector ¥ in the directicn of propagations The matrix element comnecte the ini-
tial state of the atom b with the final state a and is averaged over all directions
of polarization and orientations of the aton - which latter is the same as the
average over directions of propagation of the light. The inoident beam has omn the
average T quente in each radiation osoilletor, that is the intensity of the beanm
directed within a solid angle al) is
(2.2) I) davalls hwe Ty 225%.’.@.@

]

It is oonvenient to introduce the eleotron number defined by

2mo? PE &

_ 2ot x..o & JolEN

(2:3) £y, = B30 c;_ ((ocj Ee )ab .
where

(244) hy, =z (Eq = By)e

This definition reduces to the usual one for one electron atoms in nonerelativistie
approximetion, when elkeT 34 replaced by unity ~ the conventional dipole approxi-
mation, Combining (1), (2), and (3) we get the transition probability as
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(2,5) | Sy

In any actual physical system the absorption is not confined to a single fre-
quenoy, but it is posaible for a range of frequencies in the neighborhood of %b.
Wo shall therefore introduce the dispersion fasctor for line absorptions bypa(2) vy
the definition that the probability of absoring light of frequency between 2/ and

2% A2/ by the transition b—»a is

(28)  wy () awaQ: TE Wb fy I A0, ) 4,

2!

The dispersion factor will have a sharp maximm at 2/ g 2, and furthermore
(-1
@n [ o) avs.

The absorption oross-section of this transition per atom for light of frequency 2/
is then

(2.8) ¢h(1’ = h—;— ba bba(y)'

where we have put 2= 2 in the slowly varying funotion of frequency multiplying
b(2)e From ths crossesection we got immediately the absorption coefficient or in-

verse mean fres path for line absorption

ORI S p ) T L T i boald s

where NP is the number of atoms in initial state b, and the summation extends onr
all transitions which may absorb the frequency 2/,

The inverse process, line emission, is the sum of two terms, one for spontaneous
and one for induced emission, The trarsition probability for the spontaneous emission

of a quantum h2) within a solid angle dﬂdue to an atomic transition from state b to

a is

(2410) S (v)dvd(l,—-r 22 |fablbab(zl)dzldﬂ,
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while the probability for induced emission is

2
(2411) . )avals T ,faJ .I_}(l% by ()d2/d12,

The quantum theory moreover gives the general result required by thermodynamics

that
(2012) [r,,,, Tt 1 bu,) b

so that
wap(?) 2P 1
(2.13) f'%:-(_‘—)’ -1 *—0—2—--]—16)' .

An adequate discussion of the electron numbers is given by Jaoobsohn(l). He
considers an ion with only one eleotrin and treats different order terms arising
from the expansion of the factor eﬁ;'r in (2,3)s The leading term gives the major
fraction of the electric dipole strength, Numerical calculations for this term
in the nonerelativistic case which extend and correot similar caloulations by
Bethe(z) are presented in Table 1 of Jacobsohn's paper and are reproduced here
in Table 1, It should be noted that the £ number in these tables is the average
from a level (nd) to a level (n'.Z) found by summing over all states in the final
level, In order %o divide the f number properly between the transitions

nj;j —>ntl'5' we use the relations

r!}[k »n'l'xp1 = WA AN
(2018) fnlkeon'd k-1 3%%1‘1 fnlwnrl ,

el () RO fwlond!

where |kl = j#3 and ke ,Z or -iﬂ&l), k boing the guantum number which replaces /Z in

the Dirac theory, Jacobsohn also presents some formula and tables for the relativistilo

eloctric dipole and non=relativistic electric quadripole oscillator strengthe

1) Ope Cit,

(2) H, Bethe, Handbuch der Physik (2nd Ed,) 2 V, Part 1, ppe. 443,
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10
For approximate calculations, and to preserve the analogy between treatments
of line absorption and continuous abscrption, we may use an asympbotic expansion
for the dipole £ number (emergy of transition h2/) of a hydrogenic atom averaged

over all initial states in a shell of the principal quantum number ne This is(:")

6 =3 g

-— 2 1 1l l b
2.14a b - = =7 =% —

(2414a) nR T Ay /3 § n m® } nom on®

where m is the principal quantum number of the final, n of the initial state, and

1/3 2
RhoZ
(2.14b) gb ~1 = 041728 (‘R'hfgé) .[;2;5 E:) - ] * enscece

This expans ion becomes better as both n and m increase,

The dispersion is due to the finite breadth of the atomic-states in the system
caused by the interaotions with light and with other particles. This problem has
been treated in a thorough going fashion in an unpublished peper by Re. Sternheimers
For dispersion caused by the imteractions with the radiation field, the line has a

natural breadth 3;%." and a dispersion
Yba

(2415)

= ¥
bba(’)) - 4“,_2(2/- 7/0)2 "___4_:59-_

We note that when 27 ( 2/= ;{,) ,Iizz& » %he cross-seotion has fallen off to half its
maximm value, Interactions with fast electrons will cause collision broadening

of the lines with the seme dispersion f'orm as {(2,15). However, interaoctions with
slow moving particles like neighboring nuclei are best treated by an adiabatic
approximation and the dispersion curve then falls off expomentially with distance
fron the line ocenters, Another cause of exponential type dispersion is the Doppler-
Effeot which glves

I \\&
(2026)  B(v) =) Mo® ("’z‘) ¢ exp-,(;“gj__(y‘vab)z
2 kT \ Ygp LZk‘l' }/azb

M being the mass of the absorbing etoms and T the absolute temperature.

(3] Monzel and Porkerise Ops Cite
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2o, Photo-electric absorption,

In the ocase of line absorption we foundi a nonezero probability for absorption
of frequencies differing slightly from that of the atomic transitions due to the
splitting of the atomic states into a continuum by interactions with, for example,
the radiation field, For boundfrec absorption (photoelestric absorption) the
final state is already a member of a continuum, and we will therefore have a
finite absorption probability for a continuum of incident frequencies, The
probablility of absorbing light with frequenoy between 2/ and 2é A2/ 1is from
(245)

2
e I(¥
(an  mpmev ZE I L g .
all &
in av

The oross section may therefore be written as

2
a
2018)  Ppe0) 2 = T T o

where by ;‘f};{ we mean
av

af b ¢
(2.19) e . Z bfi for A2 smll,
JE g oF

in AV

The absorption coefficient is, then
(2020) /‘bf(y) - Z ; %f (3/)9
b

where the sumafiion is extended over all stafes b which oan absorb the frequency 2/,

Naturally preciusely the same expression (2,13) as in line absorption relates the

probability of the inverse process of electrom oepture with photoelectron absorption,

We shall follow historiecal precedent in transforming (2.18) and (2,20). When
Kramers first attacked the problem of the photoelectrioc effect using the machinery
of the o0ld Bohr theory, he found the cross-section for a complete shell of principal

quantun number n to be

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE
wlZe

2
5 2 In
(2421)  Pople) = 2 —-"; =5

vhere In is tho ionization energy of an electron bound in the n shell, Later

[
4) and Stobbo(s), computing the cross section with the new wave

workers, Gaunt
mechanics, expressed their result in terms of Kramer's formula (2,21), eorrected
by a faotor, the so=called Gaunt factor g It is useful to retain this notation,
since Menrel & Pelmris(e) have shown that the Gaunt factor g per electron is close
40 unity when averaged over a complete shell for transitions to free states nesar
the jonizetion limit (the region of interest in opacity calculations)e To rewrite
our ocrosg-section (2,18) in terms of this notation, we define the Gaunt factor by

2
(2022)  gpe (u):ig-l’-" n(l‘-;-’;) y ot

Thus (2420) becomes

Nb 24 e (
(2023) /br(ﬂ} = Z'; v /—— m° nh;j ha/ gbf(ﬂ).

As defined here, the f number, and hencs the Gaunt factor refer to atomic transitions
and o is the atomic ooccupation number., It is frequently more convenient to use f
numbers sand hence Gaunt factors per electron. The atomio occupation Nb must then be
replaced by n;, the number of electrons in the initial state capable of absorbing
the frequency 3/, The transition probabilities must then be multiplied by a factor
q, the probability that the final state will be available, For non~degenerate free
electrons this is practically unity.

A discussion of the Gaunt factors with numerical tables is given by Jacobsohn,
He shows that for absorption by L electrons, the dipole Gaunt factors for individusl
transitiors varies considerably from transition to transition end moreover vary with
frequenoy, especially in the regionm near the ionization edgee The average Gaunt
(2)

5
( )n. Stobbe, Ann, deo Phys, 2 ppe 661 (1930)
(6)

Op. cit.

Je As Gaunt, Phil Trans, A 229 pp. 163 (1930)
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factor per electron is, however, close to unity, Moreover using relativistic wave
functions, while it drastically effeots the results for individual transitions,
has little effect on the average, even for the very heavy elements, The Gaunt
factors for quadrupole transitions are smaller than those for dipole transitions
by the factor «13(20)° for the L shell et the ionizstion 1imit otz -i%— = fine
structure constant), and even smaller i'or the higher shells. For many cases,
therefore, it will be a sufficient approximation to replace g per electron by

unity,

3. Free«Free Absorption.

The ability of an electron to absorb light depends on its binding to & nuocleus,
for a free elestron cannot oonserve momentum in sbsorption, Hence we expect &
tightly bound sleotron to have a muoh larger photoeleotric cross=section than a
loosely bound one, and therefore the free-free transitions should be a small effect,.
There are two factors which nevertheless make it worthwhile to consider the process,
In our highly lonized medium a great pcrtion of the electrons are free--in extreme
ceges there may be no bound electrons at all, Furthermore, absorption by a bound=
free transition can only take place for frequencies higher than the ionization
potential for 1emoval of the electron in quostion, For low frequencies the free=-
free transition may be the only possible onv, or at least can compete favorably
with a bound=free transition of a very loosely held bound electron.

The transition probability from one definite initial free state £ to a
range of final free states with the absorption of light of frequency between

2and Y$ A2 4s of course the same as (2,16) for the bound-free transitions.
However, the same frequency can be absorbed by starting from any initial free

state, Hence, to find the absorption coefficient, we must multiply the oross seotion
(2¢17) by the number of électrons per unit volume :(_‘;fl ag £ cooupying & range

of free states between Er and El‘ ¢ dﬁr and integrating over all energies, keeping

7  constant,
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2 Af,.,
(228) A4 @) = ‘/{:; n(‘frg) 7:: d‘;j d€Epe

Menzel and Pelmris(") derive an esymptotic expression for ig-%:- whose leading term
is that given by the Kramer®s formula, We can see heuristically what the result

must be by analogy with their asymptotic expansion (2,14a,b) for bound=bound transi=-
tions, If the $nitial free state is specified by & quantum number f, and the final

free state after absorption of light energy hz2/ is specified by k, then

2 12
(2425) Rhe2'! RheZ
(a) hl’: Ek - ff H (b) ff H4 f2 (0) ek H kz
where Z' is ths effective nuolear charge, The f number for this transition is obe

tained from (2.1%a) by replacing n by if, m by ik, the degeneracy 2n® by oy, the

density of initial states per df, and the bound Gaunt fector g, by & free-free factor

gppe Using the relations (2.25) we obtain
3/2
6 3/2,8 &, g
Z £f
(2426) £, 2 =—tome Lllls.l__r .
fk “ s/sm  (hv) ¥ £
whore
. nw \V° 28|
(2027) Bff e 1¢ 061728 Rhoz'z 1 $ hv" Y XY
Then
) 3/2
ae ax 2> gm)%z' (E¢)
- f o e—— S
@28) T I BIGET @) op “et

It might be thought at first that a factor of 2 is lacking from the above equation,
since the number of states within a frequency 42/ is 2 % d2/, sinoce each level k mey
have an electron with either of two spins, But for a dipole one electron transition,
the fﬂ: would be zero for a change of spin direction, so we need count only the
stetos of ome spin,

We now substitute (2.28) into (2,24)s We shall later show (see Chapter IV) that

-]
n(&p) = o(E,) %«" +"55‘4,1§ » where o(E,) is the density of states of the free

") 4n1a.
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electron per unit energy imterval and f= 1/kT, We obtain from (3425b)

N o L

A “Z t 4. 3/2
o(€g)/ep = 3" dfp/de = 3" (Rho )3 ; /f-f / where N, is the number of nuclei of atomie
number 2 in our system and the factor 2 takes oare of eleotron spin. Gathering

together the terms gives
o B34 dzf

oy 5 2t he? (Rhe)z'? ”Zf '
(2.29) A4yt (2) -Zz"%'n‘ o (ho)S v J (:L./6§§1)

where a factor q for the aveilabllity of the fimal state has been added, For none
degenorate f1ree electrons we may safely neglect the term 1 in the denominator end
put q=l, Then the integral gives l} g-d" so that

2 h’ Ehe mr; Mg 2% o=
L -H~

(2030)_tge®) 2 {Zme”™ lf ¥ ° B
where

_ [ r \V IR
(2031) &pp & 1% .,1728 mczvz kT l% hvie

and " 1s given by (4.41a) below,
Just as with photoelectric absorption we have the relation (2,13) for the

probabllity of the inverse process,

4, Pair Production,

To produsce a free electronepositron pair requires inecident quanta of energy
at least Zmez, while even the production of a bound electron and a positron ree
quires energiss greater than mcz. In all our discussions the temperature will
be so low that the amount of radiation of such high energies is neglizible, We
may, therefors, safely neglect pair production, Moreover there will be practiocally

no positrons in equilidrium at these temperatures and so we may neglect the inverse

process of annihilation,
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6 Soattering.

The oross-sections for scattering - ccherent, Raman, and Compton = may be

(8)

found, for exsmple, in Heltler ‘s There, however, the case in which initially

only ome quantum is in the radiation osciliator of the incident beam and none at

all in the scattered beam is considered, In order to find the transition probability

we must multiply these oross-seotions by the incidemt intensity and by a factor
(1¢% 'ﬁ;), ib being the average mumber of quenta in the radiation oscillator of the
soattered beam, The term in ny, is the indwied scattering.

Consider then an incident beam in the direction specified by the veotorzz.
having speoific intensity Iy Q-;. The probabllity that a transition will take

—
place, scattering a quantum of energy " in a direction specified by,g' within d.o.'
is

g
F
L

(2.32) avanan = afl :},no,m

'Jjo]}’no

dydﬂ{ 's Iv'(ﬂ ) [

where n, specifies the initial state of the scattering partiocle, Ois scattering
angle and df is the usual differential scattering oross section, The scattering
cceffioient, i.e., the inverse mean froe path for scattering is then
(n,)
(238)  _4() 2 & T 0wy 'y 4
no _D.. (

where the sum sxtends over all states which oan scatter this frequency.

_Q' hia/

L5790

For Compton scattering from free ¢lectrons initially at rest, the differential

oeross section is

a ]
(2.3¢) 4P (,0,3) :f—;- a2 F( yow),
1 b )
F(yw) =
" [11-;(1«)]2 (1w3)(1§r[1-wl)
W = 08 0,

¥ = lul/moz, end r, = »z/mo2 = olmassiocal electron redius,

(8) W Heltler, Quantum Theory of Radietion, pp. 129-157,
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To f£irst order in )y, this reduces to
- 2
(2.35) 4P (240,0) s —§ aQ’ (14w?) [1-23«1«)]

which is sufficiently acocurate for our purposes. To get the oross section for

scattering from an eleetron moving with velooity"IT, we simply apply a Lorentz

~ - AMA
transformation, The result, to the same order as (2,36) is §>§:’§‘?§;
é 2 > Ayl
AP @3,0) = To so (1ud i ) ; i
(2.36) *Vs = a8 () 0 - 2x(1w)]

+ l;_ cos & < (vz/cz)[‘,,oz,zd.,, %_) # (cosd = ooad-')z(l-wa)']]} .
Another relation we shall need is the connection between inoident and scattered

frequencies

hy 1 hy . 1 ' *
(257) B3 S THER 5wl S ae (e P 0 WY/t

The Kramer?!s-Heisenberg formula for coherent or Raman scattering gives a cross-
section which, except for frequencies near a resonance line of the atom, is of the
same order of magnitude as (2,35), This formula gives the scattering contribution
of bound electrons, Now there are usually many more free electrons than bound
so that the mejor part of the scattering will be of the form (2,36), Moreover,
the scattering cross=section for bound electrons is generally small compared to the
photo~electric cross-section, We will, therefore, never cormit a serious error if
we use the corosseseotion (2,36) as if it held for £ll.th° elactrons, bound and free,

The question of resonance scattering must now be disposed of, for the oross-
sections then become exceedingly large and it would be improper to use the simple
formula (2.36). Heitler discusses Jus® this question and he concluded that if
the atom is irradiated by a continuous speotrum "the resomance fluorescence behaves
with regard to the shape of the line absorbed and reemitted exactly as if two ine
dependent processes, an sbsorption and a subsequent emission took place,” We must
not regard absorption and resonance scattering as two independent fates which may
overtake an atom, but rather consider that an atom may be excited to an intermediary

state, end either remain there, in which case we have true absorption, or else re-

turns to a lower state in which case we have resonance fluorescence. In calculate
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Ing the total oross-section for all processes, we see that resonance fluorescence

I hes been included in the term for line absorption,.
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III., THE OPACITY CCEFFICIENT

The opacity coefficient is a partioular weighted average of the sbsorption
coefficient discussed in the previous chapter, This relation results from a
consideration of the equation for energy transport by radiation. A very complete
treatment of this equation of radiative transfer and the solution appropriate to
stollar interiors is given in Chandraseldmr(l) o Chandrasekhar's disoussion, how=-
evor, is restricted to simple absorption and emission processes, Other wor]mrs(z)
in the field of stellar opacities have, by snalogy, used the same relations for the
scattering process, or combinations of scattering and absorption. It was pointed
out by Dr, Maria G, Mayer that this is only approximately true: for pure scattere
ing, the error made overestimates the mean fi'ee path for radiation by 5%. Although
the difference is small, it is necessary to see how it arises, We shall, therefore,
repeatt:;sconventi.oml derivation of the opacity coefficient, inecluding the scattering
terms,

We shall first write the equation of radiative transfer in terms of the
quantun mechanical oross-sections or transition probabilities discussed in
Chapter II, We consider a beam of photons having onydy d{ldo- quanta of
frequenoy between 2’ and /4 d3/ travelling within the solid angle d{2 of a
specifio direotion, and normally incident per unit ¢time upon a surface element dC-.
The specific irtensity of the beam is then I(2) = h/o ny. In traversing a length
ds in the direction of propagation some photons will be absorbed or kmocked out of
the beam, while others will be added to the beam by emission or scatteringe The
nunber absorbed from the beam in unit time is
(3e1) Absorbed = [ .. () d:)d.Q'gb ds do-

be
The sum is over all transitions, bound=bound, bound-free, or free-free, whioh can

absorb the frequency 2/, The number emitted into the beam per unit time is

(1) s, Chandraseihar, Stellar Strusture, pp. 198-213

(2) Morse Astrophysical journal, 92, p. 30, 1940,
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(3.2) Emitted = Ciy wey(2) dv af2 1"; ds 4o~ .

The number per unit time scattered out of the beam 1s

(343)  Soattered out = f ,f .EC*?.‘) & wy yla 4y anan’ ds do-,
.Ql
whore n(¥) d¥ is the number of electrons with veloolty vector between¥ and

¥ $ d¥, The number scattered into the beam is

b - " !
(S.4) Soattered in g f] -% (¥)av w Vv d¥ dg af) as do
v
Adding up the 4 comtributions (3.1) to (3+4) with the proper signs gives the net
gain in number of photons d { onydvdlfld o-'} in the beam as it traverses ds in the

steady state, Then

on 2
(345) e-;;’-l = ém(ﬂ)%b['l*!: %%5;]

f !:) de (Wyu ])V dz) 2}2}"‘) d.{?—

Wo now 1ntroduoe the assumption that,at each point in our medium local

thermodynamie equilibrium exists, Then
- Ee"sb - h/gy
N

Furthermore introducing the relation (2,13), the terms involving absorption pro-

cessos give » u} "“ab
X e 21
%:.wba(v) e -1&-';—- m}

é,ff ()Nb -“ab)i’mﬁ Do)

hy ¢ 1~e~Yadb

Sinoce @b&(y) has a sharp maximm at 2= vab' it is permissible to put u,y = u in

2ll places in the sum except in ¢ba(3/).,
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With the use of definitions like (2,9), (2.20), we then get

(347) %Y(a'bsorp’cion) = _Aops ) (1 = e™) (By = Ip),

whére
(348) By =

2h2° o™¥

2 Jog-u’

c

hy

(3e8ea) Uz e

The terms involving socattering mey now be simplified by replacing the transi-

tion probabilities by (2,32), This gives

(3.9) 422 (scattoring) = £ :62) d.?f af( v, 0") 12 (L)
v n'

an
a 3/ 2 Iy (j)
e (1% 2hy 3
— 2 1y )
- dgs 1&?,0) Iy(/[) (1* 2“&2‘}“1‘3{"' d.a' °
aq! 2h v

It is worthwhile to note that sinece the orossesections involwve O only in the form
T

w = cos O, and since O' = -, it is permissible to replace @ by O, For the

simple case of Thomson scattering from elestrons at rest - the most important

case in practice, we get

2 71a2

dly n Fo = Iy (£)o

(3:10) —— (scattering) = ¥ ~Z7— f (1)1, L") (14 P B
ne
e Iy LZ" )c2
- wf) W) (i) a0,
2hvy/

It can be seen immediately that the terms in induced scattering ocancel exactly,
leaving

dIy sT . 2 7y Too 2 )
(3.11) (soate ) ,% - o0 Iy )+ 2 (Wa)Iy L )al2 T

L2
The exact solution to the equation of transfer for absorption alone may be

worked outs The result can then be expanded, the zero order term giving isotrepie
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rediation, and the first order term giving the diffusion theory type of approximae-
tion. It is only in this type of approximation that the Rosseland meen opacity
appears « however, the approximetion is an oxcellent one in systems we shall cone
sider, We, thorefore, employ this expsnsion to solve the combined equation (3.7)%

(3611), by putiing
. 3 y o1,
(3012) I:)  J IJ} ‘jy —a-: I;} "‘ B)Iﬁ 74 au L JRPSP

Substituting this expansion in (3,7) ard (3,11), and collecting terms not oontaining
-33-; I3, gives
-u °
0z s, (=" XBy=1Iy),

since the scatfiering terms ocancel to this orrder, Hence we must have

Tho terms in -‘%— ID give

o13 o4 1%
(3,14) -a-:-:- (L "o, Jj) :_/labs(ﬂ)(l-e'u),gy 3 (1 - -g; /zﬂ)

since the contribution of the integral in (3,11) is negligible to this order, In
order to satisfy (3.14)j.2j must be

1
015 - -

where

(s36)  _m@)=§ h b= xS

Thus wo see that in this epproximation scattering and absorption must be treated in

different fashion., The physlocal reason for this is that the stimulated scattering

tending to weaken the beam is exactly compensated by stimuleted scattering tending
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to strengthen the beam, On the other hand the stimuleted emission strengthens
the beam and ncthing can compensate for this. The effective absorption ccefficient
must, therefore, be reduced by the factor (l=e™%),

Using the zero and first order terms in (3,12) we can compute the flux of

energy of frequencies between 2/ and 2/ dz/

(3.17)  RF@lazs / neI(x)avals - -“-gf-,/ 2negrad By ay
o)
4m d o
s - —.;-ji/ T By 42 fegrad T,

where n is & unit veotor mormal to the surface over which the flux is desired, and
we have assumed that the spatial variations in the conditions of the systzxg are
solely due to a temperature gradiente The imtegrated flux is then-F_“g f F(¥) av,
By introducing a mean free path properly averaged over all frequenciea-:he so=called

Rosseland mean

& B av
L{L,Zz/a'fz/d

g
L ;ﬁ.-BydU

the integrated flux cen be written

(%.18) A=

- 4T dB
(3.19) Fa --3-' AWTE‘EO

where

2 artit g
- B 7}- [ ]
(3420) B-J yav s T %

The energy density may be found from (3412) sinoe

G [+

(3.21) “Jj:f .I%. dﬂ: _B_J_,d-a"oo .zﬂ By ¢
Q

whence oo

(3.22) u = f uy av z T B,
(]
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The first order term in /Zyin both these equations wvanishes identically, so that
(3.21) and (3,22) are correct to the same order as (3,19)¢ Combining (3.22) with
(3,19), we have

(3.28) F- «3 Agedu,

By introducing the expression (2.8) for By and (3.20) for B, the expression
(3.18) simplifies to

-?
(3.24) A= 4::4 jy v} e¥ (e¥~1) du.

The effective mean free path for rediation may be altermatively expressed in terms
of the mean opacity coefficient per unit mass K by the relation

(3.25) K ’E’%T .

e being the density. It is this quantity which is usually used in astronomical dise

cussions,

The effect of the present treatment of scattering, oompared to the usuel practice

in opacity disocussions is now olear, If there is no absorption, our treatment gives

ot -2
3426 S V. oot e® (e LY 1
¢ ) A" m 477'4 ‘/o'w; ve (e 1) au --/aseatt ’

while the conventional treatment gives

(= o]
-3
(3426a) - .._.4.15 Vo uleV(e¥e1) au g 2295 |
: A 4T f;’% v ° * Agoatt

In most oases of astrophysioal interest, scatbtering is not the most important process
involved and the error is correspondinzly much less,

We can now see in outline the stops meeded to ocarry out the caloulation of the
opecity coefflcient, We must first determine the absorption and scattering coeffi-
clents, This requires a kmowledge of the cross-gections listed in Chapter II and

the occupation number « the subject of the next chapter. The averaging process

indicated by (3,24) must then be carried oute
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IV. STATISTICAL MECHANICS OF IONIZED ATMOSPHERES

ls Introductory.

The methods of statistical mechanics will furnish the ocsoupation numbers
neasded in the calsulation of the absorption coeffiloient, The succeeding seoctions
develop & convenient method for performing this calculation to good approximation.
Ta additlon, statistioal mechanies gives & description of phenomena related %o
the breadth end dispersion of speotral limes, This angle is discussed in sec-
tions 6 and 7., Lastly, it is a simpls matiter to calculate the thermodynamie
fwmetions of owr material once the ocoupation numbers have been treated, While
this is not sobtually needed in a calculation of the opacity coeffieient, it is

an extremely useful byeproduct, We carry out this treatment in the Appendix I,

2, Quantunm liechanioal Desoription of the System,

We assume that the system we deal with iz in thermodynamic equilibriun at a
temperature T and occupies a volume V, Although our entire system is not in such
an equilibrium, the gradients of the thermodynamis variables are so smell, that we
may consider that at each point such u local thermodynamiec equilibrium does exist,
Furthermore, the temperatures we disciss will be so low that we may completely
ignore nuolear reactions and pair production, Then we may desoribe our system
as oomposed of N nusclei of whioch Nz have atomic number Z, assooiated with n

oeloctrons just sufficient in number to make N neutral atoms, That is
() N:Z2 X, ns C. 2N,
Z z

Clearly we have a system of many partioles with strong imteractions. Following
the usual method of separating out the effeets of the nuclear motions, we then
express the eleoctronic wave function of the system as a properly antisymmetrized
produst of one electron funoctions obeying the Hartree-Fook Equations(l).

(1)
F, Seitz, Modern Theory of Solids, pp, 243 ff,
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.
The esserntlal features of the one eleotron wave functions are appareni
from physical considerations, and may also be derived by inspection of the
Fock Hamiltonian, For large energies, the kinetic energy term in the
Hamiltonian dominates, and the wave functions approach those of a free
electron, They are, therefore, independent of the positions of the nuclei.
For low energies, on the other hand, the intsraction term with the nuclear
potential becomes of equal importance to the kinetic energy terme Because
of the singulsrity in the potential at the positlion of each nucleus, the be=
havior of the wave funetion at any position is largely conditioned by the field
of the nearesi nucleus, secondarily by the nearest nelghbors, and is hardly
affected by more distant nuclei, We, therefore, expect that near a nucleus,
the one electrron funotion will approximate the shape of the atomio wave funce
tion of the isolated ion. In this extreme the wave functions depend only on
the distance from the nearest nucleus = and are independent of the relative
position of the nuclei, just as for the free eleciron extreme,
A model which embodies these essential features is the orystalllne solld,
At first sight this appears to be a violent distortion of the actual state of
the system, since we should not expect any long range orystalline order at the
hizsh temperatures with whioch we deal, The model will, howoaver, provide the
proper qualitative features of the wave functions for a system of many nuclel
throughout whioh the eleotrons are free to roam, Naturally, any features
characteristic of the striec} periodiecity of the lattice are simply introduced
artifiolally by our model, Those features of the orystal model, however, which
depend on near neighbors only should e.pply to owr system, for there will be a
local orderinz effect sorresponding to that present in ordinery liquids,
Preeclsely, as in the usual theory of metals, we can use the Block approxi-
mation of periodic wave functions for the electrons. In the low energy oase

the energy levels will correspond olosely to those in the isolated ion, except

that e single ionic state is Ny fold degenorate, This results because we can
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construet Nz independent periodic Bloch functions from the Ny zero order
function, each of which corresgponds tn the electiron being on any one of NZ
different lonss This degeneracy is removed by interactions with neighboring
nuclei, so that fimally we shall have in owr orystal a narrow band of N; states

in the neighborhood of each state of the isolated ion, The wave functions are

of the form

i 2 1k°T Feop
Z e n “(r"’rn) ']
n-l

1
(4o2) xk - 7_n-72-
vhere a(?-;n) is an atomic wave function with origin at the nucleus loocated at
';n. As the energy is increased, the atonic wave functioms of neighboring ions
overlap more and more, thus widening the band, Eventually, the band widths will
exceed the distance betwsen atomlc levels, and we shall have a quasiecontinguum
of states, At about this energy the approximation of localized atomlc type wave
functione breaks down, for the functions overlap several nuclei. Moreover, atomic
functions from sewveral levels must be considered in bullding up a good approximae
tion from (442)e The transition stage of the onset of the continuum leads naturally
into the stage when the atomic wave functions become constant throughout the orystale
For high enough energies the funotions (4.2) are of the free-electron type.

The nature of the eigenfunctions in the transition region 1s complicated, We
are fortunate, therefore, that in our system (in contrast to the usual metallic
state) only a very small fraction of the electrons will populate states in this
regions This results because the Boltzmamn faotor in the probability of ocoupa-
tion of these states is rather small compared to that of the closely bound low
energy states, while the a priori probability factor is not yet so large as in
the high energy free states, The contribuiion of these transition states to the
partition function of the system is, therefore, small, and for the thermodynamio
properties of the system we may treat them roughly, The approximation we shall

use in our statistloal mechanies is to ignore the details of these transition

states completelys For the low energy states, we shall use atomic wave functions
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and henoce term them bound states, For energies greater than a certain limit
which we term the outeoff energy, wo shall use the eigenfunctions for free
electrons, Since the transition states are statistically unimportant, the
exact position of the out off energy is not oriticals We shall return later
40 the question of fixing the cut of" energy.

The oiroumstance that the transition states do not affect the thermodynamioc
properties of our system is no guaraantee that they will not seriously affeot
the optical properties, We shall seo later that the most critical element in
the Rosseland mean opaocity is the prusence or absence of absorption in certain
frequency regions, We must, therefore, examine whether the onset of a continuum
of one electron energy states will lead to a continuous absorption spectrum,

In the Blooh schome an examination off the transition probabilities proves this
o be the case, This 1s not necessarilly true in other approximation schemes,
The irregularities in our lattioce, however, will undoubtedly provide the cone
tinuous absorpbtion we assume,

There is still another and more serious short-scoming of our one=slectron
approximations This is the negleot of correlations between elestrons positions,
except for that diotated by the Paull prineoiple. These correlation emergies are
so samall that they do not affect the occupation mmbers of the one electron statese
They are, however, decisive in determining the line absorption contribution to the
opacitye This is so because the number of bound energy levels in our complicated
orystal, is, in the one electron function approximation, exactly the same as in an
isolated one electron atom. The speotrum would then appear to sonsist of just a
very few very strong limes. Taking corrslations into account would split these
into very many lines of the same total absorption strengthe The next chapter
shows thet having the absorption strongth distributed among many lines very nmuch

enhances their effect on the opacity. The treatment of these correlations by
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the "ionic" method is the topic of seotion 5,

Another fsature of owr approximation which bears watching is the "missing"
bound states which have been excluded bty the out off, OFf course, these are not
missing at all but have been merged with the ocontinuum, The absorption strength
of the out off bound states should be distributed at the beginning of the free
states,

With this quantum mechanical approximation, we now proceed 40 examine the

statistical meshanios of our idealized model.

3o Statistical Mechanics - Independent Electron Approximation.

The object; of this seotion is to use the methods of statistical mechenics to
find the pumberr of electrons in each electronic state in equilibrium at the
tomperature Te We shall here essume for simplicity that the electrons are completely
independent of eaesh other. The mext section will treat the electronic interactions,
but the final results can be thrown into essentially the same form as for inde=
pendent eleotrons,

The nature of the energy levels end the density of stetes has been disoussed
in the previous sections. If oy, 1s the degeneracy of the 1'@ fonioc level, energy
51z s Of a nuoleus of charge Z, there will be a band of N,cy7 states at this energy
in the systeme Such bamis will persist for all energies EiZ < Eo less than the
ocut offe Since electrons obey the Fermi-Dirac statistiocs, the mmber of electrons

in the 1,™ level will then be
Nzciz ; é E

where ﬂ - ?} apd ¢ 1is the normalizetion constent with the physical interpretation

that iz «kI ol is the free energy of the electrons,

APPROVED FOR PUBLI C RELEASE



vy

APPROVED FOR PUBLI C RELEASE

For energles greater than 80, the density of state will be that of a free
electron with kinetic energy €« € o+ This is, in the relativistio cese

L
(464)  o0p(C) = -(8-"—-‘)% {z(&- Ec)m"’ $(E- 50)2} z(s_- E) ¢ mzf.

or expanding for kinetic energles smasll compered to mo2

i - g :
(810)  og(6) 2 T3" {z(&-&:(,)mf2 {1 +3 -5;5‘3 booo f .

Then the number of free electrons with ensrgles between £ and &4 a€  1s

on(£)a€

(4e5)  ny(E)aE = W .
o L 2t

The total nuber of bound electrons is found from (4.3)
(406) m ozl 2 myg

Z 4
while the total number of free electrons is from (4,5)

[ -]
(447) Do = f nf(E.)dE .
€z &,

Of course, the total number of electrons in the system is the sum of bound and free

(4.8) nzmén,
and it is this condition which determines the normalizetion constant o of (4,3)
and (4.5),

To use these occupation mumbers (4,3) and (4.,5) we must determine o , We
note that (4,7) is the equation for a free electron gas, except for the one faot
that Do is nct a oconstant given by the physical nature of the system, but instead
varies with the temperature and volums, 1, may, however, be a rather insensitive
function, and we mey then employ the follewing scheme of successive approximations

to determine oL , Assume a trial Rp ;3 usually we may start by taking ns = n the
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1-31-
totel mumber of electrons, Then use (447) to caloulate ol o For the case in which
relativistic and degeneracy effects aie small corrections = the region of greatest

interest - a suitable expansion of (4,7) gives

*
2v (erka)s/z 5 ¥ _ e~

*x —— e
(409) o = /Bnnf hz 8 moa _;372' »

where

(20) o = ot BE,

Fnowing o&, the sum in (4.6) must be carried out explioitly, giving n, end by
(448) a second approximation to n,, The cycle is very repidly conmvergent.

If a long series of computations must be made, it is more convenient to fix
oL to start. Then using (4.6) we find m /N while (447) gives np/V, (Here N is
the total mmber of atoms in the system), Then we may find out to what value of

n/V; 1.0, to what density; the value of & sorresponds,

4, Stetistionl Mochanies - Dependent Eleciirons,

We now treat owr system inoluding the elettronic imteraotions by the method
of the canonioal ensemble, A state of the entire system, symbolized by J, will
bo determined if we know the mmber of electrons in each oneeselectron orbitel eof
the Hartree~Fock set of equations, Although each of these non=degenerate orbitals
may have either one eleotron or none at all, we find it more convenient to group
degenerate or nearly degenerate orbitals together and such groups we will designate
by small subscript i or § orzé. The number of such orbitals in the gtb energy

group; 1.,e, the degenerscy; we denote by Oy The energy of the state J is
(4e11) E; = Zi: gy [Eyy b3 j§1 Byy Yogg H & (8530) vJﬁ} .

n 71 $s the number of electroms ocoupying orbitals in the energy interval when the

system is in the state J, Now the partiition functlon will involve sums over all
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states J of the system, but only states mear the equilibrium valuve will contri-
bute heavilys Sinee the dependence on J of the interactions &, and iz 18

not pronounocec, we may insert some average value 51 and V.. independent of J

iJ
instead, Moreover, we introduce the set of numbers ;;j » 8t present wholely
arbitreary but later destined to represent some average ocoupation of the region,

Then (4,11) becomes

(4412) E; = 2; Ry {[Ei + 3 51 Ejvij + 3 (Ei'l);ii]

¢ [’2‘ C (nggoRsWyy # % ("u"ii"’n]} '
4L

The first term in square brackets in (4,12) is independent of the ococcupations and
mey be regerded as the zero order approximation to the effective energy of the
electron, The second term in square brackets gives the difference between the
detailed interaction between electrons and the average interaction, We may expect
this to be small and hence treat it as e perturbation,

Now esccording to the canonlcel ensemble treatment, the probability of finding

owr entire system in an energy level between E; and E; ¢ AEJ is

(4.13) Py = {1, o B ,
where
(4.14) 0, T2

i nJit(oi-nJi )13

is the number of states in the energy interval AE J a.ndo(.' is the normalization

constent determiined so that
(4.15) 8 PJ - 1,
J

Hence in equilibrium in our system the number of eleotrons in the [ th rogion will
be
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(44186) ng = 2\

n P
g 9
Substitute in (4,16) the appropriate expressions from (4.12),(4.13), (4.14),

introduce the quantityd-“ by the relation
” "
(4.17) o z2nk =ot 2nm
} Ji

and carry out the indicated operations to first order terms in the Vi e The treate
ment is cheracteristic of the grand ensemble methode. The manipulations are tedious

and scmewhat triocky but the result is comparatively simple, namely

(4.18) ng = Bf 2:1 - Ay {[@-1).2(%-1)331 .‘%ﬁ!

$ 38Ry =7 ogpy Vil} ’
1¥l A

where
(4419) 9g = 1=pg »

-1
(4.20) P = {1 $ exp {ab v [@;& %%d i, ?[J + (ny=1) T/r',g/g}g .

We now choose the arbitrary parameters so thet the first order terms in (4.18)

vanish identically, This giwes
(4,21) n, =2 oupy 4

ng=1¢ 2(%-1) B/

Although the two equations in (4.21) seem contradictory, this really is not so,

for there 1s abzsolutely nothing whioch forbids us to use a different set Ej for

each n/ in (4016)s  Substituting (4.21) into (4,18) and (4.,20) gives our

answer

(4,182) ny =6y g

o - -1
El $ exp (o 4./? 5/‘? )Z

(4,20a) )
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(4422) Erz Ep ¢ JE#,Z o5 Py V05 # (op 1) py V44

Comparing our results of the last three equations with those of the independent
eleotron treatment, (4.3) for example, shows them to be of the same form, except
the energy 512 of the independent eloctron case is replaced by an effective
energy 5,3 of (4.22), We have, therefors, justified using an independent electron
approximation with each electron subjoct to some averaged potential of its neigh=-
bors, and we have found that potential correct %o first order,

We can considerably simplify the result (4.22), Suppoaexz represents a
bound level, Then the interaction ij between the two bound levela_ can be shown
to be exactly the same as that ocalculeted using atomlc wave functions which localize
both thezz and j orbitals on one particular ion. The terms in (4.22) dus to the

interaction of' a bound electron with the other bounds is, therefore,

n
c;j ~Z vy g b %E (ofz =1) Vg2, where now the V's are the ordinary coulomb and
2 Z

exchange interactions of atomic theory, By far, the largest ocontribution comes from
the spherically symmetric part of the coulomb integral, usually denoted by F°(1 .j)
in theoreticel spectroscopy. It is more convenient, however, to use screening
constants O".. 3 instead of the F°'s, defined by

F°(1,3)
(4:.23) o‘.J= —-;—g-;"—-—

az |,

The interaction energy of a bound electron with the frees can likewise be ap-
proximated by the interaction of an atomic wave funoction with the charge density

of the free elsctrons in the neighborhood of one partisculer ion. Suppose, there=
fore, we break up our orystal into polyhedra, each containing a nucleus and of suffie

ciext size to onclose a negative charge z'e whore 2' 27 - :ﬁﬁ is the average
Z

charge of the nucleus and its bound electrons, Approximate the polyhedra by spheres

of the same volume, with rndius ay*e We then have
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> 4 z
(4424) Z[ FT ap N oV

If the electrons are really completely free, the charge density will be uniform
throughout the erystal, and therofore
3 2'v

z,: ne

Al
=
[

(4425)

Moreover, thore will be an eleotrostatic potential

A 1'2
(4026) ¢, el N =3

within each sphere due %o the free electrons, and we obtain for the boundj to

free interaction energy
————le

v o ( 2
(4.27) -o/ (Ple(pfdz:-gj‘-?:-;.S-(;iT)
.y ‘

where rz is the valus of rz averaged over f;he/z bound wave funoction. For a

bound state ,g » then, the energy £ - f beocomes

] . Pj
EH Tt B (o) Yy
bound eleotron

-G}
oz oz’

To first order in fi’f s this ig the same as

Zz

— 0 d&le
(4.28) £,z &) - —az

— ° Z' 2 r \z
(4.29) 6/1 51, Z[) 4 2azt 23 -(?ZT\)
where

Rz Mz L
(4,30) Z,Z =2~ é:*lﬁ‘zl- OZJ -—}fz- Q- o0z ?./Z

We now must rewrite (4.,22) for the case that /Z represonts a free electron,
For this purposs, we assume the bound electrons are localized at the nucleus, This

is generally an excellent approximation. The free electrons move in the potential
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field, which is in each ionis sphere

2&2!

Z'. 3 3 rz
(e31) Py |7 C R

This is due to the muclous and bound electrons, and the frees, The energy &g

of (4422) in this case inoludes the kinetic energy 81. and the interaction with
the nuclei, while the other terms in (4422) give the interactions with other
bound and free electrons. All these interactions are just -o@, P being averaged

over the volume of the ion, Hence, for a free electron

4
— ). ' 2z
s _ 8 zZ 2o
(4.32) af :“‘f"gzz‘ ns 2850 °

We note that the interactions have raised the energies of the bound electrons
from the zero order approximation of interaction with the nucleus alone, while
for free electrons the enérg has been lowered from the different zero order
approximation of no interactions, We now shift the zero of energy, so that a free

electron with zero kinetic energy has zero total energy, by adding the constant

2
= 2
% Z % -z-!;-;-;- e This will have the advantage that the density of states for the
A

free eleotrons takes the simple form o(-f,_f)dz.r = o(f/f)d €, and hence (4,23)

begomes
O(Eur)déif

(2.33) n(f—,r)clgr - . .
o &/55? +1

Of ocourse, changing the gero of energy has no effect on the occupation numbers,

”"
since 1t merely replaces o by another normalization constant
. w3 o5 N 222 With tk
oL* - o -3‘[? 2 = Toge ith this change in zero of emercy, (4.29)

becomes
*-z
(4.34) E' -Fo' ) + 2'e? 3 __r_‘"" ’E Z Ny thez
/ZZ =g \Y EaZl - 8yt 5 Z Ef— zaz' °
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Now we shall somowhat arbitrarily place owr division into bound and free states
at the zero in our new energy scale, This means that whenever Etgz of (4.34)
is positive, that state is not bounds, In most cases the higher states of an

ion have their :,]Eotrons rather uniformly distributed in the ions sphere and,
thererore,(-a-l-'—'j ~3/5¢ We oan, therefore, generally "out off" the bound states
A

at about
Z'e2
(4.35) = Eplzp) =35y

The relevant equations for caloulating the occupation numbers will now be

summarized in final form,

4.3 - * r 3 P’
z e~ "‘/55[2 $1
-4 z' 2 x'-'-2 3 EZ_ z'"e?
(s Egy = £ P 4Ty |° @T) YSLE, mey

(4.38) 25 -z .2 92 oy, Bk ! fog’
/t - NZ ,&j ﬁ'z- (1 %) /./Z'

th
(4439) o7 A.Ft 87 Vm E"'t % 5 ‘E_f_'_
hd n@f)df =-1T3— (zm P ) 1 *I mcz ’ Y]
FE D N | 0

(4440) By, = ; njz sum for all -ézez‘ 0,
e

(4,41)

=T

2 N

z

:f (€ €', ,
30 ME=pl=p

(4442) n:;nbinr,

]
47 3 ZVv . AT 3
(2043) =%~ 87' = —""nr H (4443a) 7 2 5 Zz‘ ayr N,

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE
“30=

n
4.40) 2' 22 of oL

and as an explicitly equivalent ef (4,41)

3/2 2
2V /277 mkT 15 ¥ _ 15 /KT
oy 43 (S22 45 T B (D)

¥

*
-0 15 -k—T— =2 —'7"1 "-1- + o0e

This set of equations is somewhat decoptively simple in form, for it must
eatually be solved by a somewhat lengthy series of successive approximations,.
If we are given the temperature T and volume V, we must assume a set of n \ J 79
a.ndf, end a set of ays satisfying (4443)s (The latter is, of course, trivial if
our system has only one elememt.) We then caloulate 2/ by (4.38) and by inter-
polation in a table of energy levels find E}(%Z). Meanwhile, by (4,44) calculate
z'. We can then immediately get 6'£z end by (4436) a new set of n gze By (4.40)
wo get m which with (4,42) gives nee Employing m, in (4041a) wo arrive at a new
o' Moreover, using (4.43a) gives a new set of 8,14 Continuing this cyole,
we oan eostablish our final ocoupation numbers. The tables of soreening constants
O'i. 3 enexrgy levels, and? needed for the caloulation are presented here as
Table 2, 3, and 4 respectively,

One approximation mede in the foregoing set of equation is the assumption
of the uniform charge disiribution of the free electrons. An improvemsnt on this
approximation,shich also demonstrates the range of {ts validity, is given in

Appendix II,

5¢ Ionic Occupation MNumbers,

A somewha® different model for our system was mentioned briefly in the last
seotion = the lonic model, We shall now desoribe the basis for this model somewhat
more fully, show its relevansy to the opacity problem, and imdicate how our previous

results may be applied in this case,
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We know that if an oelactron is in a state of sufficiently low energy, it
will be tempurarily bound to ome nucleus., Becausse of the high coulomb barrier
bhetween neighboring nuclei, it will remain bound for a considerable time - indeed
it would be improper to use atomic wave funotiions for the eleectron unless it re-
mained bound for timoes long compared to the time of revolution of its Bohr orbit,
Naturally, several electrons may be bound to the same nucleus at the same time.
The interaotions between the electrons will not be expressible in terms of the
{reatment we have hitherto used, for the correlations whioh were negleoted are
now of decisive importance, For example, e. nucleus with two bound K eleotrons
will behave muoch differently, particularly with regard to its speotrum, than
one with 2K and four bound L electrons, We can take these correlations into
account by abandoning our simple "product of one electron functions" approxi-
mation and using instead funstions whioch depend upon 2ll the coordinates of
the bound elsostrons of each nucleus, This is equivalent to desoribing our system
as oomposed of many different ions in a éymmio equilibrium in a sea of free
electrons. Applying the statistical meohanics appropriate for systems undergoing
"ohemioal"” reanctions, we can get, for example, the number of ions of each type
in our system, and the distribution of the ions among ionic quantum states,
Essentially the same result is obtained by the use of the oanonical ensemble
treatment for dependent particle systems i we appropristely express the energy
of the system as the sum of ionic emergies, free electron emergies, and inter-
action energlies between these oomponents, The latter method has the advantage
that we are able to take into aoccount, to first order at any rate, the inter-
actions of the free electrons and ions, This model, which is certainly to be
proferred to that of the previous section, gives the speotrum of our system as
the superposition of the many different; ionic spectra. It is precisely this very

rich line spectrum which causes the lines to be so important in the opecity problem.
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Despite the apparent dissimilarity of the ionic and "one-eleoctron function”
models, we ocan show an intimate relationship between the twos In our ionic model
we may use for each ion the conventlional treatment of many electron ionse This
oonsists in expressing the wave function of the ion as antisymmeirized products
of one=sleotron functions and then carrying out perturbation celoulations - usually
only to first order. Suppose we then neglect all but the spherically symmetrie
ooulomb interaction, This makes many of the ionio levels degenerate, of course,
but the energy ochanges are so slight as not to change the ionic ocoupations,
If wo then take the average number of electrons in a particular orbital through-
out all the ions in owr system, we gel;, to first order, the results of section 4,
The useful point about this relationship is that we can use the occupation numbers
of seotion 4, giving the average occupation, to find the ionic ocoupations to
good aocuracy without the meed of starting off afresh in a laborious caloulation
from the ionic model, Thus the work of the provious seotion gave the number of
electrons 42 in the Z'P level of an fon of nuclear change Z, or alternatively
Ppg = gﬁi the probabllity of occupation of the states of that lewvel, From this
we oaloulate the probability of finding an ion in our system with several bound
electrons arrsnged to give some particular quantum state of the ion, For example »
the probability of having an fon with slectron configwration (ls)? (2s3) (3p5 /2)

in the K, L and M shells, whatever the configuration of the higher shells may be, is

2 2 4 2 2 3 4 6
(4046) Py, X 2Py lpg X T pp) * %pp3/2 * Y38 * 3pk * *P3p3/293p3/2 X U3a3/2 X Y545/
where
(4446) q7 = (L=pg Jo
In general the probadbility of having an iom with Z/J& electrons in bhe,et—h lovel

regardless of the ocoupation of the other levels is given by the binomial distrie

bution
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As is well known, for large o JA and small ﬁg , (which is the case for the higher
bound levels of an ion) this reduces to the Podsson distribution

ZLFh Ty 0
J/ng e 3 /ll /5138

(4448) Pw i

The ionic model gives a simple physical inmterpretation to the rather surprise-

ing looking formulae of section 4, Consider, for example, the term
£ . — a€y
=225 07 in (4.28) the onergy Eg4 The factor =g Of 4 18 the inter-
az N, joj *
th h
action between the j— and the Zth vound eleotron levels in an ion, Averaging
over all the ions of the system, some having no electrons in the jﬂ! level, others
having one, others having two, etc. gives precisely the term we are considering.
Again ocousider the ions which definitely have eme electron in the,éth level, The
average ococupation among these ions of the other o /gz-l states in the level is
%(%Z'l)' The average imteraction energy botween ons particular .Z electron

&
end the others themn is just ij(O£z-1) O:Z,,,[(-a—z&) e This is precisely the

third term in (4.,28), We see that the energies involved in the dependent electron
treatment are averages over the ions of the system., GoSng a little further, we
can show that (4,28) is actually the average ionization energy of an L 1evel
electron in our ionic system., To prove this, we note that if an ion has xj
electrons in the jﬂl- level, its energy to first order is approximately
B(X, X 000X 00) E :Z x: 2 1 & (8 x:xy FO(1,3) % Zx (x4=1) FO(1,8)

1?72 1 j J jz 1 j?{_ i J i 1——25_- ,

VA SR

so that the ionization energy of the electiron is

E(xl’xz"'{z 00) - E(xl,xz...5271 ...)

= &3 4 Syxs FOUL) + (U R A
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Averaging this ionization energy over all the ions having et least one bound y
eleotron gives (4,28) except for the terms involving the interacticns with the
free electrons.
This completes our discussion of the ccoupation numbers in our system, which

are needed to get the absorptlon coefflicient,

6e The Influence of Nuclear Motion.

Thus far we have considered the nucleil as fixed in a lattioce position,

This is justified, since neither the bound nor free wave functions depends
appreciably on the relative position of nuclel, All our cooupation numbers

are, therefore, correot. There are two phenomena, however, which depend on

the nuclear motion: 1) the total energy of the system has a ocontribution from
the kinetic and potentiel emergies of the nuolei; 2) in their motiom, ruolei
will exert{ varying eleotric fields upon the bound electrons of neighbors, thus
causing Stark offect shiftvs and splittings of the spectral lines. The first
effect is of some small importance in the thermcdynamic properties of our system,
while the second may be very importent in influenoing the effeot of lines on the
opacitye.

The result of separating the wave equation for our entire system so as to give
the electronic energy separately, describes the motion of the nuclei as if proceed-
ing in a potential determined by the electronic emergy. This potential iz in our
oase approximately the olassiocal potential of an assembly of positive ioms moving
in a uniform charge density due to the free electrons, We treat this potential in
two limiting ceses, Assume first that 'the nuclei are at lattice positions, which
oconfiguration represents the zero of poliential energy. For small deviations from
this position the potential inoresses, For example, the change in potential energy ,

if a single ion of effective charge z' is et a emell distance r from its equilibrium
position is
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(4.49) z'e[gﬂf(r) -@(o)] =z : r2

- 6(1') »

zaz' a'Z'

where gpr, given by (4.26), is the electrostatic potential of the free elecotrons,
So long as (4,49) holds, the nuclei will perform simple harmonic vibrations about
their position of equilibrium, The heavy mass of the nuolei will make the frequency
so low that the contributicn to the emergy of the system is classical

(4450)  Epypyes = SNCT

Continuing the treatment of this approximation, we consider the Stark effect

due %o this motion, The number of icns with displacement r to rédr is

- E(x
(4051) N(r)ar = % ”Z;? oxp(c &e)fitlar ’

4 r? exp-lE(r )/k‘l‘) dr

where C(r) s given by (4.49), Carryirg out the integration gives

e @t g
Mr)ar 32 N2y .

Ny I orf s - @/2)exp - 82

4
where
x
2 2
(4.52a) orf x = == & ay,
7
°
and

2
| ]
2 Z 02
(4453) 8" = 2%Ta.+ o
L

One importent result of this formula is obviouss the Stark effeot dispersion will
fall off exponentially with distance from the line centers

To examine the range of applicability of this approximation, we calculate the

aversge displacement

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

w4l
- ‘Z' 1 - 2 2 ?
(4.54) o = .I_EL%LE =-§;i1-e'(am
az. Z' ‘/'”T nﬂz
o T erf s -(3/2)0

(4.54a) :z—'-N ﬁ »

while for s <<1
2
(40500) wy =g A-T5 e

The expansion shows that for s <<1, thit is high temperature, low density (large
°'z') or small nucleaer charge, the average displacement of the nuclei will be 3/8
of the average internuclear distance, This is the result if the nucleus could be
with equal probability at any point in the sphere, 1In this ocase we cofild scarcely
speak of harmcnic vibrations end the method of treatment is not applicable, For
large s however, thet is low temperature, high density, and/or high nuclear
charge, (4,54a) shows our approximation to be adequate, Figure 2 shows the behavior
of the r/a,+ as a function of s.
For the cases where the approxima%ion is wvalid, the eleotric field on a
muoleus situated at r is direoted toward the lattice point and has megnitule
N '
(4.55) [5‘ 5 %= =
a,e
The distribution of nuclear positions will lead to a distribution of electric
field magnitudes, and hence a continuous dispersion of the observed spectral lines
of the esspmbly of ions, The fraction of ions of effective charge z' which will be
subjeot to a field of beimgen £l andl&'l»dﬂ is

ol ) i@
o hml (3
(4456) .(IEO alé] “5(29 | p[ *\7 .

N'-- ‘/:I-ﬂ_:erfs-s/zo"z
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Fermule (4,55), while correct in order of magnitude, does not tell the whole story,
for neighboring ions will be displacec from their equilibrimj\::;o‘g‘he rise to a
dipole field, The resultant of all dipoles will give a fleld of the same order as
(4455)e Moreover, in applications to Stark effect, it should be remembered that
the field (4.55) is redial, not linear as in the usual considerations,

We now turn to the case where S <<1 and harmonic vibrations do not desoribe
the motion, Here the nuclei may wander ratherr freely about, except when one nucleus

mekes & very close approach to another, The energy contribution will be essentially

that of a perfect gas

(4657)  Epygles = 3/2 Wkl

The spatial distribution of the ions will be determined by thelr mutual

potential energy for close approaches, To good epproximation this is simply

(4458) E(’m) = Z'Z:.;: for r12<.az;“'z“
8(P12) =0 elsewhere.
Then
(4459)  N(ry,)ary, = 3%_._ .-6(:-12 )/x e, e,

The electric field felt by the ion Z' as it approaches Z' is

Z"e
r 2 9
12

8o that the nunber of ions in fields between ,E’ and ]E‘ ] d!&’ is
NZu(IED gkl o (200)3/2 = -Lg_‘]ai(z'e)s/z
kT'_—"." [ 4

(4061) N"-m-gv- ——W d exp

(¢.60) ||,

Here again we can see that the Sterk effect dispersion will fall off exponentially,
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7¢ Fluctuations,

The quantum mechanical treatment we have used did not actually find the
stationary energy levels of owr systom, The approximmtions which we were forced
to introduce had the result that we treated the ions as if they were independent
systems, and then we introduced interactions between other ions and the free
eleotrons as perturbations, The true stationary stetes, of course, will resemble
the zero order approximation except 4hat interactions will have removed some of
the degemeracy., This splitting is very ipportant as a source of line breadth.

To inolude this splitting we oan consider the interactions as time dependent
sorturbations or fluctuations,

One of these fluciuations is ceused by the nuclear motioms just discussed
in gection 6, The nuclei being so messive oun be vheught of classically., Since
they have in equllibrium the same energy as the electrons, their velocity will be
a fae'borg' smaller., (M is the muoclesr mass, m the electronic mass), The motion
will be so slow compared to that of the elesctrons that we may use the adiabatio
epproximation for the interactions, The result is that electronic levels are
shifted by & Stark effeot when two nuclei approach, but no electronic transitions
are induced,

If we thought of the free electrons classically, they would be randomly
distributed in space, We would then obtain sonsiderable density fluctuations in
the neighborhood of each ion and it might be imagined these effects must be
considered, Our quantum mechaniocal treatment of the free electrons, however, is
much oloser to the truthe We must really consider the wave function of a free
electron to extend throughout the sclid, This eliminates the density fluctuations,
But, because we have neglected eorrelations, there is another effeoct we have missed.
This 1s the colllision of free electrons with the ions, Since this is a fast process,
it will induce transitions from one ionio state to another, giving the states a

collision breadthe It is well known that such breadth gives the same form of dis-

persion as the naturalA¥Hdedvi)D FOR PUBLI C RELEASE
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Ve EFFECT OF LINES ON OPACITY,

METHODS FCR TREATING LINE CONTRIBUTION,

l, Separation of Lire Contribution

The Rosseland mean opacity K as is shown in Chapter III (3.24) and (3.,15)

is e weighted averege absorption coefficient given by

W(u)
(541) /\::'('.}‘E: [;Esdu .

where
=3
(5.2) w(u) - 15 u" ‘Zu (eu-l)
4rr ’

and

=1
(543) M _Mabs */“soat‘b (1™ .

It 1s usually convenient to consider the absorption coeffiecient resolved into two

terms

(544) Mw A */A/& »

M being the absorption due to continuous prccesses alone, and d «y, the absorption
due to the lines, The reason for this division is that _Mqy is & moderately smooth
function of frequency except at the location of an absorption edge, vhile/u/e is

e very ragged function with sharp maxima at the frequency of each eabsorption line,
Substituting (4) in (1) and introducing the notation

A 1
(545) r:/-;; 3 P:m- »
we get for the mean free path
QO
(546) A:-—l—--/ p H(uldu A =Np s
f:K- o A us e
°
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where
wla) da
(5.7) /\c = .{o /-4/c u?® °
and
© WO da
(5.8) N = L 70w a®

The latter form of (Be5)shows how the lines reduce the mean free path from

the value /. obtained by considering continuous processes alone, The contri-
bution /1c of the continuous processes has been treated by all workers in the
field of stellar opecities with varying degrees of completensss, but the con-

tribution of lines has hltherto been 1gnored,

2. Effect of a singlo line

To understand the effeect lines make on the opacity, and %o help in develop=-
ing methods of treating lines, we start by considering the simplest case of a
spectrum with only one line, The lins absorption coefficlent in that cese is

(cefe @quation (2,9))

< 4
(6e9) M, )= ZE L, 4, @)

mC

@ »

where /6“[’), the dispersion factor shows the frequency dependence of the absorp-
tion, A (@) nas a sharp maximum at 22, , the frequency of the center of the

absorption line, and is so normalized that
00
(5.30) [ 44V = 1,
(o]

Without considering further details, ve can see qualltatively what is the contrie
bution of this single line to the opacity. Dropping the subsoripts for the moment,

we have

(5011) N

’
[t/ /4 S

/V_; ¢
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where
kT me v 3 b'(u) - kT b@)e
(5¢11a) S =% T-T;E Mo = K

The frequenocy variation of this function for a typical case 1s shown in the ace

conpanying figure, It is seen that this funotlon

20 K

0.5}

0.6 | r

1+7
0.4}
I o1r
0.2
o 7 Z 3 4 5 6
|z - 4,
I

approaches unity when r is a maximm at the frequeney of the center of the line,
decreases slowly with displacement from the center until it becomes % when the
line absorption is equal to the comtinucus absorption backgroundy The variation
of the function in the neighborhood of % is rapid, the transition from velues near
unity to values near zero occurring within a small frequency range, For greater
displacements the function falls off rapidly, soon behaving simply as r, The cone
trast between the function r which one might naively expect to determine the line
effect and r/lfr is marked, Whereas r drops to & its value at (u-uo)g [, we

find that r/l$r drops to half its value only at (u=u )3 r.

The integral (5.8) giving the contribution of the line is approximately
[+ @]
W(u)
(5012) = f = du
’ Agz ) T CLF ’

U=t ,

since the integrand is negligible except for frequencies neer V= 210, What is
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important then is f -1-}; du, The greatest part of the contribution to this

o
integral comes in the range where r/(1§r)a2l; practically nothing is contributed

by regions where r/(1#r)< 3. Thus if w is the distance between U,z ha/, /T and

the frequenecy u=hy/kT at which r=1, the integral is approximately

WS !
(5413) A, = us x 2w,
2L _mu
awu

The quantity 2w we shall term the wingspread of the line upon its continuous back-
ground, It is this quantity, as is shown by (5,13), rather than the dispersion
breadth of the line which determines the contribution of the line to the opaeity,.
We may actually think of the line, according %o (5413), as leaving the transmission
of light unaffected throughout the spectrur except in the reglon of its wingspread,
where it completely blocks the trensmission.

The wingspread of the line is devermined by the condition

(5.4) § b (muy) z 1;
thus it depends on the ratio of line strength Nf to continuous background, end
the dispersion. FEven & line which has very small dispersive breadth may have a
considerable wingspread if it is strong enough, On the other hand, & broad line
may have very small or zero wingspread if it 1s weak compared to its background.
Arguments for neglecting line ocontributions bocause of the small dispersive breadths
alone are, therefore, incorrect, Another important conolusion ws agy draw is the
followinge Since the wingspread does not depend on the position of the line, the
1line ocontributiion in the case of an isolated line is not sensitive 4o position,

Suppose we conslder first an artificinl example of a line with a rectangular
shaped dispersion '

() 2 FED for 3- AV Vst AT
()

(5415) b(¥) 2 0  otherwise.
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Then
n ©0 uo&éu
(5415) j —— du = S . S |
‘ 0 r u,-au 1é S 2du _!L__ + S °
b 4 2AuU | N

If the line absorption is very strong, compared to the continuous absorption, we

ohtalna the obvinus roesult that

(5417) /y - E-(B% x 2 Hu,

¥ us=u

~“o

that is, the line eliminates the entire transmission of the frequency lnterwals
2Au, It seems at first sight e 1ittle amazing that this result does not depend
on Nf, the 1lime strength, for this implles that a line 10 times as strong #s
another will have just the same effect on opacitys. But a little reflection shows
that if a lire completely absorbs the radiation in an interval, it already has a
naximm effect in reducing the transmission, A stronger line can do no more,
On the other hand, if the line absorption cosfflocient is weak compared to the

continuous bhackground, that is

N¢
(5418) ZAnS << 1,

wo get
N
W(u
5410 -
us=u,

ol

Here wo got the important result (in contrast to (5.17) above) that the effect

of the line is direotly proportional to its integrated strength Nf, but is inde-
pondent of the dispersion interval 243, As an immediate consequence of this, we
have that /\g is independent of the dispersion shape whatever that may be, so long
as the analogue to (5,18) is fulfilled, This is a very importaut result, for weak
lines; that is, lines for which Nf b'nax(u)/§<<1 always give the contribution (5.19)
and it is unnecessary to inquire into the details of the dispersione Since moat:
of the lines in a spectrum are of this mature, (5,19) solves a great deal of the

problem,
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Proceeding now to the actual types of dispersion we shall encounter, the
specifio oase of natural and/or collision breadth has the dispersion formula

(cefe (2615)s

. D) .+ e————— b (u) = 3= L
(5.20)  b(2) 2 e T h T (ueu,)%# 12

where ¥/4m is the half breadth, and

. _h
(5.21) Mz g

The wingspread w is obtained from (5,14) giving

1 1
nel _R2(% \mel R
(5.22) wa= i"‘g‘r -r } {"8"‘} .

the latter approximetion being yalid if
(5423) -J%C << 1,

1000 if ['<<w, a condition which is frequently the case, The wingspread is then
i 1

proportional to[ © and to the square root of the line strength (Nf)2. Carrying out

the integration of (5,12), we get

W el o as )%
(5.24) Aj:/—él:% T ,,s) B=FF( o

u:uo
In the ocase where mS [ /(Nf)<<1 we may put the last factor equal to 1, In just this

case the wingspread is given by the simplified form of (5.22) and the result is
T W(u)

5625 = ex= X 2W

(5425) Ag= T ;@5

.
u:uo

The fact that the line blacks out a frequency intervel Tr/z times the wingspread
is a confirmation of the general qualitative result in (5,13)s The reason the
numerical factor ls so different (1,57 instead of 1) is that the natural breadth
dispersion gives appreclabls absorption even rather far fram the line sentar,

Wo shall generally speak of the extra contributisn to Lhe opacity of regions

APPROVED FOR PUBLI C RELEASE




7"\.‘

Py

APPROVED FOR PUBLI C RELEASE

«53=
beyond the wing spread as a "tail" ef'feot, because it is due to the tail ends of
the dispersion curve,

In the other extrems case of week lines (5,24) reduces to

Wiu) N¢
(5426) /\/‘5:-3:5 5 °
" lusy,

This result ls precisely the same as (5,19) for the case of step=like dispersionm,
and is a speciel illustration of the general validity of the weak line formula,
regardless o’ type of dispersion or treadth,

Turning next to the case of Doppler broaudening, the dispersion is

2
(5.27) b 2 |2 2 1o?  (U=%)
527 () = o= { m— exp = ! Tor ————le
* = XT | opxiud 2 u,

The half bresdth is given by the wvalus ¥ which makes
(5428)  bliy=3)) = F0(,)e

Wo see from (5.28) and (5.27) that

h %
(5429) = ig'-' u°{% An 2",

The wingspread, howsver, is given by “#he condition that

3
2 2 2.2
Ne ) Mo Me™w (.31
—_ ] OXp = { = =+
5 |27 Kra 2 2kl‘u(:z
whence
2 2% %
2kTu
(5430) w = }oms dn| B (B .
Mo 27 KTu,

Thus Py
2

(5631) W= {1.443 Zn[ 04696 3;’71]} .

Aside from the logarithmic factor, the expressions for the wingspread (5¢30) end
the dispersion breadth agree, This is, of course, dus to the expomnentially fall=

ing off of the dispersion curve with distance from the line center; as a conse~-
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quence, the line has effeotive absorption only in the region of its disrersion
breadth,
The actual contribubion of the line with Doppler breadth to the opacity is

from (5.11), (5612), and (5,27)
(%]

du
Wgu; ’
5632 - - L 2
(5e2) /}l?, MY f 1% —/T-;--'m-——- SB-% e{»B(u-uo)
Uguo o
where
2
(5.33) B =i,
2kTu
We can express the integral as a1
o 1
W(u n-l /B2 1 VTS
(543¢) Ay= “g's,l & (<1) (1") A
Hot n=l

uzu

X
which for small values of Bz/a. develons as

NE ¥ 1 Mo
1 - + L X N J [
T »/’?r(zmu 2)

The leading terms of this expansion is the weak line result (5,19) as should indeed

(5435) WE ﬂ-—
At

be expected, for the condition
L

B2 _nr w? Y
(5636) 7 =W =] <<1
- * 2nkTu,

moans that the lines are weak,
Y
For large values of B“/a, the analytic form (5,34) is inconvenient for caloula=-
‘bion. We then develop the imtegral from (5.32) as

7 PR g = ax .
L - ‘ % 1
° _1_3%_ $ o o ';‘(1" B &%) [ e (1¢ — e )
.

The leading term in the development is z(a/B%W& B%/a R
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whence

5437 = WMw)
( ) /\/e /:;:g X 2w,

u-,-;uo

The higher order terms constitubte a tail eoffect,

It is instructive to compare the effeot of two lines having the same total
strenzth and the same half breadth, elthough the dispersion in ome is caused by
natural and/or collision breadth, while in the other it is caused by Doppler
breadth, For wealk lines (5.19) tells us the result is identionl, For strong

lines, we have

A %
£ natural _ 1.57{ N ? %
Ajf Doppler w8l

(5438)

For the ocase of strong lines this ratio is always much greater than unity, We
oan, therefore, conclude that the natural breadth dispersion is always as effeotive

as or moro effective than Doppler dispersion in increasing the opecity,

3¢ Effect of Two Lines,

Now that we understand the contiribution of a single 1line to the opacity, we
can investigate the effect of a line spectrume. It is charmcteristic of this problem
that the superposition principle does not hold in general, 1.0, the effect of lines
1s not simply additive. Instead, it depernds upon the rélative positions of the
lines, To illustrate this most élearly, we shall consider the contribution of

two lines to the opaolity. The line absorption coefficoient will then be
2 2 Ne
7o
©30) gzl H vl u0)

where j denotes the number of the line, Suppose Pirst that the lines are very
far away from each other compared to their wingspread (not their breadth). Then

s r .
the function Fr in the integrand of (5.,8) will have two widely separated humps,

a8 1llustrated in the accompanying figure,
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Since the individual line absorption coefficients in the regions outside the

wingspread of e line are very small compared to the continuous absorption, we

will have, as suggested by (5,19) and demonstrated later on, that the contributions
to the integrel of this region are almost precisely additive, Moreover, they are
small, so it iz not neocessary to worry aboul the very slight deviations from addi-
tivitye Within the wingspread of each line, the contribution to r of the neighbor=
ing line is small; the ratio r/(1#r) is almost unitye Increasing r slightly will
have even less effect on r/(l$r), Thus, within the wingspread eeoh line mekes the
same contribution to the opacity whether its neighbor is present or not, Hence,
the overall effect of the two lines is wery neerly additive.

The additivity festure breaks down as soon as the wingspread of the lines
overlap appreciably. Going to the extreme case of overlapping, we consider two
identioal lines at the same frequenocy. The line absorption coefficient will themn be
(5440) M= 2y
where/uj/ » indicates the line absorption coefficient of the single line,

The ratio r/(1l$r) = 2r1/(1{-2r1). Now within the wingspread of the lime (if the line
is strong ry>>1) we have that 2r1/(1f2rl)~1 ~r,(1ry)e Honce, the two lines together
have no more effect on the transmission than the single line. This result was again
foreshadowed by (5.17)s The tails of the two lines go as 2ry ocompared to ry for a
single line, and additivity will charscterize their contribution, However, the

tail effeot is usually small, so roughly we have the result that two strongly overw
lapping lines do not increase the opacity much beyond that resulting from the stronger
of the two lines,

Naturally for cases of intermsdiery overlapping we shall heve the situation
between the extremes of strist additivity for no overlepping, and no added effect

for complete overlepping. Thus, we conclude thet the relative position of the
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two lines is oritiecal, although their absolute position is not,
We shall now reinforoe these qualitative conclusions with examples for the
cage of stepwise dispersion, matural breadth dispersion, and Doppler dispersion,

For the case of stepwise dispersion w» take
(5041)  (y(3) zghm  for 2 -4V ¢ Vs Y +4Y,
1
b]_(JJ) = O otherwise,

and similarly with bz(v). Then

(=] . (-]
W(u r w(u du
(5.42)  Ap= fo /-é;} Tir dual/aous} ” 3 .
? Njfjb‘;(u)

If the two steps do ngg overlap, that is 2,2} > 424442}, we can break up the
|J
integral ‘ = v $ ) where 2’ is any frequonoy Y a2 < < ’Jz-é?Jz between
o Jo '
the steps, In each integral, the integrend is exactly the same as for the case

of each line taken alone., Thus

to
(5.43) ju' W(u) du - [ W(u) dus
* M® 1 S I B T
° 7° %f Njfdb; o ° N fiby

where we have extended the upper limit from u' to co because the integrand is zero
in that region. We thus obtain exact auditivity for the no overlapping ocase,
2
Suppose now there is some overlapping. Then Z N-’fj bd(zl) will behave as

J=2
follows:
2
& W
JS1 Wy by) z 0 W< - Az,
. N,
"2—4—3};; 7/1 -A:biél)g 8e
' 1
ver | e
(5.44) NI 4 Vip
Wl ;zy—z-! as 2 £ b,
-
= 3y} b<J/$2/2%A7}7
=0 ; V4 A Y & Vs =2,
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The funotion is illustrated in the accompanying figure,

2 .
[ £ w540

Then 7 -y a= 4 -7 b=2+0y  HvAZg Z—>
(5445)
N, wlu) dw:) «, ”5“/) ~, ~DUY) Uz rpuy - (4, +PU,)
= +
£ “‘C“J/au/“ /4 5 wou /. s T ’
’ «_lfi . 'y?{z /7 t "(‘l"a"‘-( bUy

IBU.  Dpdy

where u* is some mean frequency of the two lines whose value is not oritical,
In the ocase where the lines are weak compared to the background, we can neglect

the unity in each of the three denominavors. We then get

(5446) A W(W S )
Ae = 4/.:53/ . O ‘s‘le-

that is the contributions are still exaculy aaditive despite the overlaping.
Incidentally this shows that the contributions of any set of weak absorptions
upon a strong continuous background are auditive,for any line absorption coefficient
oan be approximated by a series of step funotions. In parvicular the contribution
of overlapping line tails are usuaily aaditive,

If the lines are strong comparsd to the background we may neglect the second

term in each denominasor giwing

(5047) /1 > w () / -l' Uy +Oly - (”'*Au')( 'y

L 34
U3 Ue u=u*
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Here we can definitely see the non aaditivity of the line contridution dut it is
even more striking if the lines exactly ouverlap. Then we get
(5.48) /].:L = hl(“f)—a d DU,

MM >
which is precisely the same as the effect of either line alone,

The general conclusions about additivity hold for the case of natural

and/or collision breadth dispersion, buv are somewhav influenced by the pronounced
tail in this type of dispersion. For the case of two identical lines when the
wings spreads do not overlap the contribution to the opacity is Ag= R Ay,
where /11, is the ocoutribution of each line individually. But suppose the lines
are exactly superposed, Then from (5.24) we get

(5.49) w 5! % -,
b Bl TR BT
U=

For strong lines the last factor is unity and we ocan see thas A£=‘E"lf e The
factor Vi 1is easy to understand, since the contribution of the region inside
the wingspread is the same in the case of two lines as with one, while the tail
region is additive. Referring to (5.25) we see that the tail contributes (’,/.:1 ~ )
times the contribution within the wingspread. Thus

(5450)
/036‘/ A_l, .

A= ] 2 F) 4} aw Y e

The numerical factor 1,364 is quite close to Vi 3 l.4l4,
For weak lines, on the other hand we may meglect 1 oompared to 75 FAJIV'F)
>

and we get

(5.51) 4, . I\:‘!f:g oezlu
(4

= )?/1,(,

*
=u
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and thus the contributions are additive,

4., Effect of many line spectrum

From the preceding discussion of the contribution of two lines, the
features and diffioulties of the treatment of many lines appears. The most
oritical factor is whether or not vhe wingspread of the lines overlap. If there
is no overlapping the oontributions are additive, The case of weak lines which
are always acdiuvive is really included in the category or nou-overlapping wingspread,
because the wingspread of a weak line is zero, When overlapping exists no simple
treatment is readily available, but we may say vhe contribution of the lines is
less than in the non-overlapping case,

In general, even if the contributions of the lines are additive, the result
is 8till not simple enough to permit ready caloulation for a complicaved line
spectrum, bscause the effect of thousands of indivaduai lines has to be computed
and then summed. This requires knowing the strengths, posivions and dispersions
of every line, Such a calculavion is practicai only for a very simple spectrum
15ike that characteristic of a one-slectron ion, However, such cases are of some
practical importance for often we shall have an assemblage of ions having either
no bound electrons at all, or only 1 bound XK electron, Even the case of 2 bound
K electrons is simple enough, as is aiso the case of a single bound electron out-
side a closed shell, The weak line case, however, is much more readily adapted
to computation. We cau see by our consideration of the step type dispersion that
the contribution of the line is independent of the dispersion iuterval. Generahzingp
gince any dispersion curve may be made up by superposing steps, we conclude that
the effect of weak lines is independent or the aispersion shape and breadth as well.
This is conf'irmed by the specific results for natural breadth dispersiosu and

Doppler dispersion. Hence the jth weak line gives a contribution (519) and if
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we take a group of lines in the neighborhood of a particular frequency u*, we get
We
(5.52) Ay= ZAlj :ﬁ‘% Z .3_1 R
J P g® b

U

since the ocoatributions are additive and the continuous absorption Ay and the
weighting feostors W(u)/u3 do not alter mush from one member of the group to another,

The importent point about this formula is that only the total strength Z Njf 3
J

of the group of lines enters. Thus, we nsed not ocaloculate strengths of individusl
lines, for often the total strength is given directly by the theory of the spectrum,
There is also no need to calculate the dispersions The resulting simplification
of caloulation is enormous. Since most of tho lines are weak, equation (5,52)
solves e grent deal of our problem in & simple mannere.

Because of its importance, we shall present another derivation of (5,52) which
emphasizes & different aspeot of its physlcal intepretation, Consider a group
of many 1lines with centers in the interval u' = Au to u*} Au, none of which very
much exceeds the average in strength., Assume also that the lines are distributed
fairly uniformly and thiekly over the region, Then the absorption coefficient
for all these lines will no longer be & very jegged function; for, although it
st1ll may have many mexima and minima, and even more inflections, the variations

from & smoothed average ocurve will be small, This is illustrated in the accompany=

ing figure
Few lines in region Many weak
lines in
region,
T/“A
w— @« =

Since the contribution to the opacity is deotermined by an integral, it is only some
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sort of average which is important. The average absorption coefficlent may be
obtained by considering the total strength of the group of lires fﬁ N
uniformly "emeared out" over the interval /X ocentered at “? . Then

(5.83) gy, - Te*  wy
' mc - —
o DU

The line opncity is then given in smmlogy with (5616) as
(5.54)

If the entire absorption due to the group of lines is weak this reduces to (5.52),

If we compare the contribution of continuous processes in the same interval we

get from (5.7) simply xﬁi‘j} v " AL« o Comparing with (5454) we see that a
fraction '/(”/t) of the continuous transmission of the region remairs.

Because of this derivation we shall call (5,54) the "swearing out” approximations

Yo should emphasize gome of the limitations of this approximation. Firstsall the
abgsorption strength has been artificially confined to the region 4¥-n4 Zo 4% +pu
Because of the dispersion, there ig a tail effect of some absorption outside this
regions If the region within which the strengths were smeared out has teen made very
black, the inclusion of some extra absorption which should properly go into the tails
will not change the contribution of this region. The absence of gbsorption in the
tails, may, however, considerably over estimate the transmission there, The tail
effect has thus caused us to underestimate the opacity. Balancing this is the fact
that smearing out overestimates the opacity due to the contribution of lines in

the smeared out regions. Furthermore when the total absorption coefficient due

to lines is small compared to the background, the contributions are strictly

additive, and not including the tails is exactly compensated by putting the extra

strength into the interval 4 OU o We conclude that it is generally better to for-
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get ebout the tall effect, unless something is also done to improve the smearing
out arrroximatione

A second limitation of this approximetion occurs if one or a few lines
carry the bulk of the strengthe While smearirg out is wvalid for the greater number
of lires, the few strong lines should not be smeared out. A possible procedure
to follow in this case is to smear out the weak lines and ealculate their
cortribution to the line absorption coefficient 4, .. o+ Add this to the con-
tinuum ¢ to form a new background, and superimposed the strong lines upon thise

The strong line contribution will be given by (5.6) except that r now has the

Y aleang
Ae + _ﬂ,( weak, ©

The oprosing extreme to the smearing out approximation occurs when many lires

significance A =

very clearly overlap. This case is also extremely frequent because practically
every line in a spectrum is accompanied by many close shadows - itg fine structure
oomponents for example. In general it will be sufficient to determine the wirg-
epread of the group of closely spaced lines and assume that the transmission is
zero within the wingspreade For natural breadth dispersion this estimate must

be increased by the factor /2 to account for the pronounced tail effecte

We may contrast the results in the case of natural breadth for the two situations
1) +the total strength % M  of the lines is equally distributed among M
non-overlapping limes giving a strength #f to each 2) the M 1lines are coinci-
dente In 1) the contributions are additive and

(5455) Ag= M Ay, »

while in 2) we f£ind

(5456) A = y % Ae, o

Intermediary cases will lie between the two (xtremes,
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While we ocannot oarry out the treatment for the intermediary cases in detail
except by a device, soon to be discussed, which treats the lines statistically,
we can make an approximate treatment correct to first order terms, Suppose we
have a group of several lines all with about the same dispersion and all at
almost the same frequenoy. Then if we consider the line absorption eonmtribution
to the opecity and expand the result in powers of the deviations of the lines from
some average position, we get the result that the zero order term is precisely the
same as would result if we had e single line with the total strength of the group
located at the average position. The first order term mey be made to vanish by
appropriately ohoosing this average position, Calculations show that the proper
method of averaging is to weight each line position and breadth by Nf /", the
product of strength and breadth of the lins, Indeed the principle of a strengthe
breadth weightfied average is genersl,

The foregoing oonsiderations will enable us to make rough estimates of the
contribution of lines to the opecity. In many cases this will suffice, since the
line contribution is small, or else may be of the type given by the extremes
oonsidered here, But we should examine the more generasl problem of an arbitrary

arrsy of lines, The line absorption cocefficient is then
we
‘lTo2 ()
(557) /‘:(12 2 Ti j

and we merely need ocarry out the operations indicated in (5.6)e¢ But let us note
what this requires. We need the following data for each individuval line, 1)
position, 2) strength, 3) dispersion, Ther. ws have to perform a very complicated
numerical integration, In principle all this may be done, = in practice the come
plexity of the caloulations makes the job prohibitively long unless we wish to

treat a small spectral region with few lines,
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54 General Statistiocsl Features of Lines,

Stetistical Treatment of Line Spectra.

The very oomplexity of & line spectrum may be the means of providing e
simple method of caloulating its effect on opacities. For, if the enormous
number of lines precludes en individual treatment, it makes possible e statistiocal
approach, This approach will be developecd in general in the succeeding paragraphs
and then applled later in the special cases of interest,

Now the line absorption coefficient AL and consequently yr is the sum of
oontributions from every line in the spectrum, The ith line gives an absorption
ooe!'t'.'u::l.en‘!yég1 which has a sharp maximm at the frequency u = uy of the center

of the line and approaches zero for frequencies far from the ocenter, The sum

rs= Eg ry = Z ;’_{2 therefore appears as a very lrregular funotion of u with
i )

many mexima, which it 1s preoticelly hopeless to calculate, We ses, however, that
in order to caloulate the mean opacity, it is not strictly necessary to know all
the details of the line absorption coefficlent itself as a funotion of frequenocy,
but it would suffice to know the average value, At first sight, however, the
caloulation of the proper average would seem to involve evaluation of the very
seme integral (5.,6) as needed to find the opmoity, Here it is that the statistie
cal approach proves useful, Suppose in (5.,6) instead of the actual value of P,
we insert a statistiocal aversge -f", averaged over certain distributions of line
positlon, stremgth, and breadthe It may turn out that this average is rather
easily susceptible to calculation eompered to P itself, While the two funotions
may not have the same deteliled dependence on frequency, we may hope that, if a
sensible statistical aversge is used, the inmtegrel (5.,6) itself will not be very

much altered by the substitution of P for P,
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To understand the physicel basis for the statistics we ghall use, let us
oconsider the very idealized case of a line spectrum having just two lines,
separated sufficiently so that there is very little overlap of the dispersion
ourves of each line, Of course, in this case we can caloulate P and, therefore,
the opacity K, We can also calculate the oracity if the two lines were a little
further apart or a little closer together, and we would get substantially the
same result, sinoe the integral is insensitive to the position of each line, except
for the overlap which is assumed small, We can indeed pick & number of different:
distributions of the positions of the two lines, whick will not give very different
values of 1/ (e K), caloulete the;ae values, and average theme, The average will
naturally agree rather olosely with the true value, since every member of the
group averaged agreed rather closely by itself, It will not affeoct the average
very much even if we include a few distributions (for example, onoe in which the
centers of both lines coincide), whose resulitent opacity is quite different from
the true wealue, Now, it is immaterial whether we caloulate P for each distribution,
integrete each one, and then average, or invert the order of averaging and integre-
tion, thus finding the average P for all the distributions and then integrating to
find the averaged opacity,

The question now arises as to whet distribution should be included in our
average®, To answer this, we look at a line spectrum composed of several groups
of two lines, each group in a slightly different frequency range so that lines
in different groups do not overlap to any extent, Some of these groups undoubtedly
will have the two lines far apart and others will have them closer together,
We can treat each group separatoly by the averaging procedure beceause of the
non=overlap between groups. If in the distributions we aversged, we hever
included any in whioh the two lines strongly overlap, we would estimete the
opecity due to the groups with overlep too high, while we would be substantiale
1y correct for all the groups without overlap, It is better to make compensating

errors by including in our average some distributions with strong overlap. For
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then, while we would estimave the opaocity of a group having little overlap

too low, we would on the other hand estimate too high for the groups with strong
overlape If the proportion of strong to wwak overlap distribuvions included in
our averages is the sawe as the proportion of strong to weak overlap groups in the
actual spectrum, the errors will exactly compensate. This principle is of course
applicable to the general case of a line spectrum, as well as to the specific
example discussed here.

Now there are laws which tell, in any actual spectrum, exactly where each
line must be, These are extremely complicaved, and because of tnis fact the
distribution of line positions im the groups of a complica.ed spectrum is very
nearly random, thav 18 considering all groups,a line has about equal probability
of ocouring anywhere within the frequency range covered by the group, It is just

this distridbution of line positious then which we shall use in our statigtiocal
average, Now if the ith line ot a spectrum can with equal probability lie
anywhere in the region U’ -0 to U+ B , the expected average of

P(dy 4, da e de ) = ’/(’*/L) over a1l distributions of lins

positions consistent wivh this probabilivy is
(5.58) a'ob dist
) ) i o Pay 4y oty Sy~ AL
"p‘(“_ “" t(: 3 b,)"'bq.‘“'):‘ ——77'.‘?; J ) P
? ] .
p) % ._%

1 4
? U~y
-0, ¢ <

This iterated integral is even more hopelessly complicated than (5.6) but it
yields its value to any desired degree of approximation by the use of an extremely
ingenious device suggested by Dr. Edward Teller, Develop the funotion P z s /A/+4)
as an exponontial serles

(5459) . |
pr . B AT e i ‘?&{fc'jma‘

/[t .
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By properly choosing the 4, and .. , it is possible to get good numerical
agreement (2 or 3%) between the series Z A € and the
funetion //(H/'-) in the range ©O=/t = /OG0  taking only four terms, This
range of /U will usually be sufficient; in any case the contributions to the

opacity of regions where & > 100 will bs negligible, The series we shall use is

5460
(6460) ~t7a ~.35 M -/ 0/ -~ OIS I

—- + 470 C e ./J0 € )
y ys ° + . 370 + + .0¥%0 €

Inserting (5.59) into (5,58) reduces tho iterated integral to a product of single

integrals each of the same type.

(561) S
5461 .
¢ 1. ~dre K
p- Za. I 22 f, e dug
m ¢ a; -o0

Although the eseential simplification hns now been made, (5.81) can be transformed

into more conveniant form, as follows:

(6462) .
- Jeo o ' $ oo
- X = L (e~ 9
Pz anl §o- Y] - F e s (T Al ),
where Lo
N , ¢ < -}ma.
(5468) dme | SR fo- e du
2D “(?-DC

Further defining

' Nl
(5464) En= ~g. % b (0 T2
equavion (5.62) becomes
—.,‘I“‘M Elgg_
(5.65) P= % 4 C .

The quantity P, a function of frequency U, may now be inserted into (5.6) in
place of P, with the expeotation that the integral itself will not be very much

altered. A straightforward numerical integration will then give the opacity.
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We now examine the quantity E,. » vhe essential facvor in P, more ciosely.
It involves a sum over all lines in the enmtire spectrum. It appears then that
we are up against the same difficulty which prevented the ecatculation of /1:’%5'56
itself, before we introduced the statisticais approach, numery too many lines to
calculate individually, But closer examina.ion shows we have made some progress.
Firet, £.. does not require knuwiedge of the exaot position of every line, but
only the limiting frequencies of the region within which it may be found in the
statistical treatment. Many lines have these same limits, aud we thus have
eliminated very much of the data required for the opacity caloulation, Second,
it is generaily possibie to group lines into clagses such that the sum over the
lines in a class ig simple, As one important example of such a case, suppose the

Aﬂ@ lines c; Cg - ék'" (;ub whioh both fall into the same frequency

2

roglon and have the same value for the integrai Jul are trea.wa togevhers

Then M, . P s
A ~dal N = - M ¢ ‘- N = £
(5466) Lo Z';, b (e 75¢) = ( Fra) wh,

and part of the sum occuring in E, has been performed by reducing it to ons term.
Other ways of grouping lines into cleasses may also be used, the common feature of
all such devices being the reduction of the sum over all lines Ep, to a sum over
clasges of lipes E E/Au., o the sum over the lines iu each class being already
rerformeds Thus we no longer treat individuat lines, but classes with tens,
hundreds or thousands of lines, Furthermore, it may be possible to use overail
propercies of a class, for exanple the total absorption.strength of all the lines
in the class, or again the average breadth, instead of requiring detailed calcula=-
tion of this data for each line, Loocking further ahead we may even find features
among the clasgsses which facilitate sumning over theme For the moment we pause to
oonsider the special cases with which we shall be mainly concerned in our applioca=-

tionse
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0 We first consider the case in which matural and/or collision breadth are the
determining factors in diepersion. In that case the absorption coefficient for the
< fth line is given by (2.15) and (2.2)s Inserting the value of = M fde into
Iy (5463) we obtain:
: g .
(5467) . . Ere A AL T Y:
Jud 5 e‘¢ ( " s Adu.:
a?b‘ D‘ . a, ) e
¢ al-o, UuN™ 4+ 2
, . AU
Changing variable of integration in (5.67), X = ~%= , Zives
<
. a(',~ll + bl.
' [y - '(.
(5068) \),“' ~ E_’_ ‘ ( e A;’ {;-
. 20c B¢ %l-"["/d? <2 = \M
l/g'_a-o,_' +1
. -rz' T

The result is a definite integral which depends on one parameter and the limits of

" integration. By defining

' 173
’ (5469) 2 e
Fla,uy= o [ Jr-2plimf 4,
we can write (5.68) as
. ‘p.
Jate Ao WA (am o) g/m. (u)
(5470) & D¢ IDC O
where
7
. 5471 ‘ } ul -ur b Y
( ‘ 3'/":.’ (u) = F(dM") r; 5 - F (46" ) I ‘)
‘ »
. 2 F @y ™)
) and

T (5.72) aM L= /(rM A/L"((.'

& o
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Values of the integral Fla,u) are presented in Table V; so that it is a
comparatively simple matter to compute JA(.‘ .
A
oS
If, in a certain frequency interval L(?h - &k b Uyt S » there are

many lines M) having the same value of Jm,; s Such a set of lines can be con-
gidered ag a class and formula (5.66) applies, Thig will occur for example if all
lires had the same strength, breadth and dispersion. As pointed out previously this
means a great simplification. If in addition the J"‘Je /104,, <</ , we can

expand the logarithm obtaining

. N J ’
6.o7 = ~Me Dk o Mr ek o M N P(a0) G
(6.73) £, " 7 Lo (7 5_5& ol g i) Goie ',

The first set of faotors “i NJ.‘;.S /('?L‘MS) is independent of n, the term pumber in
the series development of ’/U+/°) » and depends only slightly on frequency
through the factor $,als0 M lVJ {) is the total absorption strength of
all lines in the group. The second factor F(4,4,%° ) is less than unity, approaching
unity as a limit as Quep >0 o In a great many cases this limiting velue can be insert-
ed, if not for all values of n , at least for the higher values., The strong fre-
quency dependence of £M/,, is exhibited in the factor 3,:,/¢ («) which is elose to
unity within the region KL_" bp = U< 4(1; t 4, and is close to zero
outside this region. Similar to the factor F ( duk, % ), the factor 3:«4_/‘0) depends
upon n only through the appearance of Aade and if Oude <</ s the depen-
dence on n disappears éntirely. Thus if 4,,/¢ e/ » £Lmi is independent of
n and we have the interesting result that

. £,
(5.74) 5. ? 4,%5“0“‘2“ e de ] ,,;5 i

e MK

We shall later give an important physical interpretation to this result after we have
seen it appear in other connections,

It may happen that in a region there are lines which have the same breadth, but
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not the seme strength. While the simplification (5.73) does not apply, an even

simpler result can be obtaiped in one important case by use of a treatment due to
(1)
Boris Jacobsohne Let the number of lines of the group we are treating as a class

which have a strength times breadth w4 I between Q; and Q;* LRy be
A/jé (Q)) DQ) ¢ Then
i/ : :
(578) . | - 4 f b (- Sk N o -1 T M) BG L (1~ Sy
AR M g I Bese Aa Q.)' Q4D

or, if one may expand the logarithm,
(5476) :

~ L N, Y DHo. Nag -
EA‘*‘ = A g: lt(QJ> Q; a—?—f@ .

I? there are very many lines they will form a practically continuous distribution
in Q; 4 and the sum over all @; in (5476) may be replaced by an integral.
Referring to (5.68), however, we see that J’"S,,' is also an integral, but the
variable of integration is related to the frequenocy &¢ of the center of the line.

The order of the two integrations may be reversed and we obtain

(5477) “o U ton
~ L fk e y ya 'vbfr )
nke = e g [0 - mier -4 2| e s
Wy -u-cyp @
T

Now the essential point of the method is to find a distribution of strengths
which occurs frequently in practice, and which enables both integrations in (5.77)

%o be performed analytically, Such a distribution is

Aée(a): % *%"(Q/Q—k)s

(5.78)

where M) is the total number of lines in the kth class and @4 is the average NET

of the elass, Although it is physically impossible to have any lines of infinite

(1) Ope oit,
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strengtl., the upper limit of the integresl over Q mey well be extended to infinity,
since beceuse of the exponential nature of the distribution (5,78) the contribution
of the very large Q is negligible, The integrating over Q from O to < gives
y M T, Mok oy FE/(wsT)
b 2ok M 1% ¢ v FE/(TS )

u*k-u-Ak
Ne

~
-
-

(5679) Epp

Integrating now over x, we have

Nk
(5.80) E.. ¥ Mf gnk(U)

nk = S
28k V 1% apr

where
Trk
(581) 8y 3 by 7;-5-,-:-
k
is exactly the same quantity previously defined in connection with a distribution
of lines of equal strength and

el B a1 wmue Ak
n ———— - AN I’
rkl’ lhnk rkn&ank

(5.82) gy (u) = %r“

To facilitate computatlons of this function, nemographs have been prepered,
(Fige 3a, Fige 3b, Fige 4)e A comparison of (5.80) and (5.73) shows the extrems
similarity of the results for these two different distributiorns, The first set

of factors gmk giving the essential magpitude of E
20k

nle is identical, The second

factor F'(ank 'ga) or ( lhnk)'% is less thar auity and independent of a . as &, >0.
The last factor in both cases contains the important frequency dependence, and has
the same qualitative features, In the limit 8k ~»0 the two formuleae become identi-
cel as considerations of the properties of F(a,u) shows. In that oase equation
(5474) applies to this type of distribution also.

To explain why the results are identical in the limit a,, —» 0, and what the

simple form (5,74 meens, we return to the smearing out approximation (5¢57)e
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T4
% e
Using this approximation gives r = S 2 du and
ml
(5.83) P = Z‘.njrj .
1
¢ S24An

The only difference between (5.83) and (5,74) is the fact that in the latter

oese Enk is not quite zero outside the interval u;- dk %o u;: L Ak, and it

1s not quite equal to r,, differing by the factor g, which may be o8 to .98
in typioal cases, within the interwal. The first difference mentioned, the so-
called tail effect, is the more importenf, Now it is just under the assumptions

used in making this derivetion that the quantity ag <<1 and -g-:% <<l, The ap=

proximation (574) is thus essentially equivalent to contimuously smearing out
the absorption strength of the lines in the regions where they occur,

6o Statistical Treatment of Absorption FdgeSe

The very same type of statistical treatment appropriate for lines should
also be used to treat the bound=free (photoelectric) absorptions, for there
will be a very large number of absorption edges. In this section we shall
develop this method, and also discuss some rather less accurate approximetions.

The bound~free absorption cross-section given by (2.23) may be rewritten as

4 2 1 Z N 31/1 2

2 he n
5.84 @) 2 == I L T -( ) @)
(508¢) 44,0 = ars KO O - n \¥F/ Spr
In the neighborhood of the ionizetion potential of an electron shell, say the L
shell, the function uz’/u.bf will have a large number of amall steps due to the
appearance of a new term in the sum at each absorption edge, It may well have

somewhat the shape indicated by the accompanying figure
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3
'I 6(/4‘5;(20

7 —

Between such groups of edges, . and oonsequently//xc, the continuous ebsorption,

is a smoothly varying funoctlon,
By moans of a statistical treatment completely analogous to our treatment of

lines, the function yéps, jaggzed near each group of edges, is replaced by a smoothly
varying average chosen so that the final opacity is not falsified. To do this, we

artificially divided the absorption coefficiant into three contribvutions:

(5084a) = AL+ (4= 00) + 4y,

where /4, is some average function approximately representing the gross aspects of

/A'co Then

(5485) =z H, (1" )(2r),

where
t - X
(s.86) ¢ oLLe L2
Me He
and introducing
(5.87) P=l_, PP,
i 1

the opacity formula becomes
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o0
(5.88) A= __1__, :f PP'N(“) du,
CE  Jo u® &

We shall endeavor to replace P' by P its statistical average. Then since

14“0 - P' ﬁo we have approximately

Ho My
(5490) r /ﬁ’-g-":"“-é-l’
Ao T Ao

The entire statistiocal treatment of lines of the last sestion can be carried through
unaltered but we now interpret r by (6,90) which involves only the statistical
average of A4, , not its small details,

Suppose now that the ith absorption sdge might with equal probability fall
anywhere in the interval from u;- Ai to uf{& 41. Then by following similer steps

to those in the statistioal treatment of lines which lead to (5.,61), we get

*
us$
T % e
(5.91) P'(u) = Z e Pnt  au,
i 2A1 ¥
ug= 4y
where r, is the ocontribution 4o r of the ith term in the sum (5454)e We thus
soe that
r; =0 for u < wy,
(5492)

r; =@ foru >y,

and (oi is a slowly varying function of frequenoy. Now consider the edges are
ranged in order of ascending lonization frequensy, For the partiocular frequency
u at which P' (u) is to be evaluated, assume that the edges 1, 2 ... j(u) all
certainly lie below u, that is

(6.93) ui $4, <u  for 1£1%3(u).

Also assume that the regions in which edges j (u) # 1,e...k (u) fall include wu,
that is

gty
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(5494) u: -4, gugul $4;  for §(u) H1<i<k(u),

Lastly, the other edges will all certainly lie above u, that is

*

(5695) u< u,

For the edges of (5.,95) the integral in (5.91) is just 24,, for those of (5.94)

it is[ u--(u;:--Ai )] ° by 4 (u;& 4s=u), while for those of (5493) it is 2440 nﬂl.

We, therefore, have far (5.91)

3(u) k(u u-(u*-dl) -b
(5496) P (w) 221 ey T o Onf1 'ﬂ) 1e- Mi (1-e “ﬁ) m 1
n i=1 imi(u)$l i x(u)$1

The absorption edges occur in groups with long frequency intervals between groups.
Let us follow the variation of P'(u) with u from a frequency uzii,, which is below
a particular group of edgese-for conoreteness say below the L shell ionization
edges,=-to a frequenoy uzu, above the group edges. AL usu;, there will be no

terms in the second product, so that

3(u) §(u)
) 28 o T oL e el
n i=1 n =1
whence by (5.59)
(5097)  Flw) = —f— °
" En

Likewise for u z uy, there will be no terms in second product of (5+96) but there
will be additional terms in the first product giving

1

3Cup)
w5

(5.98)  P'(u,) = .
The form (5,97) will hold as u inorsases from u! until u becomes squal to the limit
of the region available to the lowest edge. Then some terms in the second product
begin to appear and P (u) decroase until after u has passed through the region of

the edges, it takes the form (5,98)s The variation through the region of the edges
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takes & very simple form in the ocase where there are very many, M, edges all
having the same Pi.:(oand the same region in which they may fall, Then the

seocond product becomos
M

x M * b MNe
u=(u'= A =b u=(u'=4) ’n
l-"23 ) (1o nf’) ~ll- 2a M .

Now assume that the total strength of the edges remains fixed but M increases ap=-

]
-l
proachingo®, Then the second product approachos exp = L~ ;A ) b, M(hnd (5496)

itself becomes

1

(5099) P (u) = Ry .
14 ?1) 6 ¢ u-zguZ_" Mo
i=1

A reasonable choice for /Zl'; would be to make /«"—g.  /, between the groups of edges,

but to have /72; Jump in one step from its wvalue before the group to its value
after the group at the frequency of the highest edge in the groupe The behavior

of u%, u'?;o and /'&; us/?' in the neighborhood of a group of edges are illustrated

sohematiocally in the accampanying figure,

As a orude approximation, one can simply use a single absorption edge to re-
place a whole group of edges, Whenever this is legitimate, the position of the
edge is not coritieal, and we may place it at the lonization energy of the ion
with average occupation, that is at the ionization energies -g' 27 of (4437)e The
reason the position of the edge is not oritical is that there are always a great

number of lines near the edges, Their high absorption coefficient hides any small
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alteration in edge absorption, Jacobsohn has worked out a refipnoment of this
treatment pleoinz the effective edge of a group #o as to make the average of }/«c

correct throughout the group but it is rarely necessary to use this treatment,

7¢ Simplified Practical Treatment of Lines,

We have thus far discussed two detailed methods of treating lines, The
straightforward approach is exact but impossibly complicated except for a small
froquency region, The statistical approach brings the problem within the limits
of human computation and should be nearly as accurate as the exact treatment,
However, even the statistical approach involves as much as 6 computer=months work
to get a single value of the opacity. When flexible rapid electronic oomputing
machines become available, the statistical method will come into its own as a
good method of treating the lines, Until such time, we shall have to content
ourselves with rougher approximations, It is these rougher treatments which we
investigate here,

The olue to the problem is the smearing out approximation, Instead of using

the full statistioal treatment to glve F, we mey use the approximate formulae

14

(5094) Pz 1 ¥ 1
TEEL TEn

where

(5095) Ty = Z .lf-l:fi]ﬁ
jx s 2ax

In the most detailed treatment of this type, ve may oconsider a class as composed of
2ll the lines from a particular ion type arising from the same cne electronic transi=
tion, We would also incorporate three features which will very much enhance the
accuracy of our result; namely, 1) Treat strongest lines individually by superw
imposing them upon the background absorption of the contimnm plus the weak smeared
out lines; 2) Incorporate an empirical correction factor to redusce the contribution

of each group of lines, sinoce the smearing out troatment overemphasizes line effects.
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«80=-
This faotor must be determined by comparing the genuine statistical treatment
with the smearing out treatment in several representative cases, 3) Take into
acocount the tail effect neglected by smearing ocut treatment, Corrections 2 & 3
are of opposite sign and experience may show that it is sufficiently accurate
t0 negleoct both,

It may even prove possible to do & much less detailed smearing out treatment
by oconsidering a class of lines as oomposed of all lines from a single or small
group of one electron transitions, This treatment should also include an empirical
faotor designed to foroe its results to agree with the detailed statistiocal treate
ment, By this method the work for computing the line effeot could be reduced to
2 oompubter weeks,

An entirely different approsch in modifiying the detailed statistical treate
mont is to use the so=-oalled pattern treatment, This treatment is based on the fact
that relative positions of olasses of lines are the same for two groups of one
electron transitions differing only in the principal quantum number n of the
fiml state, Moreover, the ratio of strength of each line in one group to that
in another 1s a constant for all lines, Then ths value on Enk at one frequenoy

k
ocan be obtained from that at another, by the so-salled pattern transformation

(5.96) Q(E Euk(“) = const.z E (u$oonsta.).
k
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Vi, SUMMARY OF FORMULAE FOR COMPUTING OPACITIES.

In this Chapter all the formulae essential for opacity calculations are
collected in form for computation, Energies are expressed in terms of the Rydberg
enorgy Rhe = 13,61 electron volts and lengths in terms of the first Bohr radius

for Hydrogen a, = .5291110-8 om,

1, Formulae for Occupation Numbers:

The volume V is related to the density @ by

v LN 2
(641) ;:5 sZ ¥_ . My = gram atomic weight
3
° (°No°'o N, = 6,023x10%3 = Avogadro's numbers

The radius of the ion spheres is from (4.43),

/3

' 3 v X

(642) :‘Z) s (4,, V= w(
2]

where

(603) 2’ 22 ), 2L

Zz %
The number of bound electrons n, 1is from (4,40)

N n
(cut) ol -é; %

and the nmumber of frees ny from (4.42) is

(6.8) =8-3R .

The free enerzy =kTL" of the eleotrons is given by (4.41a)

(666) o = » 3,1034 ¢ .In Nv s - In%—f- # 3/2 /n (x1/Rne)

8o
15 2 kT 15 4 (kT 2
t e msTEm <~ (m;s)

~* 0 15 2 XT wpk*
«e35355 @ (1= &7 gr) $ 412995 ©
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where ol = 1/137,03 is the fine struoture oonstant,

From (4,38) we get

s nE ooy LBz (y 1) o
(647) §£ = 2 -§Z-ﬁz_ [03 Ny ( %z) jpl ¢
Teble II givos the screening constants O:Z,:)' Then from (4.,37)

—t __L 2

€ 4z 8,2(2,2) ' & 2 /8, Y X 2 %
<6°8>-m-=--m-'zrz°-;3'(i-o) (z; '3/5%73';" o
Table III gives the ons electron ?ergy lovels = C/% (%'g )/Rho and table IV gives

the average square radius (r/a.,,)2 o Fipally, the occupation mmbers are (4.36)

L]
(609) -!Z_Z. = Zz ' hd
X, = o R (_ €42
® - “XT c *1

The ionic oocupations are found from (4.47). The probability of having an ion
with 3y eleotrons in the.£ level is

2/ -
(6u10) By s _ o8 %z y o4 u,£.

73 (% -2

where

(6011) py =82/op

(6412) ay = 1-1:& .

These formulae must be modified if
4 a

. = 22' _o_ Rhe
(6613) A= 2 o k‘l‘>1

and the appropriate change is discussed in Appendix II,
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2, Formulae for Thermodynamic Funotions co.fe Appendix I.

The total energy of the system E is obtained from (AI 16, 17, 18) and follow=

" ing discussion,

1] -
N N, &5 (24) 9 Yy 2%
(6.1) ezl g 2w -gZ-—ﬁ-Z<.

2 1 Z A A
2 2 15 2 1
ne 7 E ,2%XxT _ 5 _4/kT _15q kT
3 T
$lor 'ﬁ;" »
3/ °

where c.f, AI, 15

(6425) Z, =z -3 ;ﬁgﬁ oi.a‘%:xi«‘z‘( ':};)%.1 =z-%@-2z5

The zero of energy is taken as the state in which all the nuclel and electrons are
infinitely separated and at rest. We should use the upper value 3 in the last term

when

il a
(6.16) 2z' _3.;. 3-2% > 11,6

and the lower value 3/2 in other cases.

The pressure P is obtained from (AI.20), It is

N, .2
PV _ B - * 15 2 kT Z ,*° Rho 8,
3/2
or
1

¥

where the condition (6,13) requires the use of upper value 3/2 in square bracket

when fulfilled, and the lower values when vioclated,

3¢ Continuous Opacity Formulaes

The ocontinuous transmission Ac is defined by (5.7) as being the value of

the mean free path found by negleoting lins absorption. We write this in the form

(6418) A = f%{-}}} o
®
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where the weighting function

(6.19) W(u) = 751(2—“7 %% (e8-1) 70

is recorded in Table VI, and the reduced absorption D is

3
(6020) D = YBHc
X

The reciprocal length A is introduced to give the quantities in the integral (6.15 )

simple coefficients and make them dimensionless. It has the value

4 2
(6.21) A =2 —1° 1 X 4,762 x 165 Rhe i
3J5 me kT V kT v, Ny
AR o

where c.g.e. units ere used for P and M The continuous absorption coefficient

Z.
and consequently D is the sum of 3 terms, Ds from scattering, fo from free~free

transition and Dbf from bound=-free transitions

(6.22) D = Dg + Dep ¢ Dpp o

The scattering term is

3
(6.23) Dg = 2 Lf_ - =r§.- o5 2 kT W @
V A 1-4~u 8 N Rhe 1=-e™Y @o

where the scattering cross section is

(6.24 ) (is (1-ua2_g_c_)[1+0( ::2) 2] .

Uere, of course, a is the fine structure ‘constant = 1/137.03 andqo the Thompson

8n -
3 (92/(!'102) )2 = «66564 x 10 24cmz. The free-free absorption

cross section @ o *

term follows from (2.30),

2 : N ot - ¥
kT 7 N

If we neglect small correction terms in a¥ , we obtain from (4.41a )

3/2 n Ya 3 3/2 2n 3/2
(6.25a ) -a*-,(n-u(in_l____ £ o Rhe "gn 1 £ o Rbe
2 N v kT 1.0075 ™ KT

where M =S MZ NZ , and putting this with (6.2 ) into (6.25) we get
-
Z
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-85=
5/2 4 x “ 3
Rho Z 7'9(%\ =
(6.26) Do = Sfr'r_<—1';f) Zz:'ir' z <?£5'§ Bpps

where

e \? 2
l¢ .1728(-1?-31——;—'?) u® (1% 2/11).
O

The bound free absorption tern (2.23) gives simply,

(6s27)  Epp

2
b
(6428)  Dyp = Zb‘ I‘N— -!13 <E%> By (u) o

the Gaunt factors being defined by (2,22), They are discussed further in Appendix
11T, Fige I is a graph of these factors,

In most cases the function D(u) veries rather slowly with frequency except
in the neighborhood of an absorption edge, where Dbf is discontinuous, It is the
usual practice emong estrophysicists to break up the integration range into inter=

vals within which D(u) may be considered constant, and thus

Uksl v S(uyeq) = S(uy)
(6029) A, = 2. n'(-%&p W(u)du = Z-\ ugtik,,;._)

X
Ve

where S(u) is the Stromgren function

u
(6.30) s(u>=S W(x)dxa
[+

Values of this function are given in Table VI, Formula (6.,29) is valuable for
quickly obtaining approximate results, if we approximate all the absoerption edges
assoolated with a one eleotron lonization by a single edge.

For more accurate results, we should use the statistioal treatment of absorpe
tion edges disocussed in V-8, In this treatment D(u) of (6,18) is replaced by
D(u)/P' (u) where from (5,99)

_ J(uy) u=(uyf =Ay)
D) L) )14 $ —sE .
(6431)  Fv el u E’; (Y 28, L Crc

In this result, the kth group of My edges liss between ui: - & and u; &Ak. Each

edge has a relative jump, from (5.92), (5486)
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Ao, ./Fc:l
/E »

and /-:, is a function such that

(6432) (oi -

(6433) /'%(u) :/u.c(u) between groups of edges

/Fc(u) = /“c(u; 'Ak) for u; -4pcuc u; + Ak'

The reduced absorption D(u) is

(6.34) B(u):_‘fl/f_g .

4, Line Absorption Contributione

The line absorption coefficient is defined by (5,8) as the reduction in the

continuous mean free path, due to the effevt of the lines, It is

(6435) AA./e: [ .1."5 _(n.g!‘.)_l? “u(u du ,

where
(6036) r =z g/ fz
is the ratlo of the line absorption ceeffiocient to the continuous background -

statistically averaged in regions of absorption edges, For a line of natural and/or

collision breadth dispersion this is cefe (5.24)

B (uW(u) e, [ % 1
(657) AA/Z = ol u-uTr < TS (1 + WSy \ & ’
-t nigd )
where
hyy ° hYj
(6438) l"'i - 4_“_; e is the energy half dreadth,
¢ 2D(w) B(a)
(6439) s g2 Xl o.95015
zfsn P (u) - uSp (u)

Ni is the number of ions in the initlal state, and f1 is the eleotron number for

the transition. APPROVED FOR PUBLI C RELEASE
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If the absorption strength may be smeared out over the interval u*=Ate
w34 , wo get from (5.54)

5 we,
(6.40) Ady=) 7§ 2aus {15(u*4a) - s(u*=a)

ZWe5 | |\Bu)/F (u)
24us

l¢

When reecourse 1s made to the statistical treatment of lines, the following

formilse should be used:

o0

. A P P (u) W(u)du
(6441) AA:= ¥ fp(u) s
(6.42) F(u) z X o s
B
- 47 0-1.7E1* 37 9"35E2 $ ol2 0-110E3 $ 040 "0015E4 .

(6s43) B z &1 By = X0 Epsy o &1 Pnk .
1 k 1 k

all lines all k all lines
classges in a olass

“k Inie
(6444) Eyp = = ok /n 1-

k= "By b, 24, °
where l&k is the number of lines in the kth oclass,

For natural breadth type dispersion, if a line may with equal probability fall
anywhere in the region u; -4 to u; +4,

3, v
(6445) 2—33’-“1 :;-"a-; = Flapg,®) g'py(u),

where

(6446) a_, = _’n

F(ani.(u;-u“Ai)/Q) - F(a ’(ui-u- Ai)/ri)
(6047) Sni(“) = ’
ZF(ani,oo)

and the funotion F(a,m) is recorded in Table V,
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If it is wvalid to use an exponential distribution of strength within a group

i
(6.48) E, ¥ M"A - B ™ s
28, Vl&ank
where NfX is the average strength of each line and
ek
(6449) e gl WO
™S My,

A nomogreph of the function

Y a1 yuedy

—_— = tan —e——

is given in Fig, III to facilitate caloculations.

(6450) gnk(“) :":r__ tan”
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VII Similarity Properties and Limiting Forms of the Opacity

le Similarity transformations for opacity calculations,

Since the calculation of even a single opacity coefficient is laborlous, it
is desirable to have approximate similarity transformations, which, if given walues
of the opacity coefficient for one element at ome temperature and density, will
predict valuss for other olements under related conditions. This can be done
approximately if line absorption is not too important a factor,

We refer to our summary of formulae, Chapter VII, specializad for the cass of
a single element, From (649) we oan ses that the occupation numbers will be the
same for two ocases (subsoripts (1) and (2) ) provided that A* 18 the same and
(7.2) é}z (L. gll’zm
AT, LT,

The major contribution to these energios is just the interaction with the muclei,

so that (7.,1) is essentially equivalant to

(7.2) Z'zfﬁg = Z.z'? E’f
T, AT,

lkgee(l)hna suggested a refinement which partially takes into account the screening
of the nuclei by the bound electrons. _He requires that

(7.3) Y = (Z, -4t Rhe | (4.-m7 Rhe

RT, T,

where £ is the soreening of the level with probability of occupation 1/2. This
foroes the ocoupations of the half filled levels to be the same; the lower energy
levels will be completely filled anyway, while the higher ones will have so small

an ooocupation as not to affeot the opacity.

(I) Jonn Magee: Similarity Law for Opacity of Light Elements. Unpublished.

APPROVED FOR PUBLI C RELEASE




-4

APPROVED FOR PUBLI C RELEASE

=20

Wo next examline the continuous opacity of two different elements under
conditions such that ¥ and ¥ are the sam® for each, From (6.25) we oan see that

the freo-free absorptions Dy will have the same contribution to A Ncin each case
d'

since (7.4) Dy &= X e

The same result is also evident for the bound=-free transitions, since from (6.28)
(7.5) Dpp ~ A %/i’ ;’_1[_5 5 &
(The sum extending over all states with Za/e7 ™ ¥ < @ D and Nb/n, the
oocupation numbers are functions of o* and ¥ alone. The soattering ooutribution
(6423), however, cannot be written as a univarsal function of «*and ¥ , and hence
spoils the simllarity transformation, If there are any bound electrons at all,
however, scattsering will play only a minor roll, while in the absence of bound
elaotrons, the calculation of the opacity coefficient is simple enough so that no
regsort need be had to similarity transformations, We ocan say therefore that in
most cases AAc of (6.18) is a function of «*and ¥ alone.

From (6.25a) we see that if /% is the same in two cases then we must have

approximately

Z, FI G pz.
é LA . A B N
(7.6) M. TH* My T

or sinoe Z/M,~ %2/M. ~2 for light elements excapt hydrogen

(707) () T 3/
ol €9 M

But if ¥ is the same in the two ocases

(7.8) (IR 7
Ta ZZ"
8o that
3
(7.9) bz,
2 z3
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Using (7.8) and (7.9) we oan find the temperature and densities for which two
different elements will have the same values of A Ac . WMoreover since from
(6621) A o< gp¢ Sz M) we get that, under these conditions,

Ke, o¢ (Z°M, A 2"
(7.10)

LA
,(il = z-' ”1 ~ (Z,z 3 .
kc-l Z,LM, <

The lins absorption contribution does not lend itself to a similarity treatment,

The most important single factor in the effect of lines is the spread of each groupe
This spread, being due to electrostatic and exohange interaotion, 1s proportional
%o 2 e If we keep Z‘/(k 7) constant, then, on the frequenocy scale « = ‘47//‘*")

the spread of the groups will be inversely proportional to % , Hence the line
contribution will be more important for light elements than for heavy elements
under conditions of simllarity for the continuous opacitye

Relativity effects are to first order proportiomal to Z”. This again spoils
the similarity transformation, even when lines are unimportant. It also spoils any
attompt to scale the line contribution separately. This is just another example
of the qualitative difference in opacity calculations between the light and heavy
elements,

2o Limiting values for the opaoity.

At very high temperatures, all the elsctrons will be ionized so that the only
prooesses contributing to the opacity are the free-froe transitions and the gcatter-
inge Since scattering is proportional to the number of electrons per unit volume,
while fhe free=free transitions are proportional to the square of the eleotron
density, the former will be domimant at low densities, the latter at high,

We examine the results to be expeoted under these extreme conditions,
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If there are %o be no bound electrons, the quantity ¥ 4(3513 must be

4 much greater than unity for all states. Putting €/, ~ -2 RAC  qnd using (6.6)
. for A*, this condition gives approximately
(7.11) L ¥a 2 RAC
A I /?J:c) - Z Zr /.

This result clearly indicates that increasing temperature favors inoreased ioniza-
tions But it also predicts that increasing the density always decreases the ioniza~
tion. This is not altogether true; the reason our result is misleading is our
neglect of the interaction terms in é‘;z e These give a pressure ionization for
; high densities.
In the low density, high temperature limit, where the only process contributing

to the opacity is scattering we get

R ] ”~ A €a~,)'~1. @
0 (Fo12) My = g = 22, u?e“( A .

g (A (e

The denoninator is independen: of treyuency exscept for the correction factor

AT "
(/~2« ,Za“cv) « We may replace 4 by ”M‘/, the value maximizing the integrand

in (7412) without fear of serious errore Then

(7413) Aot = i%(? & [r-n kr}}*/

g or
LT 7 Z
4+ = - =
! (7e14) Kica? < Y, = Mo % [’ ,mc‘.( 17:
) where
~ NZ "_Z&”L
0 'ff.z MZ ¥ o ave molecular weight Z°<“ 7 - average atomic number
Z
o ¢, = Thomson oross-ssction = #6654 x 1024 omz.
Yo = Avogadro's number 6,023 x 102:5
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T this 1limdt the epecity 18 Indepondent of density and virtually independeunt
of temperature. Moreover for the light elements Z/Mg = 1/2 so that except for
hydrogenous material the opacity is independent of oomposition,

In the hizh density high tenperature reglon free-free transitions beocome the
dominant prooess. Then using (6.13) and (6.,25)

(7.13) AN - foo Wiu) dw

The only frequency dependent factor in the denominator &s the slowly varying gep o

We replace u by upax“7 in this factor. Then we can use [ W(«)dx= S() giving.

(7.15) Al = /9.5

rUC -K* oy, 2 a5 | KT ]'/a) >
Ar € 32 » < (.= ZEktz‘

or putting in the value of «*from (6.25a) we got

(7617)

=4 ~
. L 2 A T pmad RN o oy oo/ T A
k P P s (/m-) 4 2 [ *'““(@‘xul)s_})

or inserting the wvalue of A/(’ from (6.21), we have in cez.8, units
(7418)

v = >, -
e HASi5x/0 RAC\ % ) AT 4
K= 457 ',?,-2 p(k,r) &Z' e Z [/l 'S“(el.czz) .

In contrast to the scattering, the freo-free opacity is proportiomal to the density,
varies almost as T ~7/2 and is also approximately proportional to Z. It is
because of this limiting form that astronomers have used the temperature dependence

of the opacity as r-1/2 o But the limitations of this law should be oclearly

understood.
APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

-4 -

3. Varistion of Opacity with Temperature, Density and Atomic Number.

The qualitative variation of the opacity with various factors is evident to
a oonsiderable extent by & consideretion of the equations, although the quantitetive
evaluation requires an immense amount of computation., Consider first the varistion
of opacity with density. At the lowest density the only importent process is
scattering. So long as this is true the opactiy is independent of density. But
as the density increases, the K electrons become bound with apprecaible probadbility,
unless the temperature is too high. For temperatures at which the K electrons can
become bound kT %6 to 1/%) Ztho. the ionization limit of the ¥ electrons is low
enough so that their photoelectric abtsorption will ocour in a region where there
is considerable rediation. Their absorption will, therefore, be very important
in reducing the transmission. For low densities the X occupation will increase
proportionally to the density; then A/ 2P~ and Kap. Superimposed upon this
linear varietion of the continuous épacity is the effect of lines. So long as only
K electrons sare bound, this is usually a small effect, since the line spectrum is
simple. As the density further increases, the X shell becomes full, The increase
ir. density then can cause no further increase in X occupation. For a short while,
therefore, the opacity is erain independent of the density. But then the L shell
begins to fille Tnitially the occupation of this shell again varies as P and it
may well be that considerable radiation is in the frequencies which they will
absordb photoelectrically, For awhile, therefore, we again have the continuous
opscity K, aP. However, eventually tre L shell will be filled and then K, will
be independent of P. 1In this case, in contrast to the filling of the K shell,
the lines are very often of decisive importance. The line spectrum will be very
simple for a practically empty L shell, increase to a maximum complexity as 4 or
5 electrons becoms bound, and then decrease in complexity as the shell fills up
fulle The interplay of the line and continuous process is shown schematically

in the figure,
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éOPaoity with lines

1n X Opacity due to
continuous processes

Half Full Full
L Shell L Shell

n@

_—

The ratio X/, will have a broad maximum near the density at whioh the L shell

is half full. This pattern of behavior is repeated but much less distinotly as

the higher shells fill in, Finally, however, inoreasing density "cuts off" more and
more bound state., Eventually all the electrons are pressure ionized and the deter-
mining proocess is free-free scatteringe Tho opacity then increases proportional

to the density. It 1s doubtful, however, that the methods outlined in this paper
are adequate to cope in detail with the freo-free absorptions at such high densities,
since they are based upon hydrogenic wave functions for the electrons,

The variation with temperature is much more complicated than with density,
becauss, not only do the occupation numbers change, but the frequency reglon in which
the maximum radiation is present also chang®se A+ usua. densities a shell will
begin to £ill up at a temperature from 1/10 to 1/3 times its ionization energyy
qud thus the absorption from the latest bound shell is always of decisive impor=-

tance in determining the opacity. The occupations vary as Lu4p ~(Tu [ r) s the

bound free ebsorption coefficient as Dsp5 ™ (Zolpr)™ Yy “g“/ffT) and hence
I, 1ﬁ‘c _ A
AN ~ (/iTéA)’* p (Tfer) e Fipally Kc* Ve )= @—%—7-.53 'S et y

100 Ko o ’T'a,w,p ’\M/7) e This wariation is quite a bit more rapid than the
-7
T /2 law for free-free processes. In addition the line contribution must be super-

posed upon this,
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The variation with atomic numbers is related to that with temperature -
indeed we discussed a similarity transformation with the parameter 5'”"/‘?
Hence roughly A o« 27¥ eypt eona¥ %) | The 1line effects are important but
too varied to discuss in brief. As was mentioned previously the lines change
their qualitative behavior when relativity offeots become important, That is for
high % > 606070, A comprehensive discussion of the high & phenomena is given

by Jacobsohne
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" VIII Opacity of Iron

To illustrate the principles of the preceding chapters, the calculation of the
opacity of pure iron, Z = 26, at normal density (@ = 7.85 grams /cm3 and at a tempera-
ture of kT & 1 kilovolt will now be discussed in detail,

le Occupation Numbers

The data for the calculation are

Z =26 =
(8.1) € = 785 grams /em
M = 55,85 grams = molar weight
K . 73,49
Rhe

Using the above data and (642) we determire the radius of the ion spheres = a particularly

av

simple jcb in the case of a pure elementes From (62)

1 Ve AW wad, (%) (3 v )V
~ 5 (=o)'(w %)

o N
L But

(8e2) VS : X = 79475 N, = Avogadro's numbor
. Ya N,Cad
Jence
(803) azt = 24670
2y

The successive approximaticn provcedure must now be used tc find the actual occupation
nursber. The last oycle of the approximation 1ls sumrarized in the accompanying table,
. Table Ae Column (1) gives the orbital (specified by ), column (2) the degeneracy Coz ¢
. and colume (3) the assumed values for the occupation., The sum > M2 = %% o 2,025 at
220 A e
the foot of the column gives the numter of bound electrons, and hence nr/N s n=np = 23,075,
. o
E,z (2*) can be determined by the use of (6.7) and irterpolation in Table III, the table

- of energy levels, This is recorded in column (4)s With a knowledge of @, ang

“ 2 =2 '% __'%ﬂ s 26 - 2,925]1 5 23,075 we can compute the correction terms in {6.8),
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and the final value of f_zz' is recorded in column (5)c Whenever this emergy becomes
positive we know that the bound state has been ocut off, and merged with the free states.
This happens for levels with n >4, oL*’ determined by (6.6)’has the value 4,5826 so that
by the use of (8.9) a final set of ocoupation numbers, listed in column (6), is obtained.
The value of “b/N = 24924 is in close agreement with nb/m = 2,925 assumed in column (3)
indiocating that the successive approximetions have satisfactorily convergede. I% will be
noted that only the K shell is substantially occupied under these conditions.

The ionic ocoupation numbers may now be found. The fraction of ions having electrons
in tho[t_h_ shell is recorded in Table B following. More important for our later calculations

is the number of K electrons in ions of a given configuration. This number is given in

Table C.
Table A Ocoupation Mumbers of Ironm Z = 26
0 © =z 7.85 grams /cms kKT = 1 xilovold
) T
Lavel Welght Ocoupation Ionization Occupation
energy
C n o] * ey |
L 22 22 - €5z - 2 Ryg
) y Rhe Rhe N
1s 2 1.9541 643432 612422 1.9540
28 2 09229 145,09 114,07 09214
‘ 205 2 «03326 141,63 110.64 +038137.35¢1
ng 4 «17403 140,69 109,56 «1738 ;
3s 2 .03113 62,4595 31.9%4 «03110
3p% 2 «03069 614564 304351 «03065
. 3p3/2 4 «06113 614260 30,547 06125} opas
. 332 4 +06063 604764 29,934 +06055\*
’ 345/2 6 +09082 604h66 29,336 o007
) 4 32 34215 33,907 74979 $3113
- ~vepyp——
B ) t TN tror .
ound Flectrons ziMzZ = 2,0252 Bound Tlectrons er%z_ . 2,024
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Table B Tonic Occupations of Iron

Z =26

¢ = 7.85 grams/cm®

kT=1 kilovolt

Fraction of ions with the following number
Shell of electrons in the shell
' 0 1 2 3 4 5
K .000529 | .04494| .95453
L «59616 .257941.041808|.,003873|.000224 neg.
M . 75864 .21117(.027759 0022894 ;.000133| neg.
N . 70922 «24509|.041025|.004431|.,000347 neg.
Table C Tonic Occupation of Iron Z=26

€= 7.85 gramss/cm:5 kT =1 kilovolt

Number of K electrons per
Shell atom in 1lons having the follo
ing number of electrons in th
9] 1 2
K 0 204494 1,9091
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2. Thermodynamic Properties

Using the oocupation numbers found in the preceding section and the formulas of

Appondix I it is a simple matter to compute the energy and the pressure,

terms are given in the following table,

Table D Epergy and Pressurs for Iron
© = 7.85 gm/on3 XT = 1 kilovolt

The various

Binding
energy of ions oS (AT1.17) = 1381.6
N Rho
Potential energy P.E. (AI.17) - 15,56
R Rho
Kinetic energy
of free electrons K.XE., (A1.18) 2550,1
¥ Rho
Energy of nuclei E nuclel 4, S kT 1102
N Rho 2 Rho
Total Energy E 1263.1
o
Free electrons PV (A1.20) Kinetioc enmergy term 1695.0
Y Hhe Potential energy term -5419
Kuclei PV - x7
W Rhe FRho~ 73.49
Total pressure PV 1764 .3
N Rho
Fv 8897
Z+I)Nr ’
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O For this ocalculation the nuclei were treated as free, because g z Z'e 1.65<< 8.4
VZkT.;'

- (cefs Appendix I). We note that the material does not behave like a perfect gas of

* (2+ 1)N particles, but instead behaves as if only 89% of the particles were completely

free, Furthermore this percentage will vary rapidly with temperature and somewhat more
slowly with density. With regard to the ensergy, we can see that the potential energy
and nuclear energy terms are small corrections; it is not necessary to further refine our
treatment of them. To the other terms we may attach a high degree of reliability.

It is also worthy of note that the kinstic energy is almost twice the total ionization

energy of the remaining bound electrons,

3e The Continuous Opacity

The caloulation of the scattering and free=free absorption contributions is a .
straightforward application of (6423) and (6.25), The bound=free contribution requires
" some care, however., We firsi make a preliminary calculation which assumes that all the
ions have the same ionization potentials for a particular one electron transition. This
T is the average ionization potential -Ez secorded in Table A column 5, We notice that
the subshells 2s, 2pi, 2p5/2 have very nearly the same ionization potential and for
simplicity we take an ocoupation weighted average value—z‘fé = 111.0 Rhe, Similarly for
the n = 3 shell, we use-a; s 30.36 Rhoc. Table D summarizes the continuous opacity
resultses In column 1 the frequency u s _%i‘or which the reduced absorption coefficient
D(u) is to be caloulated is given. Entries with an asterisk are the ionization frequencies,.
* The ocontribution of the various absorption processes is given in o2 amns 2 to 7 and the
total D(u) in oolumn 8. Column 9 gives the difference AS « S(upi 1) -S(uk) of the
Stromgren functions for the interval between the two frequencies. This is a measure of
how important the contribution of the region may bes In the final column is given
" AS/D(W), the contribution to the reduced mean free path AN, of the region,
For the very lowest frequencies, the only important process is free=-free absorption.
It is only above the lonization potential of the L electrons that the bound-free absarp-

tions become of dominant importance. Even here the free-free contribution is 16% while
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the scattering contribution is ~~s10% of D(u). Since it is the region between the X and
L lonizatlion limits which,according to the last column contributes practically 1007 to
the mean free path, it is not possible to dismiss scattering and free=-free absorption
lightlye Above the K ionization limit, however, the bound-free absorption of the K
eleoctrons alone is sufficient to black out the region, so the other processss need
hardly be considered.

In the K to L window the Gaunt factor for the L electron absorption varies from
«375 at the L edge to 1,05 at the K edge. The error made by putting the Gaunt factor
exactly equal to unity, that is, by using the old Kramer's formula is not large.

The neighborhood of the K edge is one in which the weighting function W(u) is particu-
larly large, and in which D(u) take a very large jump. The details of the absorption
in this region will therefore have a considerable effeot on the fipal transmission.
Wo therefore return 4o our ionic plcture for an accurate treatment of this ragion. The
results are summariged in Table E, The first column gives the ion type, that is the
number of electrons in each of the K, L, Y, and N shells, The second column gives the
number of K electrons per atom of the system, which are in the various ions. The fourth
column gives the contribution to the absorption coefficient of each ion type at the
ionization frequenoy which is given by column 3, Since the Gaunt factor varies slowly
with frequenoy, we may assume these contributions do not change within the region ocoupied
by the K edges of the various ions. The next column (5) gives the absgorption coefficient
and the final column A S/ D{(U) the contribution of the region to A A,, the reduced
mean free path, Whereas this region gave a contribution 15.37 in the rough treatment of
Table D, we now get .939, reducing the total transmission to AA, =z 186.31 a change of
7¢7%e Such a large change is only to be expected for even the few ions which have small
lionization potential still have suffioient strength in their X absorption to wipe out most

of the transmission left by the weak L absorpticns,
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To avoid all the labor of this detailed caloculation we could use a statistical
treatment of the edges. This gives a transmission in the region of the edges as ,565
instead of the acourate result 306, The agreement within the region of the edges cannot
be considered too good, but this is unimportant for the error in the total transmission

is only 0.13%.
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TABLE E

CONTINUOUS OPACITY OF IRON Zx26

Bound~Free Absorption

Contribution to

Frequency Scattering Free«Free Abs, Dbf from the Following Shells - as
u Dg ¢ Dpe & K shell | L shell| M shell| N shelll D(u) | A4S D(w) Bluy
o 5" K3 3492 170 +02686
5 o e 1271 ot a 127,7| 394241 121,9 #32191 67
0 & 11545 ot & 116.1| 20,117 112,47 »17850 o f
9° .11zz1s «07853 108,7 ot - 10943 | 164298 10940 014952
xgs.ssos* 0895 «D7871 108,1 o4 ] 108e7| 8076 05985 | 14,637
[}
g «07928 #0780 0 4221 +0168 o e5970 | 28433 05828 | 48,4610
97 #03336 007912 04192 «0168 D ¢5685 | 28,317 ¢5572 | 504820
6 «03379 «07952 04156 «0167 pa 05458 | 24,097 o5356 | 44,991 199,16
&5 #01972 #08004 #4037 #0166 Y o5254 | 16,4499 5156 | 31,938
4 +01025 +08074 #3999 0165 s o5077 | 84320 04999 | 16,643
o3 c00449 08176 23894 50162 49211 2,649 +4314 | 5,503
2 . «00147 08348 #3696 +0159 04707 «3063 #4630 #5616
L1e5104 692x104 «08578 #3534 «0158 04553 «08240 | ,1034 7969
10 2452x10~4 «08736 0 «0151 «00026 | 41030 «01042 «1026 01016 #90(
g S #507x10 #8746 00144 000025 | 1022 | 1,55x10"%| ,1020 | 1.520x10~3
MM #4132 o418x104 «08746 00142 200025 | 41019 | 1,35x10%| L03769| 1.540x107°
N o05414* ¢549x10~° «08746 v © 00023 | 08769| 4,34x1073| ,o8748| 4.962x10"7
0 0 oN8748 ] 0 b 0 +08746
AAO = 200,

ASV31=3d O I'19Nd d04 d3/N0dddv
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CONTRIBUTION TO THE CONTINUOUS OPACITY NEAR THE K EDGEs

- .

TABIE E'

h

N B
‘ '," ) 6

IONIC TREATMENT

Ion Types Electron in Ion L/ or u Contribution O
KL MN Ocoupation to Byp D(u) bICY]
9.0 10943 «06078
l x x x 004454 847830 267514 108,56 +08138
2 0 0 O o¢T151 804145 40,367 105,80
2 0 01 2471 83713 13,807 65443 01772
2 010 #1990 843358 13,318 51483 «01691
2 0 0 2 00414 } «02761
2 011 06878 842950 3773 38431 02499
2 02 O 002617 842619 1,424 34453 +00900
21 00 02649 82505 14,379 33611 05850
2 1 01 009156 842088 4,919 18,73 065623
2110 07378 801747 34929 13,809 2335
2 2 0O «04295 8.,0881 24240 94875 3634
Remainder 013836 79873 74038 7635

2.3.9390

L ¥ atd
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4, Contribution of Lines

@ From our results on the continuous opacity, we see that the only important speotral
) region is that between the L ionization limit u = 1,510 or h?/= 111.0 Rho and the lowest

lying edge of the K ionization limit u~ 7,987, h?/~587,0 Rho, The only lines in this
: region will be those in which a 1ls eleotron is raised to an excited state, and we may
. restrict our considerations to this rather simple portion of the spectrum,

a. Position of the Lines

At first we examine the grossr structurs of the line spectrum by considering only
the spherically symmetric part of the electrostatic interactions. later we shall see
that the splittings of the lines are unimportante In order to get the positions of the

lines in the correct relative positions to the absorption edges, it is easiest to oompute

A

the lines by the difference in ionization potentials of the electron involved in the
transition, In an ion with x5 eleotrons in the jth level, the ionization potential of

O an electron in the kth level is approximately

W) 1pa £ (2) = Py %y P - (1) P )

B _ g {5 -(_r__)z “} -3/s = Nz g%
. zazl ta z nt z‘z'

The frequency of the line resulting from the one electron transition k-»AQis

el = ~@Ee zﬁf( .)? { T (= )2’}
o

]

(845)

. + {(xk -3 P (o) ) + 374, 0)

. AN L RO R CRY
Jgx
; i¥e
‘ The first two terms are the frequency of the one eleotron line in the isolated ion; the

" next term is the lowering of the frequensy caused by the electrostatic shielding of the
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free electrons., This latter term is a constant for all ions with the same nuclear charge,
The next set of terms in (8.5) give the interaction with electrons in the same shell as
the initial and final shells of the transition electron., The final set gives the elaoctro-
static screening of the remaining bound electrons. This last contribution is additive

for the electrons of any ion undergoing a particular transition. In Table F are recorded

the first two sets of terms of (8.5), that is the frequenoy of a one electron line in the

free electron atmosphere,

Table F
Frequency of Line 4in Screening of Frees Frequency of Line
Iao%ated Ion

in free elestron

£ —p
Transition ht/fone = '£,°+£° z' ‘0) ?)‘- royw atmosphere
et egte | FRATE)]

1s » Zp% 511,25 048 511,20
1s = 2p5/p 512,81 048 512,76
1s » 3p3 606 439 o317 606 ,07
1s - 3p%/, 606 +85 o317 606 .53
ls - 4p3/, 639.82 941 638,88

If ws neglect the small differences in screening of ns, np, nd etc. electrons we can
readily express the contributions of the last two sets of terms to the line frequency.
The following Table G gives the energy in units of 2Z Rhe which must be subtracted from

the values in Table F for each bound electron in the ion in addition to the transition

slectrone
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Table G Contribution of Additional Bound Electron (Units of 2Z Rhec)

Shell of Additional Bound Electron
Transition n=1 n=2 nad ns=s4
l1s 92p 3822 +0578 0090 0029
1s - 3p 5162 1416 0347 0086
1s < 4p 5633 «1758 0559 <0177

As mentioned above the contributions of the additional bound electrons in the ion are
additive,

With the use of Tables F and G, we prepare a list, Table H, of the stronger
1z - np% lines and their frequencies, The ls—inps/é line will be split from their
13 —» np”%4 counterpart by just the splitting of Table F. We can see that for each transi-
tion the lines form into 2 groups, one formed from ions with a single K electron, the
other from ions with 2K electronse. The p3, ps/é eplitting, and also the electrostatio
splitting will not change the group to which a line belongs, but will simply increase the
number of lires in each groupe The differences within each group are so small that we
may well expect them to be smaller than the wingspread of the lines. In that event it

is no longer necessary to consider all the details of each line. We therefore stop to

congider the dispersion of the lines,

be The Doppler Breadth.

The energy half breadth for Doppler broadening is given by (5.29), The calculation
for iron at kT = 1000 volts gives to lines of frequenoy ~ TkT (the K electron lines) a

half breadth of .0836 Rydberg units, or /> = hY¥ = 1,188 x 1075,

ce The Natural Breadth:

In opacity calculations, the nmatural breadth phenomenon differs in two important
respects from the ordinary case encountered in optical spectra. First the radiation density
is s0 high that absorption and induced emission processes as well as spontaneous emission

contribute to the breadth of the levels. Secomd the atoms are so highly ionized that
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TABIE H

Spesctrum of X Electron Lines (Rho units)

Ion Type K Eleotron in Ion 1
2ps | 1s 3 l1s 4

KLMX Occupation s 2pz s p% ® p%
1000 +01683 511.20 606 .07 638469
1001 +«00605 511,05 605.62 63777
1010 «00468 510,73 604.27 635,78
1100 00624 508.19 598,70 629455
Remainder «01114 505,18
2000 7151 491,33 579423 600,40
200 02471 491,17 578,78 608,48
2010 #1990 490,86 577 442 808.49
2100 #2649 488,32 571487 600.26
2002 «0414 491,02 578,23 607 .56
2020 02617 430,39 575,62 603.58
2200 204295 485,31 564,50 591,12
2011 06878 490,71 576 .98 599,34
2101 +09156 488,17 571.42 597,35
2110 #07375 487,86 570.06 581,97
Remainder 21300 +1384 482,31 557,14
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many transitions contribute to the breadth.

‘.’ In general the energy half breadth at half maximum is Z¥/2, and this breadth is

the sum of the breadths of the initial and final states of the transition. The half

L" breadth of a level ( is
2
. (846) [ 3 &V = oL ¥ s u,f
2 M ——ee— - C H
: ‘ T W god

Uiy .y

where u;_a = A%J and h'/ij 1s the energy of the transition  to j. We note that uiy and

f s are both negative for downward transitions., The sum includes all possible transi-
(% P

tion which shift the frequency of the line in question by more than its breadth.

While (846) is very convenient for transitions between discrete states, we can put it

. into simpler form for transitions to and from the continuume For transitions from a bound

to a free gtate oo

2 2
£ dar
(847) ‘:U____ﬂ goes over into S v "Edu

u. u-
" et J=1 & e -1
' where u;y is the lonlzation potential in units of kT of the i th level. Introducing

-

the result of (2.22) into (847) we gt __

4
Z continuum = 2 1 2 X g: (u) du
— U2 L .
J 3;! T ng G u(eu-1)

The maximum value of the integrand ococours at u = u4; and we may replace the slowly varying

funotion gi(u) by gi(ui)e Then the integral may be expressed in terms of the exponential
integral - E;(-x) tabulated, for example, in Jahnke und Emde, pp. 6 £f. The contribution

of the bound-free transitions to the breadth is thus

(848) - 3 oo w2t 1 (up? g(up) oza ~E{=Av) .
' ot * 11 touna T Wo ST v W BTG, A TRITAY
e]eo}rona

In addition to the bound free transitions, the process of free electron capture
.- ocontributes to the breadth of a level, In this case we must multiply the contribution

: from a free to a bound state transition by the probability that the free state is oocupied
@ T

Te

P ,and sum over all free states, We get exactly the same
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integral as in (8.7) so the resulting contribution of these processes is

3 - ® 4 2 =
r; - k're@-ru]?éz 1 u (0 )3, -F; (-Au)z°
2"2'- = = Y% &\U i

(8e9) " £41 Z Rho 3VE Ty Nz «

all empty

bound states k

(not levels)
The contributions (8.8) and (8.9) are generally mmall compared to that of the bound-bound
transitionse In Table I are recorded the natural breadth contributions of the wvarious
transitions for the case of iron 2 g 26, kT = 1000 volts and normal density. The natural
breadths of the stronger K electron lines is given in table Jo The natural breadth is much
smaller than the Doppler breadth and the collision breadth (see next section) and may

therefore be negleocted.

de The Collission Breadth:

1
The problem of collision broadening has been analyzed by R. Sternheimer. We quote

his results without proof. The energy half breadth at half maximum is analogous to the
natural breadth Laﬁ. The breadth is the sum of the initial and final breadths of the
states involved in the transition. In turn the breadth of a state is the sum of contribu-

tions from all the transitions which the ion can undergo which shift the 1lire more than the

breadth « A transition of an electron from an initial state +to a final state j , both
disorete states, gives the contribution to the energy half breadth on an ionic level

2

2 ne 31 2 ° R I
(8.10) Tﬁr 2z "?5"’ (Tnéz mzzfﬁ-’fl n; dey n:1‘:1| i3
where
I, :e’“‘dhdﬁ £zl ~E () if l“z;l’ “215 >_f,._5_'_
J uyj 43, T
2
(8.11) 1, = -E; (. uiy ) PR J5cd K
’ 4BE ;4 4ez5,) ‘jzﬂ"
lig shn 4.'.@53.!' - .577216 i£ |uzJ|‘_ﬁ_
&'

)

&

1. Unpublished Report.
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‘. and, %a' the plasma energy is given by

] ' .
- (8.12) %ha = ‘/_v“f;_ ;f‘ﬁ = Z; _§f_ __l;g_ Rho

. 2
- while IRni Ii)”’j[jl 2 is recorded in Tables by Bethe . We must sum (8,10) over all firal
states J avallable for the transition and all initial state i ocoupled by eleotrons in

the ion. We then get for the partial energy half breadth of the lavel due to disorete

transitions

3 3 2
F AR ) b I Il e

Transitions to and from the free states should also be included as contributing o

(841%)

4
the breadthe. For the former we may use the results of Bethos quoted by Mott and Mossey.

Fo gives the cross-section for ionization which leads to a collision breadth ocontribution
of

" %ﬁ(_-ms/z e N‘o( ) n% o

To (8.14)
. x i erfo lEgF 801:‘1‘ X(C,l,‘&;}
where
Qo
erfo x z l-eorf x g _2_ Se“yz dy,
VT
(8415)
e~y
O j'% In y dy,
VAT 4
and °n2 ie given in the followling table,
Table of °n9,
State 1s 28 2p |38 |3p [3d [4s | 4p |44 | 4f

o 0.28 04210615 0,17 [0e14|0s07] 05| 0413[0,09] 0,04

ne

- 2., BHandbuch der Physio: Seoond Edition, Vole 24, 1; p. 442
S. Anmalen der Fhysic, 5 (1930) pp. 526 He

4, Theory of Atonmlo Collisions, Oxford 1933, pe 182.
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Table I: Contributions %o Energy Half Breadth
of Fleotronio Transition

Eleotron! Transition

Natural Breadth ]Collision Breadth

Eleotron | Tranaition

Natural Breadth

Collision Breadth

16 Xy 106 LY 108 Ay 108 4y
T Yho "Rho 2 Rho " Rho
1s 1s - 2p 21,01 1,360 sd 5d - 2p 990,7 88341
1s - 3p 1,5624 +05395 34 - 3p 0 181500,
1s - 4p 4074 ,01163 3d - 4p 4,084 467,
sd - 4f 3777 43110,
Total 18 = ap 22,98 1.427 Total 34 - m 1572 256000,
ls - free 24960 ° 3d - fres 121,97 108400
Grand Total 25494 14427 Grand Total 1494, $62400,
2s 2e - 2p 0 »1362 48 - 2 1064 05938
28 - Sp 28860 002519 48 4: - sg 1060: 707:7
28 - 4p 69462 000233 43 - 4p [} 1910600,
Total gﬂ - Bp ggz-s 8546-%41° Total 48 - mp 2124, 1911300,
Grand Total 56243 85461 Grand Ti:a; free 212?,-83 2333288-
* L ]
- 0 0
2p gg i 6920.0 e 4p 4p - 1s 1488, 14,16
4p - 28 1104, 040
Zp- 38 8,999 79,00 4p - 38 1067, 1,
2p - 3d 460,83 4049,0 P 1088 i
oo ey 27013 5 - 10 o’ 635800,
P - . .
4p - 4d ° 1018000,
Total 2p - n 7454, 50310, Total 4p = n 4712, 1655100,
2p~ froe 207,2 9565, 4p - free 22.83 744700
Srand Total 7701.2 59865, Grand 'rofal B 4735, 2399800,
3s 38 -~ 2p 96,87 1004, 44 4d - 2p 1168, 0
38 = 3p 0 731600, 4d - 3p 1089, 1345,
38 - 4p 180,45 21140, 44 - 4p 0 610800,
Total 38 = np 277.4 753700, 4d - 42 0 634300,
S8 - froe 12541 263200, Total 4d - n 2257, 1146000,
Grand Total 402.,5 1016900, 4p = free 22,83 5156004
Grand Total 2280 1661600
3p $p =18 1851, 47,20 ¢ ¢
Sp - 2s 34444 S11.8 4r 4 - 3d 1128, 5292,
3p - 38 [ 242900, 4f = 44 o] 0
Sp - 34 0 330200,
3p - 48 12,00 1590, Total 4f = nd 1128, 5292,
3p = 44 230,2 26500, 42 - free 22,83 220130,
Total 3P -n 2438, 601300, Grand Total 1151, 234420,
3p = free 12343 216770, F P -1 261,0
Grand Total 2561, 818070, roe Fros - 28 1576
Free - 2p 66.87
Frea = S 34.18
Free - & 7889
Total Free - Bound 369.7

APPROVED FOR PUBLI C RELEASE




a

APPROVED FOR PUBLI C RELEASE

~ligw |

The integral (8.15) has been evaluated through the good offices of Mr. Bengt Carlson,
whose results are contained in Table IX,

Transitions involving the capture of an elsotron will be relatively unimportant,
and transitions from one free state to another will not appreciably alter the frequency

of the absorption line and hence must not be considered as comtributing to the collision

widthe

In Table I, the contributions of the wvarious transitions to the collision breadth
is givene The largest contributions come from those transitions requiring very little
energy changee The contributlon of ionizing transitions also is appreociable exocept for
the most tightly bound electrons. Values of the breadths for the strong K lines of iron
are reocorded in Table J along with the natural breadths,

a8, Stark Broadening

To adequately discuss the Stark Effect broadening of the lines we shall have to
refine slightly the treatment given in IV 6 to include effects of shielding by the free
electrons. As before (o0e.f. 4.59) the number of ions with effective charge 2' at a
distance ryz from a partioular ion with effective charge 2" is

' V21 ¢~ E(r12)
(8.5)  Wz'(riz) dr = 2 fe™"'M12 /er} ""iz ar,,

The mutual potential energy £ (ry,) is not given, however, by the simple form (4.58),
but instead by

r 3
(8416) £ (ryp) =z 2'2" ez{ﬂo .3 8% T ( ao) ryp & g0
8y | Typ 2 a,n gao a,"
€ (r)p)~0,r >0,
The elective field due to the invading ion is
(8e17) 2
d :Z'o{ao . M2 (ao >3}
2 2 a amn
| ag ria o A
direocted radially. This field is not uniform as is the case in the laboratory Stark effed,

APPROVED FOR PUBLI G RELEASE




APPROVED FOR PUBLI C RELEASE

-115-~

‘. Fowever we may expand the field in spherical harmonicse Keeping only the leading term,

we get the usual uniform field oase. The terms we neglect in the development are of
the same order as effects not considered at all in this orude treatment, for example
the resultant field due to all neighboring ions and free electrons acting as an assem-
blage of dipoles, and indeed these neglected terms are of about the order of the term
considered.

The electric field € will split and shift the levels of the ion affected, causing
e displacement of the absorption line of magnitude,

(8418) - A
o= (Ch+0g') lEfF(C n+c " Nel2+ . . .

where the first term gives the linear Stark effect shift, the second term the quadratic,
-
etce The quantity Cp If,l is the change in energy of the state n caused by the linear
-
Stark effect of the field |§| ; for example, in a one electron ion

(8.19) cnﬁlg-%__; nkel kzo, £1, 22 eee

For the higher levels of an ion where the Stark effect is most important, the linear Stark
effect may be presents In this case the number of ions which suffer a shift between

A andA+dfvin & particuler line can be approximated by

(8420) Now ‘ s 3/2 3/2 S
_Y:_"_(D)d@v):_%_ 2T, L%g%_) /-3 @%9_,_) (?'zlg) +....)=((49)
X - ton % - a ' S
e () ) - ) ()
where
(8.21)  Cno = (Cp+Cn') 2
8421 nn n¥ “n ,.%_

This asymptotic development is valid for large 5 , the region in which we are particu~
larly interested.

We cannot use this expression directly to define a half intensity half breadth, for

it diverges for no shift A 3 O, However, we can compere the number of ions having a shiftqy,
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.with the number having a shift o, provided both shifts are fairly large. This gives, with

negleot of the orrrection terms

2 S - 2z % #
.; (8.22) ¥ ( /2 exp %E‘%}Tq[(e%)'(ﬁ‘ﬁ.

Now a great numier of ions will be at a digtance agne To the same approximation as (8.22)

these will cause a shift

= 2
(8423) = (CntCn') Z2'€ - cCnpn’ (ao
o n+Cn = ; nn : )
z" Z

We can define somewhat arbitrarily a half breadth &,, by requiring that the ratio (8.22)

be % when & is given by (8.28). This gives \

N Gt eIl s )

For the case of iron at kT = 1000 volts, Cz 7.86 gn/onS. This gives Az/c anl S «162 or
*by means of (8.21) and (8.19)

(8426) A, = +486 (nk+n'k') Rho

which corresponds to a field of intensity

(8.26) [&] = .182 %és .

Wo will get the maximum shift and split from the unperturbed line when k = (n-1).

k' =z (n=1). For K eleotron lines this gives a half breadth in Rydberg units as follows

Final state « 82/,
nz2 0972
n : 3 2092
n P 4 583

’ To test whether our approximation of the linear Stark shift is correct, we examine the
splittings of the upper states of our ions. For example, we have the following deviations

from the zero order energye.
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Table J
Energy Half Breadths of Strong K Electron Lines (Rhe Units)
Transition Doppler  FNatural 2 x Collision  Stark Breadth
Breadth  Breadth Breadth
13~ 2p +084 +00833 +0599 o5
(1) (1s)(2p) <084 «00466 «0599 o5
(18)2 (28)—»(1s)(28)(2p)] ,084 +0576 «1710 o5
(18)2 (2p)»(1s)(2p)2 +084 «00937 01796 o5
(18)2-(18) (3p) 084 ,0021 -818 2.9
(18)2,(18)(4p) .084 0044 2,40 5.8
Contribution of Additiomal Electrons
to Collision Breadth
Shell of 2 xContribution
Additional Eleotron to Half Breadth Rho
2 «0941
] 1,176
4 249
ol
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Energies in flhc Unitse
State -
ns?2 nos neaéa
(18) (ms) 1 2518 « 1053 «060
(1) (ns) 3y ~1879 «0937 0552
(18) (np) 1 #2599 .1108 .0824
(1s) (np) 3p 02257 «1068 0607

For the n = 4 state the largest splitting that affects the caloulation is 286 Rho and
for n £ § 1t is ,681 Rho 8o we are quite safe in using a linear Stark effect for these
lines, For n = 2, however, the split is 1,97 Rhe compared to a linear Stark effect shift
of 972 Rho, 80 we must use the formula for the quadratic Stark effect. This will give

& result of approximatelyO.5 Rheo.

fo Treatment and effeot of the Lines,

A glance at Tables D and E shows that only those lines with energies below 590 Rho
oan affect the transmission appreciably. Referring to Table H we find that three groups
of lines - 18 —2p with 1 K electron, 18 —2p and 1s — 8p with 2K electrons have
appreciable strength below this limit.

From the table of line breadths, Table J, we see that the lines will be sufficiently
broad so that different components of a line caused by electrostatic and spin interactions
will overlap. Furthermore most of the lines from the different ions will overlap. Because
of this extensive overlapping the smearing out formula will apply. In its most refined
form, this approximation is given by (5.74) which correctly treats the contribution of the

lines outside of their groupse. We have, therefores, for the line contribution
(8.27) o
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£
' 24 s
k
Here ¥ is the eleoctron in ion ocoupation number, Table C, rk the one eleotron f number,
q; the probability that the final state of the transition is unocoupied and 24y the extent

(in units of hz//ip) of the group of lines., The function gk oan be obtained from the nomo=
graphs, Fig, IIIa, and b, with

*
Fx Cx

For values of x»y, it 1s a valid approximation to use

(8430)  glx,y) =2
™ el

The data for the three groups of lines is colleoted in the following table,

Table K3
Croup 1 Group ¢ Group §
Group 1s & 2p ls « 2p 1s + 3p
1K Electron 2K electrons 2K Electrons
u.; in Rho 508,2 486,8 56842
Nk 004494 1,9091 1,9091
rk «£162 «4162 +07910
4y «9564 «9564 9847
24Xx in Rhe 6,02 9,02 22,09
r'k in Rhe .62 06! 1.66

For the breadths of the lines we have used a strength weighted average collision
plus natural breadth for the ions present, Doppler breadth is small enough to negleot.
The Stark broadening, though larger than the collision broadening has an exponential dige-
persion shape, and will not be important much outside the group limits, Within the group

limits, it is the Stark breadth which effectively smears out the line strength, The

‘. formulae we have used are appropriate for a smeared out group of lines with the ocollision

shape dispersion outside the group limits, We may factor out the slowly verying function

¥ (u) . Then the integration (8,27) is done numerically in the neighborhood of the
D(u: APPROVED FCR PUBLI C RELEASE
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center of the group. The region far from the group center can be done

analytically, for then

2 E E X
- 2r-:'kl‘: ~Z “nk  ZNCa, 2 [k
+ nk Z8 kX S T T 12
u -u
| -
and 0
8.31) E k
( Z nk du~zN fqu 2 /'k Ak
I *ZEnk 2 Ak S F —_—a

u, l vk '“1]
The contribution (8.31), we term the long range tail effect.

The final result for the opacity of iron may now be given,

Table L

AAO = 186 K [ 6.24 cmz/gm.

AA -« 129 K

20.2 cmz/gm.

AN = 57.6 - 3.24

gﬂ::

A . 6.31 x 10 %6m.
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Appendix 1s Thermodynamic Properties
This appendix continues the statistical mechaniocal treatment of Chapter Iv, 4.

Whereas the latter section merely derived the oocupation mmbers for the system, we
now proceed to ocaloulate, the thermodynamic funoctions and the pressure. From the
last we get the equation of state,

The eleotronio partition function of the system is
1) @ = Z N, e- S

where E; is given by (4.12) and 1o by (4.1¢). We can rewrite this by virtue
of (4.13) as
(a12) Q-=¢c¥' 2R = e"“";'P

Carrying out the summation to first order in V,_ s the interactions, we get

(A1.3) A Q = o - 3 ¢ ‘l‘ljc

* —,% :2, Vee Gl (A= G- ge) + 64 2‘ 02; My &t (A~ ¢ 9;)

W introduce the same values for the arbitrary parameters /1, as we did in the
treatment of ooccupation numbers (4.21)s Thepe were gelected to make the first order
term in the ocoupation numbers (4.18) vanish. Such a choice then gave oscupation
mmbers identioal in form to an independent electron treatment and agreeing with
1% to first order terms. This choliee has no particular advantage besides consistency

for the present oaloulation, Then, since the Helmhols free energy is = kT Q
W) e b7+ AT Z Cuge - 1y 3 Voo ME (- )
2T G N
From this equation we find the chemiocai potential
M = g% )V"r = -bTol
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By differentiation we can now get the other thermodynamic funotions. It is easier

in the case of the energy, however, to return to our general treatment, The

energy is

(AT.4) £ = JZ £J‘%'

The energy Ey from (4.12) can be written as
e £ye 3 My (2005
where

(A1e8) £o: g, 4+ 4 Z; a; Vg 4+ Y (M=) Ve
Jxe

WLT) £ s T U M) Ve 4 % g ) Ve

J< 3 < \T”

"

Then in (AI.$) the summation order may be inverted, giving
(A1.8)

£ = 2 E‘.' 2 M{)L’ Pg + 2 E /”3(' %\ %‘

Iy J ¢ J
We recognize in the first term the quantity M, = ? /"St‘ P‘s of ¥.14).
The seoond term contains parts all of which oocurred in the evaluation of the
partition function. The result of the operations on (Al.8) is

(AL.8) f£- Z £ eope f/ + %2;'} V""Eﬂ?‘"') - e |

2 l{)'c' cJ‘ (P)' K

+ 2 Ve M-
NEN J 9 IFC

’ .?, {f?L Voo Cefpe (Koo -Mi*9e) + %; 5 Vo Gl ((;dg,-—/ﬁj)?

Again introducing the values of /3\',- from (4.21) and ff from (AI.8) this reduces to

—

(AI.IO) E = 2 /l{(- é(.

mi

. L\ Ve . Ve
‘.': &‘: + /”(’(" CL'S _"1(.‘ + JZ;(. /"J i—\
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¥ see that for purposes of caloulating the total emergy of the system we can assume
that sach eleotron has the energy a-. and that the energy of the systom is just
the sun of these energies of the individual electrons., We should contrast this
onergy with &. of (4.22). The latter gives the lonisation energy of the (th
electron, and the sum of the lonization onergies is not the total emergy of the
systen.

The entrepy may now be found from (Al.4) and (AI.10) by the equation
8 =(2 =A) /s W obtain

(AL.11) 52 kmd- R Z c.lug: + + ZTME

»

3
whare

(AXe)2) E.2 Ec+ M (- & Y Vee + E{ M Vey

is the ionisation energy (4.22).

Wo now return to (AI.10) and introduce the same type of approximations which
lead to (4¢34)¢ First we break up the ensrgy

(AZ.18) £a ZM;l‘:e A C?az
¢ z <N

—
=

into sums of energy of average type lons. We now ocompute iz,

For a bound electron, we have the following contributions.

1) EKinetio emergy plus full interaction with the mucleus z €, X

2) 1/2 ianteraction with all ovher bounds =

£e. My M
-~ A 4 ¥4 3% g, Z iy
dz .;Zn M dig + e - cez)"?;e g:
$) 1/2 interaction with frees = ,; z'c’ J s Z—-;af
d?”z’ (3:—,\ »
For a free alectron, we get

1) Kinetioc emargy = &,

Ny %'ge*
2) Full interaction with mucleus z -3z “z ’?—%
$ m_; (s
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N. L
3 3 fz-41
) 1/2 interaction with bounds = % % A 7(z-3" 45—’4—' )
(considered at the mucleus) z
2o
4) 1/2 interaction with other frees = & 5 % Z €7
S 2 Mg A z!

Now the number of bound eleotrons attached to the average type ion of nucleus
Z 1s Mo /Nz = 2-2') o Using these relations, we gather all the
terms contributing to (AI.13). It is a good approximation to consider the bound
elsctrons at the nuoleus in computing the interaction with the frees = hence 42 ¢

is put equal to zero. We have finally

. - <
(a1a4) £= Z My [.2 Tir 62Z) 4 37 V% #(22)- 232" 4 3, 2'(2-%)

¢ Z Jzo

"

+6/5z"1§3 o [ g mE)de

where

(A1,15)
- M. Ly M g L .
zl: = Z - -—'Ii J?l: ’/;—z' a:,\) /z Nz (/ (‘:& ) r ¢

We can rewrite (AI.14) in a way soon to prove significant.
(axe18) £:= £, 4 PE + (KE),

J
where

WIa7) gL 3 oM T CEE0(E)
> ©< M

is the ensargy of the bound electrons excluding interactions with the frees

]
y Z'Cl

AI17 PE = -~ Z
( ) . = 5%

is a potential energy term‘ , and
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o
(a1.18) (K.£), = L & mig) degg

———

6 ,mct

T ~o '
:34/”_;&7{/*'}3:%7_—’2:& "'?{/f e (/.. /rﬂ...)...

is the kinetic energy of the free electrons corrected for degeneracy and relativity,
The pressure may be found from the Eelmholz free energy A, since P= - 3—3)7

This oomplicated computation oan be avoided to the approximation we are working

here, since all the forces are due to the coulomb interactions. (We have neglected

exchange energies). Then we may use the virlial theorem to find the pressure,

In non relativistic theory this gives

(AI.19) = o
PV= 7 KE + 4 Potential Energy e

In relativistic theory as well as non-relativistic, the bound electrons include
the proper balance of kinetio and potential energy to make the contribution %o the
pressure zeroe The kinetic of the free electrons, however, does not contribute
the full 2/3 KEe to the pregsure because of the relativity corrsction. This is
known to give exactly PV = Hy RT for the non-degenerata casa, and we

merely keep the additional degeneracy corrections. So, finally we get

<Y ' “e?
= ,71 IQT € - L5 AT Vo - 2 A, ‘2_'—9 d
(AI.20) PV + }:’ * :?—57‘_ ( $6 /mc") 6 K2 § v 2 4,

Thus far we have not considored tre nuclear motione This contribution
has been worked out in Chapter IV, section 6, We get the following additive

contributions to the energy and the pressure in the two limiting cases considered:
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Free Buclel Harmonic Vibrations
Kinetic Energy 3/2)HKT (3/2) kT
Potential Energy 0 (3/2)NkT
Total Znergzy 3/2) N1 3 NkT
(PV) Mucled NT (3/2) NeT

The nuolear ocontribution to the enerzgy and the pressure is so small
(since N =< M, ) that we need not bother refining our treatment of
then further. We can use a rough criterion that when ]E/Q&: of (4.54) is less
than 1/3 we oconsider the nuclei to exert pure harmonic vibrations, while if
ﬁ;éa, > 43 we shall oconsider the nuclei as free, Reforring to Fige 2, we see
that “/2,c = /3 when s = %7—5"732, = 344s For smaller values of § we

should use the free nuclei approximation, while for larzer values of S we should

uge the approzimation of harmonic wvibrations,
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Appendix II

The assumption that the free electrons ares uniformly distributed was made
thoughout Chapter IV, We can correct this by the use of the oclassicial statistioal

approache Within each ionis polyhedron, assume we have an electrostatio potential

¢ e Then the density of eleotrons in phase space will be
(AII.I)M A - R e 2
TR Bt fir B g ) 2R

The density in configuration space mg) is found by integrating over the momentum,
This gives a charge demsity £ = -€ m(§) » and the potential ¢ must

satlsfy Poisson's equation with this density. Since we have used the expansion

.wf-% =/ * f;g we keep terms in our result only to this order. The

potential which replaces (4.31) is
(AI1.2) gie | Ak x (1o 2fay)) = X eoth (’*"""31 _ .{e_T’
€

—

> Atk X~ ¥ eodh x

where x is & root of the transcendental equation

(AII.8) codds X - ,uif,_x —

2
(i) 2= DA kT

Exapnding in powers of

(AIL,5) X%z 32 - 0.92% + .yvass )3 4 ...

L. - L - < ...
v FE [/40.82 ,05786 X% 4+ ]

2 -3
The quantity which replaces % 2. in (4.52) 18 3%2'¢" AT

Jﬁzl 42' x-l
and on putting in our expansion for //x*we get
(AII.6) N 3 .2

24,

The radil 4,/ must be chosen so that (4.24) 1s satisfied. Howaver, it is

no longer appropriate to use (4.25), for the electron distribution is not uniforme
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‘. Instead we must be sure that the freo energy of the electrons is the same through-
out the systeme This is so if the quantily,

. (AI1,7) q- b T ¥ 3 g'ed
. smeq 7T 45

[/—- A F L HY 35 /l‘_{ 5

is independent of % « The 4, then are chosen to satisfy (4.24) and (4.25).
In most cases the effect of non-uniform free electron distribution may be
disregardeds The oriterion for this is
(AII.3) ) = Zc 2
2, AT
Referring to Chapter IV, seotion 6, wo find that the criterion for the nuclei %o
z'e

s = T >34
be considered as performing harmonie vibrations in a lattice is V2 RTase d
: Combindng this with (AZ ,8) we find the condition for uniformity in the distribu-
" tion of free electrons, simultaneously with a lattice structure for the nuclei is
.
| All.9) 23 _, Z € -7/
- ! Z' /? T”z' :
| .
.. \ This oan never be true for the very light nuclei, but is fullfilled by the
1

heaviest muclei. This is another reason for the qualitative difference between

the opacity of high % and low Z elements,
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Appendix III: Formulae and Tables of Gaunt Factors

This Appendix summarizes the formulae and numerical results .or the bounde
free Gaunt factors applicable to a non-relativistic electron in a Coulomb field,
Only the leading dipnle ocontribution is considered, so that these Gaunt factors
are the appropriatc analogfue of the electron numbers recorded in Table I, Most
of the results and computations are the work of Dr. Boris Jacobsohn,

The Caunt factor is defined by (2.22),

2
(AITL1) g . - sis’nrm(l;v)?/ dfgr
24 n W

The ilonization potential In is, however,

2
(ATIIT,2) I,z _2_ Rhe,

2
n
We oan also express the energy of the free electron after lonization by a quantum
number k, defined so that
(ATT1.3) €, = 2%Rhe
k2
We then have for the frequency
(A111,8) W o1 g,

whence

(AIT1.5) df - 5 dx df = k3[1 1 ar
Y T T-;;z*'-;z]"a?'

so that the Gaunt factor reduces to

(AITI.6)  gny =§_ﬂ1‘._“3[1 + n2]3 (=1) af .
25 n x4 %
The f numbers for bound=bound transitions have been computed by many previous
workers, Since it 1s~possible to find the bound-free _df rather simply from the
appropriate bound=-bound { nunber, we have included a lig:;c of formulas, Table I, for

the latter, The procedure to be used in going from fn'l"’ ng to %% n'£'3kl 1is o

substitube ik for n in fy1 41 o yy and multiply the result by 1/(1.o~?MWk). To
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illustrate in the simplest cese, if

(AI1L.7) 8 )2“
1s n s
-snp '(—"'nz )%

then we get

2ik
%18 kp i 28 (ik) A ik -1 *
ak 1-o-2 Wk 3 (y + 2.1) k 1 ’

or
........f‘.."kp = . 28 k5 oxp( =1k ctn™ik) .
(AIIT.8) = oot P e L)

Substitution in AIII.6 gives the appropriate bound-free Caunt factore The resulting
Pormulae for this and other cases are summarized in Table VII, Numerical values

are recorded in Table VIII, For n = 1, 2, 3, 4, these values were calculated from
the formulae of Table VII, For n se@eit is possiblelto obtain the asympiotlic ex=-
pression presented in Table VII for the Gaunt factor, and the values are based upon
this expression except for that at X = 1 which was calculated exactlye. The
asymptotic formula is good to «08% at k = 1, and is even better for larger ke
Values of the Gaunt factor for n =5, 6, 7, 8, 9, 10 wero found by graphical inter-
polatione In most instances a plot of g, >k VSe l/nz for £ixed k gave a smooth
curve whioch did not deviate markedly from a straight line, permitting accurate inter-
polation, IFige I presents graphically the values for the Gaunt factor averaged over

a ocomplete shell,

1 Meonzel & Pekeris op. cit,

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

KN

Table 1

Formulae for Dipole Osoillator Strengths

For Coulomb Field (Non-Relativistic)

Transition Electron Number
lg - np £ 28 S (n = 122n

T (-1t (n p1)20

2n
28 - np £ = 215 n® an-l) ne=2
(nP=t )® n+2
2p - ns £ 215 o A
5 (2t)°(ne
2p - nd £- 28 p'(n*a1) [ ne2 V"
3% (n%=a)8 n+2
3s  np £ =28 5% 0¥ (nPa1) (T2 - 27)% (ng)?®
(nz - 9)7 ( 3)3-%
3p = ns £ a2 3° n’ (
(n -9)
12 .5 7 ;.2 1,2 g
3p~ nd £ =2°3 n (n=1)(n°=¢) ne3 )
(n® - 9)7 nt+3/
3d = np £ = 212 z4 59 (n2a1) n~37‘“
52 (n2=9)7
n
3d —) nf £ o 2887 p9(xPet)(n?-1) n_:,}
52 (n®-9)8
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DIPOLE OSCILLATOR STRENGTHS (NON=RELATIVISTIC)

TABIE I a

FOR COULOMB FIELD

gl

n f1s—mp £28—np fop—sns fop—snd £3s—>np f3p>ns f3p—>nc.\ de—mp f33-sne
———
1 0 —— =e13873 - = | =e026367 — - —
2 41620 0 0 — ~e040769 | =414495 —— -e81693 —
3 ,079102 | +43488 +013590 | 469580 0 0 0 0 ——
4 028991 | ,10277 0003044 | ,12181 48472 +032250 +618285 010957 | 1,01432
5 012938 | ,04193 J001213 | ,04437 o12102 | 7,428x107% | 139235 +002210 15649
6 007759 | 402163 6,180x107%| ,02163 (051394 | 3,032 056136 | 8.420x10~ | ,05389
7 ,004814 | ,01274 3,613 01233 027369 | 1,579 $029009 | 4,213 #02559
8 003183 | ,00818 24309 007757 016549 o941 017210 | 2,448 01442
9 002216 | 400658 1,570 005221 010863 | 4612 +011153 14564 00903
10 001605 | 400399 1,119x107%{ ,003693 $007554 | 4218x10™% | 003972 552210~ | 00314
n>10] 1,6 05 | 5,7 n~3 0l 1% 3,3 0~ 6e2 n~5 | .3 n*8 el n=S 07 0™ | 4,4 nS
Disorete
32::‘2:‘:“4' s | Je | woms | e 25| oo 2or | Toos | Moo
Total *_:oooo 1,000 -ﬁﬁf Tl T;ﬁd—‘ T . =<200 "1;400

g 3] Sad
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TABLE I1
NON~RELATIVISTIC SCREENING CONSTANTS
o, = ro(ilj)
13 a&;
. “qz

) 1 1s 28 2p 38 3p 3d

1s +6250 +8395 9712 8954 9795 9992

28 42099 46016 6484 7570 8101 9322

2p 2428 6484 7266 7808 48465 49570

3s 0995 3365 3470 o5977 6191 46582

34 1110 4143 4253 6582 6924 JTT44
3 d 1 2 3 4 5 6 7 8 9 10
1 46250 9383 9811 987 0994 997 999 1,000 1,000 1,000
2 2346 6895 8932 94 97 984 4990 4993 4995 1,00
3 #1090 3970 J701€ 85 92 4956 97 .98 499 1,00
2 06169 #2350 «AT781 705 o83 90 95 97 98 99
5 403976 41552 3312 o531 o72 o83 90 95 97 «98
6 402769 +1093 42388 400 o854 735 o83 90 95 97
7 402039 408082 1782 ¢3102 459 610 J745 o83 90 95
8 01563 J06250 | 1378 2425 o571 506 o635 750 o83 90
9 401234 04938 1108 1936 ¢299 o431 544 656 4760 88
10 01000 ,04000 | L0900 1584 o245 o353 466 576 67 o765

~EEr ~
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TABLE III
REIATIVISTIC ENERGY LEVELS FOR ELECTRON IN COULOMB FIELD
E° .(2)
Values tabulated are = —"?ﬁg——

ng n=2 n=?2 ne=3 n=3 n=3 nad n=5 nz=6 n=7 nx8 n=9 n=10
|32 | 2| el 2| Skl B
10§ 100,13| 25,042 | 25,0083] 11,1259] 11,1160 11,1127| 6,2521] 4.,0009| 2,.7782 2,0411) 1,5626 | 1.2347 1,0001
11] 121,20 30,311Y 3042622] 13,4662] 13,4516 13,4468] 7.5655]| 448413 3.3617 24698 1,8908| 144940 1,2101
12] 144,28] 36,087 | 36,0173 16,0308] 16,0102 16,0034 9,0043| 5.,7619]| 4,0009 249393 242503| 1.7780 144401
13§ 169438 42,3604 42,2738] 1848202] 1847918| 18,7825/10,5684| 6,7626 | 4.6957 304497] 2.,5411) 2.,0867 1,56901
14} 196,51| 49,161 | 49,0320] 21,8349] 21,7967] 21,7841|12,2580| 7.8434| 5.4462 4,0009| 3,0631| 2.,4201 1,9602
15Q225.68 5644619 5642922| 25,0753] 25,0250| 25,0083]14,0730] 9,0045! 642523 4,5931| 3,5164| 2,7782 22503
16] 256488| 644274 | 64,0546 2845420] 28,4768| 2844552{16,0136] 10,2459 | 7.1141 542261{ 4,0010{ 3.,1511 245604
17] 290412 72,6002] 72,3196} 32,2355] 32,1523 32,1248{18,0798| 11,5675 | 8,0316 5¢9000| 4451691 345687 248905
18] 325,41 814441 | 81,0875] 36,1565] 3640518 ] 3640172{20,2718] 12,9694 | 9,0047 6461481 5,0640{ 4.0010 | 3,2406
19} 362,75 9067975[ 9043589} 4043058] 40,1755] 40,1325]|22,5896 | 1444517 | 10,0336 Te3T05| 546425 | 444580 | 36108
20] 402,15[100467 | 1004134 | 4446834 44,5235 44,4707| 25,0333 16,0143 | 11,1183 Be1672| 642523 | 4.9398 4,0010
21] 443,62{111,069 | 110,413 | 49,2908] 49,0961 49,0320|27,8030| 17,6574 | 12,2587 040048 6,8934| 5,4463 44,4112
22| 487,16]121,99 | 121,196 54,1284] 53,8936 | 5348163] 30,2987 | 193810 ] 13,4549 9488331 7.5659| 549775 4,844
23] 532,78]133,431 | 132,484 59,1971| 58,9162 | 58,8238)38,1207| 21,1851 | 14,7069 | 10,80281 8,2697| 6.5335 52917
241 580,48{145,40 | 144,277 | 6444978| 64,1642 64,0546]|36,0690] 23,0897 | 16,0148 | 11,7632| 9,0048| 7.1142 547620
25| 630426]1574903 | 156,576 70,0313| 69,8378 6945087] 30,1437 | 25,0350 | 17,3786 | 12.7646] 97713 | 7.7197 642524
26] 682,19]170,94 | 169,382 7547985 7563374 7501863| 42,3450 27,0809 | 18,7982 | 13,8071 10,5692 | 8.3499 647628
27| 736421]184,506 | 182,694 8148005| 8142633] 81,0875]45,8730] 29,2076 | 202738 | 14,8906} 11,3984 9,0049 762933
28] 7924361198461 | 196,514 88,0382] 8744168] 87,2123] 49,1278] 31,4160 21,8052 | 16,0150 12,2590{ 9.6847 748438
29] 850,64]2134261 | 210,842 94.5127] 93,7953| 93,5608] 52,7096 ] 33,7033 | 23,3927 | 17.1806| 13,1510{ 10,3893 8e4144
3O 911,051228,46 | 225,678 | 1014225 | 100402 | 100,133 | 56,4185| 36,0725 | 25,0362 | 18,3872| 14,0743 { 11,1186 90050

Wil
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. TABIE III gont
RELATIVISTIC ENERGY LEVELS

ipued) .

° . 4(2)
Values tabulated ere = E.n i

Rho

CTRON IN COULOMB FIELD

Z §n=1 ne=? n=?
Jal/2 | 3=1/2 | Ja3f2
60| 3791,1 | 960,08] 911,07
61| 3925,8 | 994,64 942,01
82 | 4063,4 |1030,0 | 973453
63 | 4203,9 |1066.1 | 1005.6
64 | 4347,5 |1103,1 | 1038,3
65 | 4493,9 [1140,8 | 1071.5
66 | 4643,0 11179.,2 | 1105.2
67 | 4795,1 |121845 | 1139,5
68 | 495043 |125846 | 1174.3
69 | 510844 |1299.6 | 1209,7
70 | 526945 |1341e4 | 1245.6
71 | 5434,0 |1384,0 | 1282,1
72 | 560146 |142745 | 1319,2
73 | 577243 |147149 | 135648
74 | 5946,5 |1517.3 | 139449
75 | 6124,1 |1563,5 | 1433.6
76 | 6305.1 [1610,3 | 1472.9
77 | 648946 |1659,0 | 151247
78 | 66776 |170842 | 155341
79 | 686940 |175845 | 159441
80 | 7064,3 |1809,7 | 1635.6
81 | 7263,1 |186240 | 16777
82 | 7465.8 [191344 | 1720.4
83 | 7672,5 |1969,9 | 176345
84 | 7883,1 {2025¢5 | 1807.4
85 | 8097, [208243 | 1851.8
86 | 831646 {2140,2 | 1896.9
87 | 853947 {219943 | 194244
88 | 876740 {2259,7 | 1988.6
89 | 899847 {232145 | 203543
90 | 9235,0 [238444 | 2082,7
91 | 947641 |2448,9 | 2130,6
92 | 972242 251447 | 2179,2

ne=3
=142

421,15
436,12
451,40
466,499
482,89

499,12
515,56
532 54
549476
567631

585,21
603445
622403
640,97
660429

679,98
700,05
720449
741631
762451

784,18
806,18
828,62
851,52
874486

898,461
922,79
947446
97253
998421

1024 44
1051,0
107842

Nm3
| jz3/2

n=3
J=5/2

nzt
Jz!é?ﬁ

net
3=3/2

5/2

406,456
420446
434,460
448,99
46363

478452
493,66
509,05
524,59
540657

556471
573411
589,76
60667
623433

641,26
658,94
676488
695,09
713,57

732427
751,28
770655
790,08
809,87

829,94
850429
870487
891,76
912,94

934432
956,07
978,08

402,15
415,75
429,57
443,62
457491

472442
487,16
502,14
517.34
532479

548645
564434
580444
59683
613445

630429
647435
664465
682,19
699,97

718,90
736423
754,70
773440
792433

811,53
830,98
850663
870454
890,467

911,03
931,65
952 ¢53

234,457
242,82
251424
259,82
268,57

277449
286,457
295,83
305,426
314,86

524,65
334452
344,77
356409
365451

376433
387424
3598434
409,55
421,15

432,86
444,75
456,487
469421
481477

494,55
507 ¢5¢
520476
534,421
547492

561,88
576405
590,51

228446
236426
244,20
252,28
260450

268485
277434
285,97
294,74
303466

512,71
321,91
331424
340,672
360435

360612
37034
380,10
390630
400,54

411,15
421480
432660
443,455
454,65

465,90
477430
488,79
500444
512,431

524,433
536450
548,82

226,459
234,27
242,07
250,00
258,06

266,25
274457
283,03
291,62
300435

309421
318420
327431
336454
345,91

355443
36511
374491
384,84
394,89

405,07
415,41
425,98
436447
447,18

458,05
469,07
480,19
491,46
502,84

514,41
5264909
538600

n=4 A n=5 ngb n=7 n=8 n=z9 nel
225450 | 14562 1006 | 7348 | 5644 | 4408 | 5€
233429 | 15060 [104,0 ] 7663 | 5803 | 4661 | 37
241,02 | 155,1 110744 | 7848 | 60,3 | 475 | 38
248,88 ] 160¢2 [111,0] 81e4 | 62,2 | 49,1 | 3¢
256686 | 16543 11445 | B840 | 6403 | 5067 | 41
264498 17066 [11842 | 8647 | 6663 | 5243 | 42
273623 | 17569 |121,8 ] 8944 | 6863 | 5440 | 4%
281661 | 18144 1256 | 9241 | 70e4 | 556 £
290,11 | 186,9 |129¢4 | 9449 | 7246 | 5743 | 46
298473 | 192,4 [133,3 | 9767 | T4e7 | 5940 | 47
307049 | 19842 [13742 | 10046 | 7669 | 6047 | 4€
316638) 20349 [14141 ]| 10345 | 7911 62,5 | 5¢C
325440 ] 209,8 [145,2 | 10665 | 8le4 | 6442 | 52
334,55 215,7 [149.3 | 10945 | 837 | 66,1 | 52
3434821 221,7 {15344 | 112,56 | 8660 ]| 87,9 | 54
3536221 227,8 |157,7 | 1156 | 88e4 | 69,7 | 5€
86276 | 234,0 {16149 | 11847 | 20,7 T1.6 { 58
372642 | 240,3 |16663 | 12149 | 93¢2 | 73,5 | 5¢
382420 | 24647 [17065 | 12541 | 9565 | 7545 | 61
392611 ] 25341 |17541 | 12843 | 986l ] 7764 | 62
202,14 | 25947 {17946 | 13146 |10046 | 7944 | 64
412,31 ] 26663 |18442 | 135,0 |103,2 | 8le4 £
422,511 273,0 [18848 | 13843 |10547 | 8364 | 67
433,06 | 2798 1935 | 141.8 |108.3 | 8545 | 8¢
443,64 ] 28647 119842 | 14542 111,0| 8745 | T7C
454,33 | 29347 20340 | 148,8 |1137| 897 | 72
465,13 | 300,7 (20769 | 15243 |11644| 9148 | 74
476,96 | 30769 [21248 | 15509 | 11941 ] 9440 | 7€
487,18 | 31542 121703 | 16945 [12169| 9642 | 717
408,371 322,5 12225 | 163,2 {124,7| 98e4 | 7¢
509468 | 3299 [227.9 | 16649 | 12745 10046 | 81
521,17 | 3374 |233.1 | 1707 {13064 | 102,9 | 82
53278 | 345,0 [23843 | 17465 | 1333 | 10542 £

s DL
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TABIE IV
AVERAGE SQUARE RADIUS OF ELECTRON ORBITS

—anZ
Values of ({-;) and (-:';)

Averaged over all Angular Momenta

X\ g2
8o

S

Sp
sa

v \? 22 Prinoipal

("o) Quantum Mumber n
340000 1
42,000 2
306000 3
207,00 4
180,00 5
126,00 6
7
8
9
10

3400
86400
171,00
528,00
127540
262840
4851,0
8255,9
132036
20100,
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TABLE V
"

THE FRBQUENCY FACTOR F(a,u)/F(a,e0)
—_  — —— —  — ——————— _ ]

FOR LINES OF EQUAL STRENGTH
- St T e )

u ok
Fla,u) = 2 J’ 21 e % g
e
o
O 11 0 0,1 0e2 0.3 Ot 045 1,0 1.5 2,0
:T — — ——
9761  49528|  49307|  .9006|  ,8896 +73138 #67399
8
T 3589 05 +8564 8530 8496 8461 o8427 8393 8225 +8061 #7905
% 3 10 «7952 7902 #7855 «7808 #7761 7714 +7485 7265 #7056
203805 015 oT474 «7211 7354 07298 7235 7187 «6918 +66862 6421
g 2 20 7048 +6984 +6921 #6859 6796 6735 #6438 6157 «5895
v,
:1.7321 25 6667 6597 6629 6462 63956 6329 #6011 «5714 «5439 '
(M45275 090 #6310 6237 6165 «6094 06024 +0955 5622 <5314 «5032 \‘\
3628 035 #5970 #5894 +5819 5746 #5673 #5602 #5260 4946 #4661 (d
”,—-'1.2247 «40 5641 55663 05487 «5412 5337 5265 #4918 4602 04317 Ny
{
%.1065 «45 5319 «5240 «5163 +5087 <5012 #4938 04591 «4276 03995
M 0000 50 +«5000 04921 04844 04767 #4693 #4619 04274 03965 #3670
«9045 095 #4681 4603 045626 #4450 «4376 #4304 03966 3663 03397
8165 60 #4359 02282 04207 02133 +4060 03989 #3659 03368 3113
7071 o865 3918 03956 3882 #3810 3740 03672 03554 «3076 02834
6547 70 3690 +3619 03548 03480 3413 03347 03046 «2783 2558
«S774 75 03333 03266 3200 3135 3072 3011 2729 02486 02278
5 80 02952 2890 2828 #2769 #2711 2655 02398 2178 «1990
«4201 ¢85 2532 02477 02422 02369 «2318 #2268 02041 1848 #1685
3333 90 02048 2003 1957 01913 1870 1829 1640 1481 01347
02294 95 1436 01400 ¢1368 1338 01305 01275 01148 1026 «0932
(0] 1,00 0 0 0 0 0 0 ] 0 0
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TABIE ¥ (Continued)

31,6070
9,9499
4,3589

3

243805
2

1,732

1,6275

1,3628

1,2247

1,10865
1

«9045
8185
#7071
«6547

«5T74
o5

4201
3333

02294
0

30

«80

31,0000

07349
+6331

#5605
«5027
4547
«4133

3770
03445
3149
2877

2622
02382
2151
1927

#1708
481
01247
«0892

«0683

1,0000

09592
+8685

«6040

4696

«3804

313
«2608

21468
01747

«1335

«0890

1,0000

#5893
5761

+4987
+4395
3918
+3621

3181
2883
02619
«2379

«2159
1953
+1759
+1571
13987

«1010
«0802

#0651

#5860
1,0000

#6511
#5303

+2509
03921
34682
05087

02773
2503
02288
20638

«1869
«1879
«1810
o1347

«1080
«0868
«0888

O4TS

«6187
4929

4132
#3560
3122
2772

02482
#2236
«2021
»1829

«1656
01495
#1343
1199

#1067
<0916
«0769
#0811

«0420

s
1,0000 1,0000
#9311 9206
+7836 #7530
«4232 03742
02942 02550
«2260 21952
o1815 01665
01482 1278
1210 «1043
«0970 +0837
«0T41 0839
00494 «0428
0 (o}

«1396
01140

00931
0748

«0570
+0380

1,0000

«9032
07032

03145

2077

21587

01272

21059

+0880
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TABIE VI

THE WEIGHTING FUNCTION

15
W(u) = 4"4

AND THE STROMGREN FUNCTION

u7 °2ﬂ (ou-l)-s

S(u) = f " W(x)dx
0
u W(u) S(u) u W(u) S(u)
0,0 0 -6 0 o6 842003 68,2881
ol 4,0390x10 84016x10™8 346 849572 701489
o2 647737x10™5 2 ,669x10™0 3.7 947404 840819
o5 3¢5814x10~4 2,103x10~5 3.8 10,546 90957
, ot 1,1801x10"° 9.185x10™7 3.9 11,371 10,1902
: .5 249948x103 2,902x10™% 4,0 12,211 11,3676
6 6.4596x10"5 T0454x10™4 4.1 13,064 12,6309
o7 »012339 1.ssox1o:§ 4,2 13,926 15,9808
: 8 .021726 3o351x107] 4.3 14,793 1644174
9 +035822 6.170x10 4.4 15,660 16,9409
‘. 1.0 $056077 1,071x10~2 4.5 16,525 18,5793
" | 1a1 084108 1,765x10"2 4.6 17.384 20,2476
1,2 012175 2,78 7x10 4.7 18,232 22,0290
| 1e3 17101 4,214x1072 4,8 19,087 25,8940
1o «23401 6257x10" 4.9 19,884 2548403
1.5 31303 84981x10™2 5,0 20,681 27,8664
146 041042 1258 5ol 21,453 29,9725
1.7 52859 <1724 542 22,199 32,1510
1.8 «87064 <2313 5.3 22,915 24,4014
1.9 +83681 3066 Bod 23,599 86,7225
2,0 1,0316 #3994 5e5 24 4249 $9.1128
2.1 1,2564 5129 5¢6 24,861 41,5698
242 1,5134 +6502 o7 25,436 44,0395
243 1,7970 8144 58 25970 46,6656
- | 244 2,1307 1,009 549 264463 49,2917
{
245 244940 14238 640 264918 51,9633
246 28948 1,505 | e 27,519 54,6756
247 53544 1,815 642 274682 5744249
2.8 3,.8128 24173 643 28000 60,2082
- | 249 43302 2,682 6ot 284278 63,0215
‘. 340 4,8857 5,048 645 28,4502 65,8657
' 341 504791 34568 646 28,886 68,7225
5.2 641087 4,1483 647 284826 71,3978
3e3 87735 4,792 648 28,923 74,4853
LY 74715 55041 ﬂ 849 28,977 77,3810

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

e —

TABIE VI (Continued)

s u W(u) S(u) u W(u) S(u)
* 740 28,991 80,2800 10,2 17,027 16741759
7ol 28,961 8341773 1044 16,163 16005624
7e2 28,895 86,0698 10,6 15,053 16343490
Te3 28,789 88,9546 10,8 13,815 166,1404
7ed 28,646 91,8283
745 284,470 94,6856 11,0 12,530 16847424
7+6 28,258 975219 11,5 10,787 17444625
77 28,016 100,3346 12,0 844757 1791635
7.8 276742 103,1223 12,5 740717 182,9749
79 274439 106 ,8825 13,0 5+4602 186,0382
v 840 27,110 108,6119 13,5 4,4377 188,4766
: 8ol 26,757 111,3053 14,0 3.3745 190,5646
842 264379 113,9608 15,0 2,0121 15540267
8e3 25,981 11645797 16,0 1,1629 194 ,5800
8e4 254562 119,1587 18,0 «35896 195,958%
8¢5 25,126 121,6939 20,0 «10157 196,3685
846 24,673 124,1825 22,0 025787 10644813
~"| 8eT 24,206 12646251 24,0 0066659 19645103
8e8 234726 129,0210 26,0 «0015798 19645174
849 234234 1313691 3040 «000071419 19645194
940 22,752 13346682 o0 0 196,5194
241 224222 135,9163
v | 942 21,706 13841127
943 21,183 14042671
944 20,658 142,3489
945 206127 144,3881
9¢6 19,596 14643742
947 19,066 14843066
, | 948 18,535 150,1856
949 18,007 1520119
10,0 174480 15347856
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Table VII Formulee for Bound Free Gaunt Factors

Define F (k) =z exp(stk tan > %/k)

1 « exp(=2Trk)

€1s 5 kp

srIE

X2 +

Fy (x)

E2e - kp

S2p-’kﬂ

g2p—)h1 -

C2p>x =

& ar =

5 2 L
25w (3 (15+ 2 + 1)

2°w i Q+102) R, (x)
(1+% )2
P

e’'ris __1 Fp (k)
32 (1+4/2)?

22wVE (1 3 1A%) F,(x)
5'&’ (1+4/ 2)3

2'rds Lss-t-zz Fy (k)
T2 (1+4/2)8

F, (k)

Cr )

35 ip <

83p-9k

B3d — k

25 sty (1+kz)("+kz )
162(14'9/1(2)4

F, (k)

N 481
(19+ 2 Fy (k)

(1 +9/k2 )

45
2" stVET (1+V42)(11+32) Fy (1)

5 (14 9/,2)°
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TABIE VII (Continued)

78 81 126 81
2° % \/?17'15-#12"*; (:29 +2 ta

(1 + 9/kz)5

()

7
2 s T [539 6800 , 2073 , 12288
F(+E) t = + +

P4

3152 13056 12288
x[ls'r +-= + =z " ] Faic)

]

ILim
n - oo

&ﬂ"k = {1 + 01728261 . ,0495957

Z/3 /s

- 40171420 4 20020450 ;

k2 kes
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Table VIII Values for Bound Free Gaunt Factors

5 k €1s = Xp
0 0o « 79730
001 31,623 79770
+01 10 79989
+05 4,4721 .81001
o1 3.1623 .82167

: o2 2,2361 84331
+5000 1,414 +89240

1.000 1,000 94236

240 »70711 °98447

5.0 44721 98592
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Table VIII Values for Bound Free Gaunt Factors (Conmtinued)

A x B2s —kp B2p —ks 82p —»1d Bap—s k Bk
0 00 93460 025961 «83075 85671 «87619
« 0625 4, 1,13689 «029723 30845 23818 091286
12755 2.8 1,32462 0032632 « 77965 81229 «54037
25 2,00 1,62882 036129 72258 «75871 97549
37180 1.64 1,87276 +037922 «67064 + 70856 99860
«52510 1,38 2,12688 +038738 «£0977 «84852 1,01811
74316 1,16 2.41104 038420 «53946 «57790 1,03618

1,000 1,000 2,66420 037003 27363 51064 1,04903

1,5625 o8 303132 +032860 027165 40452 1,06122

2,25 66667 {3,28819 028104 029228 32039 1,06234

Yhe k €359 1p B3p X 83d - X 85—

0 o0 1,06160 1,09768 76259 90751
002777 6. 1,31070 1.,23028 «68433 93591
+056689 4,2 1,55462 1,33175 «61340 095743
11111 3,0 1,9759 1,4544 5059 «9854
23338 2,07 2477863 1,55574 +34854 1,02095
03333 1,732 3432160 1.,55697 26988 1,03799
02444 1,5 3483427 1,52290 21072 1,05073
6944 1.2 4,73641 1,40219 13321 1,06767

1,000 1,000 54,52416 1.24884 +085635 1,07765

-bh)—
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Table VIII Values for Bound Free Gaunt Factors (Concluded)
a » » 3 P
1 g g ..
/kz X Tk Ta)k Ee?-nc &7—vk g8'-ok sU-ok T0-ek -3
0 co 092474 #9360 09438 9498 09545 «9578 9605 1,0000
0001111 30 092672 % 9386 9470 «9535 95682 «9625 9656 1,01735
01 10 0941%* 09690 09722 982 «9895 «995 1,00 1,0349
«027778 6 «9618* «980 0994 1,0035 1,0115 1,0175 1,022 1,04733
«06250 4 98992 1.,0088 1,0210 1,0290 1,0353 1,0395 1,0427 1,05976
01111 3 1,0132* 1,0290 1,0401 1,0470 1,0518 1,0557 1,0579 1,069%
25000 2,00 1,04743 1,0597 1.,0668 1,0712 1,0744 1,0767 1,0781 1,0853
«5000 1,414 1,0723% 1,0807 1,0857 1,0888 1,0909 1,0923 1,0935 1,0982
1,0000 1,000 1,08874 1,0945 1,0983 1,1009 1,1026 1,1036 1,1024 1,1088

* Indicates interpolated values,

ASVa13d O 119Nd d04 d3aNOodddV
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TABIE IX

o0
-
The function ’X(x) = -\I_FL/J:y 26 fn y dy

x X(x) x “X(x)
—r
O '109636 2.5 00302
«01 -1.2202 2.6 0276
<05 - 7183 2.7 0252
01 - .4627 2.8 00230
02 - 02149 209 00210
3 - »,0907 3.0 0191
4 - o0190 3.2 -0158
%] + 0241 Se4 «0131
«6 .0507 36 .0108
«8 #0754 3.8 0089
1.0 0807 4.0 0073
lel .0799 4.2 +0060
1.2 0776 4.4 0049
1.3 0744 4.6 «0040
1.4 0707 4,8 «0033
1.5 +0666 5.0 0027
1.6 «0624 545 «0016
1.7 +0582 640 «0009
1.8 «0541 6e5 « 0005
1.9 «0501 7.0 +0002
2.0 <0462 7Te5 «0001
2.1 «0426 8.0
2.2 «0392
2.3 0359
2.4 <0329
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FIG IIILa

NOMOGRAPH OF
-1 -1
9(xy) = 7 {fon (x+y) - tan (x~y)}
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FIG IL b
NOMOGRAPH OF

g(my)=%rﬁciux+y)-toﬁux—y§
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