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U5ENTROPE ENERGY, tX!GONIOT TEMPERATURE,
AND THE MIE=GRUNEISENEQUATION OF STATE

CharlesA. Forest

Grow DX-1, MS P952, b Alms Nadond Liaborawy, La Alaww NM 8754S

Analytic expreiwions fm brxb the isentrope energy aod tanperamre sloag b HuSoniot curve may &
eapmssed in lercnsof a singk integral functtoa f~ a Mlc-Oruneiwi qualcmofslae whb ccmslam heal

INTRODUCTION

Tbe Mie-Gmnelsen equation of SUtC wib A
Hugcmioi reference line la cummady @ in
ctdculations,ltw wnperawre00 I&c Hupbt
and Isemrope ma are u timti dmiraf.
Cakulalion 0( Ibe umpaalufe along Ills Hugoaiol
was giva by Walsh md ChrhlhuI (1A tbe
expressionfcwwhich contains an integral funclkm

This Integral, (W constam bra capacity Cv, and

general Gruneisen Parameler rfv) = v(~p/&~,

will k shown 10 k UmI integral whkb is
neceswy for thecalculadon of Isemropicenugy.

The calculation of temperaturew the cxdculallon
d an arbhrary iscntrope is often useful In !luld
dynamic modellng, I%cte pro@es arc used In
mlxmreeqwkms 0( w M assume pressure
equilibrium akmg with Mnpature quilhrium w
kcntroplc Mavkw following a fl.rslSIWkm TINre
h ● convenl~ in having IIM slngk inlegral
function l(u) hat facllllmes bill purposes,

BASIC FORMULATION

“fhe Mle-C’i’inekn equakm d stale udn: a
lhmhock I IugufIti referenos he h wriuen

p(vod ■ (rA)(t “ t~fv)) +p~(v) (1)

wbese v = specitk volum, e = spcifk inlefnd
messy, Ph(v) = HugcmioI PM$um t@)=

Jo,(v) + p,)(v,- v) + c,, tbe Hqpiot
rdmhxl,

lb funclicm ph(v) is cahlatd from two

RmWnemHugonlotrclatioas (conscrvati of mass
and momemlurn) md theempirical V,(u) rclatkm

(be slxxk velcxity iolo undismrbod maMal).
‘Ttweequadonsm asfundionso ftheshmk

partick Vddty U, Vh(u) = V~((/,(U) - U)/u, (U),

ph(u)=?ou U,(u) +po, mdU8(u)=c+su+qu2.

ldln~ uh(v) k be Invaae Vh(u), then ~

annposhlon p* (v) = ph(uh(v)).

The emplrhxl U,(u) rclallon h rcprcscnted

pkccwhe by a Ilnta or quadratic over n wgmenw

U)<uJ<. . .< UR+), A corresponding MI d

uppmhely ufdered volume segments are dmti
Vl>Va>e.. >Vn+\ Witi V, ● vh(u,~ If u,(b) ■

c + su + qu~ cms segmen~then Uh(v) is ohudned

by SO!Utbll of Ihe qudsatic equ8!bl

()w,(v) j
c

-n+u/(v)-o Whue
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u,(v) = C(vo - v)/(~’o - S(vo - v)).

1[ 9 = O, then Uh(v)= U,(v)l

If q #o, theIworootsfor uh(v)arc

u~ = c/(qua ).

TiK rod Ua has the correct limit fcx q ■ O and

has gcwd numerical precision; and fa q * O, the

Ub roothas similar precision, Both arc calculakd

using tbc f&x Lhal U the equation

ax2+bx+c=0 hasroolsxl and X2, then

c = fuJx2. T’bc proper root musl & selected to

lie in tie segment dcrcnnincd by v,

T%e derivatives 0( ph (v)= ph(uh(v)) wiLb

fCSFKWt m 5pdnc VOIUII-K V, of of w 01.M
function paramerrkally given as a function of u,
requires the derivtuivc duh /dv, which can b

calculated impllcil.ly from the massquntion

u,(u~(v))v = Vo[u,(uh(v))- U*(V)]

Diffcrenllat.ion gives

Using W resul~ with u ■ uh (v),

An expression fw the Cntnelwn gummn r In

Icrms O( CV, T, ~, and C2 can h obtained hum

two lhcrm(dynamlc cquulluns rclmed to r,

Cp = Cvfl + ~ rl) Md C, = ~C*/r, WhCfC

Cp = fadanp+Pfadanp,C, = wan

13= @v/aT$ /U~d C2=@P@%

Equating tbe two CP expressions and smlvinghe

resultingquadraticquation for r gives

2@cl/c )
r=

1 + [1 + 4(@/cvf3T

ISENTROPE ENERGY AND KItL
GRIJNEISEN EOS

From the thermcxlynwnlc equation, T& = de +
pdv (witi ds ■0) and he cquatiosr of state,

de

d
= - P(V. Cl (v))

where c,(v) k tk Lsenuopc energy. IW

differential equation fcx c, is rhcn

~ + fr/v)t, = (r/v)ehfv) - p,fv) (2)

wilh inilial value c,(v, ) = e,. M now gfv) =

~
~fi)t and k[ @’) = CXp( g(V)dV ) tE lhe

inlqrating faclrx,

For two s@al mscs of (TA), these functions

are M follows:

1, If r = rO, then gfv) ■ fr~) and G(v) ■ Vrl

2, If IW ■ ro/vo, then gfv) = poro and

WV) ■ CIp {pOrov},

Now multlply cqualkm (2) by G tind intcgrute,

f,(v)@v) - elG(vl) =
v

I G(v)/ g(v)ch (V) - phfv)ldv
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NoIe hat ~ - Gfv)g(v) and inlcgrate by pans

v, V“l

Also nou

Finally hen

v‘2V)$&’@)+ph ‘Po-J+ h
v,

The remaining Inlegral is not expressible in
lerms of elemenlay funcrlons, and k m easily
and accurately fiI as a function of volume v

bu~ ph(v) h a singukf pint at

v = Vo(s - f)/s when U, = c + SU, Recall that

tie fwticle vclwity has no such Imublc andcarrk
used fcw rhe Mcgratlon chimge of variable. Thus
kt

(note lower limit of Inlcgralkm), Changing
In[egrm.ionvariable, let

Then

[

“ G(v (U)) dp~ ‘h

Jl(u) = -+- ~ -#v. - v) +

o

1(Ph - Po) + du, and fllldly,

and

e,(v)G(v) = elG(v, ) + eh (v)(W) . eh(v, )G{v, )-

[I(uh(v)) - I(U*(V,))]

Remark: e,(v) is the energy of rbe iscntrope

through the pint (v,, e,&vhich may be any

poinl in the doma.rn of p(v, e). A cmmmon

uMgc is the czuw where el = e~(vl), thal is the

isunlrope fm a malcrial element Lhat has
c~~ricnccd a Ilrsl shock

The function l(u) IS represented on cwch

(u,. U,+l) mlcmal by Lhe fomrr I(u) =

al + Urn(al + a,u + a,uz + a~ti’ + a6u4). In

I.he ncighhwhood at u ■ O, we Iel m = J, nnd
cl.sewtwrt let m = I. For cakululloa uf tic
dcrivallvc of I(u), rhc cxwv cxprcs$ion

‘Ihe uw of wmpxwnl cquwlons of sure in a
cqullibfium mixmrc equulhm of slam Iquircs nol

only an arcurule function viduc M an acvurule

durlvauw so hat be Ikwllvc equilibrium wdutkm
method vAll arnveqc qukkly, To thai cn~ the
function l(u) is fiucd by mung Uvcderivative of



/(u) and I(u) simultaneously, One need not w
polynomials any suilabk analytically integrable

basisfunclion set wouJddo.

For C, = COnSLZWILtic integml is just I(vY c,, and

lbus

Th (V) @V) = TOG(VO ) + & /(Uh (V)),
v

TEMPERATURE AND HUGON1OT
TEMPERATURE
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The Iemperaure as a funcuoa of (v,e) is

(e - e (v))
T(v. e) = ~h + Th(v)

v

where eh(v) = Hugoni~ energy and Th (v) =

Ihsgoniw scmperimure, and Cv = conslam IMI

mpacity.

The tempemmre on he l{ugonia Th (v) i%

calculated vta WaJsh and Clwistian’smethod (l).

-nley writecmpage 1!354,

()%++~ Th‘+$+h-v)++(ph-Po).
v

Changing variable m (v,e), p(v,T) = P(V, c(v,T))
md lhUS

(*),=(%)(*) =(r/v,cv,v v

The diffcrend.al equation h hen

dT

{*
L ‘p (v~-v)+Ph-Po

+
+ :Th . ~c

v }

wilh initial vaJue 7“(vO) = To, (king the s~me

h’ucgnulng f~tor and nolatkrn as in tic
inlcgrmlon of tie Iwnlrufm energyequation,

Th(v) G(v) - TOG(VO) =
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manuscript.

RIitlHWNCES

1. J. M. Walsh and R. H. Clwistian, E+a[ioo d Sia[e

d ❑eads bm Stxxk Wave Mcasurcmcnta, W
/%yIud RrvirIv, 97, No. 6, 1544-1556, Mmrch 15,
1955,

j ++i+(vo -v, + P,-po}d.

v,


