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Modern treatments of energy loss in plasmas through elastic¢ scattering of energetic ions require
complete knowledge of charged-particle elastic cross sections. Re=matrix theory provides an ex-

plicit separation of nuclear and Coulomb effects

in these cross sections, and gives reasonable

extrapolations to smal]l angles and low energies, where data may be scarce. We outline the cal-
culation of charged-particle elastic cross sections from R-matrix paramcters, and give examples
for d-T, d-a, and t-a scattering, obtained frem comprehensive analyses of reactions in the “He,
6Li, and 7Li compound systems. Expansion coafficients for an exacl polynomial representation for
the difference of the scattering and Rutherford cross sections (0,.) are given for d-T scat-

tering. Integral quantilies involving o

calculated from the present cross seclirons disapree

substantially in some cases near resonances with a recent Livermore evaluation.

[Charged-particle elastic cross sections calculated from R-matrix theorv. d-T, d-a, t-a scat-
tering at energies helow 5 MeV. Polynomial representation and integrals lor uNll

introduction

Charged=particle elastic (CPE) scaltering is an am-
portant eucrgy-loss mechanism in ionized plasmas.
Traditionally, the slowing-down treatment has tuaken
into account only the eftects of Rutherford (or "pure
Coulomb’) scattering, in which the euergy loss comes
{rom summinrg over large numbers ot small-angle deflec=
tions. This approximation is valid in most cases at
low energics, where the Coulomb amplitude dominates
the nudclear amplitudes. However, at higher energies,
where energy  losses are more substantial, nuclear
amplitudes  afftect the large-angie c¢ross seclions
significantly, and enter even at small angles through
interference  with  the Coulomb  amplitude. It s
important, thereiove, to have a method ftor describing
all  the components of CPE cross  sections, which
miovides  reasonable extrapolations to regions  not
accessible to measurements (uscally small angles and
low encrgies).

Rematrix theorv! is highly sunitable for such o de-
scription, since, as has been pointed out al previoun
Cioss Scction meetings? 4, it allows a parametiic
treatment  of  short=-ranged (nuclear) effects, while
accounting exactly for long=ranged effects, such ax
the Conlomb and angular momeptum barriern. Thus, the
velationship between the Coulomb and nuclear parts of
the cross section as a tunection of energy and angle
is constraned by a theory that embodies the funda-
meiatal properties of nucleas interactions and ensures
the correct Timting behavior at gmall angles aad low
energiers,  where the long-ranged effects dominate.

In the following section, we outline the calculation
of CI'F eross sections [rom R=matrix paramrters, then
show for a ftew important cases how these caleulated
croks kectionk  behave asx functions ol encrgy and
aigle and how they compare with experimental data. |n
Section 11, we develop an exact polynomial  rep-
resentathon for the ditterence of the CPE and Kuther-
ford cruss Rections (HN ), and illustrate the he-
havior ot Lhis cross lu'l'liull axd mome of itn expan-
Kion corflicients,  Applicationg involving integrals
of o are discunsed in Section 1V, where reaultn
|-..=..-.P’ on the preseat R=matris crosn aectious are
compared with snother recent evaluation.  The final
sevhion summarizes the important pointa of the pre-
vions dincusnion and gives condlunionn,

R-matyvix Description of CPE Scattering

Flemealk of the R matrvix are gaiven hy projectionn ol
essentially the Green's function oaperator for the
mteanal Hamiltonian of A wystem of frtevacting pasr-
ticlken on the two-body channel sartace of the nyslem?
They can be expressed an

Y.\ Y.
Kop =2 5
[N 3 A 'A .

where the YA and 6, are veduced-width amplatades and
cigenenergies, respectively, for states JA) having
logavithmic derivative projections B on the channel
surface delined by radii » -~ a i channel labe)
Je) = Jods€) denotes .'-‘lmly l.-|r|'.-||m|-|m-nl u of the
system of particles having quantum numbers J,u, ¢ an-
rociated with tetal angular momentum, totsl spin, and
orbital angular momentum, respectively.

I order to calenlate observablen, such as  ron
sections, of g scatleriag prooess, 10 s necessny
to have matiix elements of the transition operator,
These are telated to the R matrix by "
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where B oas the diagonal matyan of houndaary-conditionn
numbers Boand Loas a diggonal matax containing loga-
vitlimic derivatives  of  Channel ontgoing spherioal
Coulombh waven, which can be exprestied an

in terms of the channel shaft and penetvabr bty Tane -
tions, S and P . The quantitares w  and - are
phane shitts tor ‘Coulomb and h.-uvl-nplu"u- aeatteh g,
respectively,  Note that because of the matinix an-
verndonn in (2), any element of T depends, an peneial
on all the elementu ol R, and  vice  vernag,

Obnervables for elanlic neattering tnvolve only the
T-matrin elementn tor which o . [ thewe are
denoted hy

, o' o) l"

l‘_ ' W' N0

thep the elantic neatlering crost Rection for charged
particles can be wiilten an the num of three team:

a(p) - uH(u) ' nN(u) ' u|(||) ' vh)



where for p = cos(0..), the "pure Coulombh," or
Rutherford scattering cross kection is

= ()2
ogW) = ! )
the "pure nuclear' cross section is

o (1) = [(2s #1)(2s,# D17 3 (-1)% 78
2 ,
L s's
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and the Coulomb-puclear interference cross section is

R ) S L inEny(1-p)
DT (s ATV S TR Rele
2 L’Hl)l', PG (7)
Is ¢ ' si,52 2 :

in Eqs. (5)=-(71), k is the center-of=-mass wave number
and 1 the Coulomb parameler ftor a distinguishable
parr of interacting particlers, s and s, are their
spins, Z is a modified Facah 'n(-h icient” ak defined
in Ret . n, and l'“(u) is the n

order Legendre poly-
nomial .,

Elastic wcatlering cross sections calculated trom
relations (4)=(7) are shown in Figa. 1-) lor the case
aof  d=T, d=¢/, aml t-o scatlering. These are the
primary cross sections that are required when con-
sidering the slowing down of fast dions noa =T
plasma.  The R=matrix parameters used in these cal-
culations came from comprehensive studies ol reac-
CViats oo the "He, "Li, and 7Li systems, sole of which
have been described an Rets. 2 amd 3, The term Mcom-
prehensive™ amplies thal many measurements for other
reavtions dnd observahles were included in the an-
alyses along with slantic scatlerning crosxs sedtjon
data. Data tor other reactions influence the etast e
T=matrvix elements thvough the relation betweens R oand
T noted sbhove 1o connecoion with Eq. (2).

122 .

— ! T R | ' !
I ]
i '
O Ivanovie hl. 'l::(lll y,
A Stratton, 100
IE a
/ can A
o -
Vs -
L ee
B w T .
// ‘j/ 0B !
e ',r' 7
[ I - ’ Y
& A
=B 4 A
’ E : [{1] ..
/ 'l. . ‘
/ L I
// s .
12 ~— T .- 0on |
dt
© ) | I | |
[ h 1] [ {} W) 140 0 1)
L§Y]

Fig. 1. Caltenlated and meannrved cropn-sectvon iat jos
to Ruthertond scattering for d-T,  The data (xl at
.96 and 2,46 MeV o are those of Stratton®; (howe $
at 518 MeV are from Ivanovich?,
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Fig. 2. Calculated and measured cross-scction ratios

to Rutherford scatiering for d-«. The data at 1.07
MeV are those ol Galonsky®; Lhose at 2.94 MeV are
from Senhcuse®; those at 5,00 MeV are from Ohlsen'®.
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Fip. V. Caleonlated and meaguared croks-section ratos
to Rutherford scattering tar t-o.  The data ot 411
and ", 04 MeV are those of Ivanovich'.

The weattering cross sections an Figs. 1-% are plot:
ted an ratfosn to the Rutherford crons nectpoon, Lo
that the ettect of the nuclear amplitodes can rantly
be wneen an deviations from nnity, The  mnet ol
signmiticant deviations hiom pure Conlomh neatterang
seenre At tatily low enmiglen oo all thiee areac-
tionn, but enpectally for T (Bag 1) Thiw ar due
matnly ta the prenence of prominant venohanees Iin the
reavtione: a relatively biowd 3/2 pesohanee an -1
al F.| . 4(": kel (109 keV in Che TG aeaction), a
unrn'-v | venonamee dn d-ooat b 1,07 MeV ol
relrtively i ow I/'.'" |l'n-|l|||l'.u"||l t-a at | 1. HY
MeV, In #l) thiee canen, the calonlations fndicate
pubptant fal deviat toun fiom pore Counlomb wcattering
At energlen below the lowent enepy whierr e meane -
ments have been mnde,



Fig. 1 shows predictions for d-T at B0 and 200 keV,
then comparisons with the data of Stratton® at .96
MeV (the lowesl energy mcagurements) and 2,46 MeV,
and with those of Ivanovich? at 5.18 MeV. The agree-
ment of the calculation with ths data is fair at the
lower two energies and good at the upper energy. The
3/2 resonance gives strong contributions from the
interference cross sections in the calculations for
d-T, causiug the interference minimum that diminishen
and moves 1. mmaller angles as the energy increases.
The interference ir :o strong at RO keV, however,
that the scattering crogks aection falls below the
Ruthertord croms section at all angles greater than
jne.

Fig. ¢ shows predictions for d-o at 500 keV and com-
parisons with the data of Galonsky® at 1.07 MeV, of
Senhouse® at 2.94 MeV, and of Ohlgen!Y at 5.00 MeV.
There ig good agreement between the c1lcula’ ionm
and the medsurements in this energy range, The D-
weve resoiancee at 1.07 MeV causes muore structurs in
the angular distribution and a deeper interference
m.nimim at Lhis energy than at nearby encrgien.

Fig. V shows predictiony for t-g at 1 MeV oand com-
parisons with measurements ol Ivanovich? at 3.13 and
.04 MeV.  The agreement belween Lhe calculation and
the data is poor at 1,14 MeV and good at 5.04 MeV,
In thiw case, the energy of the remonance 18 rela-
tively high, #0 that deviations from pure Coulomb
scattering are less dramatic at low energies than
for the other tvo reactions,

Exact Polynomial Representation lor Ty

From Eqs. (%)=-(7), 1t can be seen that the sum of the
miclear anl anterference cross sections,
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can be expanded o Legendre polynomials, ccording vo
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The womn an Egio (0 =(10) are Limited by neglect ing
partial waves tor nuclear scatierning above ma.  An
can e geen from Egue (9) and (10), the corfltiientn
a,are complen tan are the t'w), the b are 1eal, and
the two wets are not imdependen' . Theretore, it in
nol ponxible to fat experimental data directly in
trame ot A, amd b coetftoienty teeated as dindepen-
demt parametern. An intermediate wlep, xuch an an
R-matvaa or phane=-shift analvein, 16 necesnary to
eatablinh the yrelat ion amona 1l 2t ool L R

The exact polynomial expansion described above is one
option allowed for representing elaslic scattering
cross scctions in a nsw ENDF charged-particle for-
mat'!'.  The formai simply specifics a tabulation of
the a, and b, coefficients as a function of enrrgy.
Files "of the coefficients calcuiated from R-matrix
paramelers are available at Los Alamor National Lab-
oratory for the reactions and energy ranges listed in
Table 1. From these vcoeflicients, c¢lastic scat-
tering crcss sections can be constructed over the en-
tire angular ramnge for myst of the reactions among
light charged particles ftrom protons through alpha
particles.

Table I Charged-larticle Elastic Cross Sections
__.Available from Los Alamos R-malrax Analyses

Hat # Reaction  Energy Range (MeV)

2002 p-p 0-20
2004 p-T 0-11
2005 p-3He 0-10
2000 p-4He 0-20
30073 d-d 0-10
004 d-T 0-8
05 u-Ne 0-8
4006 d-4le 0-10
4004 t-t 0-3.9
4006 t-1ile 0-14
5000 Me-Me 0-12

The behavior of the expansion coeflicients a, and b
wb a function of energy is 1llustrated 1n Figs, 4 .ungl
5 for d-T &cattering. Fig. 4 shows the amportant b
coelficients for expanding the nuclear cross section
at energies below 5 MeV.  The low-energy d-T S-wave
resonance is clearly evident as oa peak an the I-”
coellicient at 200 keV. The real and imaginarvy parts
of the a, toefticients are shown an Fig. 5, where
apain, the effect of the S-wave resondnee 5 seet at
Jow energies an iy

The separation of CPE vrosy sections anto componenls
given by R-matrix caloulaticns allows one to see an
interestang feature not normally visithle v expepa-
mental data: the rapid oscrllations at amall angles
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Fig. 5. Significant a, coefficjents for d-T scatter-
ing at energies Lhelow 5 MeV,

in the interference cross section that are masked hy
the Rutherford cross section. These are illustrated
in Fig. 6 by plotting (l-p)nN () for d-T scattering
at 200 keV (Multiplying o l(p[) by (1-p) removes Lhe
pole at p = 1 in nl(u); see Eq. 7.) Such oscilla-
tions are important in practice only at angles for
which a(p) 2 a,(p) (in this case, 0. > 5°), where
they sometimes appear in the dala as "Imnulnml:-nu('h-.‘nr
interference’” minima, but they introduce the mathe-
matical difticulty that integrals of o, (u) over the
enbive angular range are undel ined, ly(-l will return
to thas point in the next section,
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Fig., 6. Owcillatory behavior of (l=plo () for d-T
scattering at 200 keV, NI

Integrals of N1

In many CPE energy-loss calculations, the Rutherford
cross sectinon is treated with a continuous slowing-
down model, while the remairnder of the cross section,
o,.(n), is used in a discrete-event, Monte-Carlo
transport framework. In such applications, integrals
of o, (p) with other functions of Y are required, in
principle, over the entire angular range. If o I is
to have the physical significance of a cross secglon,
its integral over all angles must exist and be posi-
tive definite. The nuclear part of Oy satisfies
these conditions, with o, (int.) = 2nb,; *ut. 4% was
mentioned at the end of Qhe last section, the inte-
gral of o, over all angles is undefined due to diver-
gent oscillations as p»1. Therefore, it is necessary
to introduce a small-angle cutoff into the integrals
of 0,.(4) in order to define a valus for the inte-
grated cross section, which in conventional useage
should be positive.

For these reasons, integrals of ONI defined by Perkins
and Cullen!? are cut off al 8, = 20° (p=.94), or at
the largest angle (if > 20°) whprf- a crosses through
zero and remains positive. For the d-T cross sertion
shown in Fig. 6, the cutoff angle according te their
prescription would be 6Ah°. Such an integral for d-T
at B0 keV presumably would “e zero, since © re-
mains negative at angles out to 180°. In ail cases,
this prescription neglects the "interference' region
of the c¢ross section, where (r/()R =1 + le/UR S I
However, in order to compare with the work oi Ref.
12, we have calcenlated trom our R-matrix cross sec-
Lions the following integrals for (lNl(u):

H
Integrated cross seclion = (IN](n'l.) = 2n _!"l (|N|(||)1I|l
.
sacli - v T 7 o=
Reaclion rate ov n {I Vn-l”Nl(“)'i“
= vl'(‘l”Nl(”'l Y,
y "mmlm,
Frav. energy loss/collision = ' - ! ,
’ im, ¥ m, )"
1 .
1 A
. bou=py g g dp
(lNl(llll.) - NI
- ! o AR
Frac. energy loss/umt path leagrh e (INl(lul Ly
Ave, Lab. Scatlt. Cosine
I3 ey m o
Yl : an I T = (il
Hab agp tint) RTEIC TR

| Jun'l' +om

|
with the cutolt p min (94,00, ”NI(“ ) 0, The
Last four quantities are plotted for -|-+‘ scatterving
as dashed cavver in Fig. 7, compared to solid coven
reprencnt fug the evaluation of Perkinn aml “ullen!?,
The agreement ix faivly good at enegies above ) MeV'|
but theve ave subatantia’ iftferences at low eneppies
in the region of the S-=wave sesomance, whele o val-
culations give much Tatger aeaction vates and rpergy
lonser,  Tats trend i also evadent o comparisons
tor other aeactions wheve the difterences are pol

quite as large, bt largest near the aesonans e,
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Sammary and Condlusion:

talculating CPE cross sections from R-patrix para-
meters ollows the sep ration of g, into its consti-
tuent caclear el Coulomb-nuc lear=Tnterterence parts,
The muclear part has o well-=-behaved Legendre expan-
ston wWilh properaores adentical to these used to rep-
cesenl nentron cross sections, The interference part
alsa bas o Legendre expansion, but extibhits daiverging,
mereasingly rapid oscpllatsons as poc Lo In prac-
tice, these oscrllations are amportant oaly at anpgles
for whndch o tag diltears noticeably from zers, where
they canse measmeable "interference minima" 1o the
Cross sectpnnn,

Cactfrcrents tar the Legendre expansion of o, tabn-
lated vs energy an o new ENDE tormat, arve available
for most of the reactions anvolving protons through
Me. These coetintcrents are calcutated from K-matyix
porameters vesoalting tram comprehensive  studies of
tew-nucleon systems done at Los Alamos over the past
several  cears. The Rematrix calvalations genevally
aptec weld o wath existing cross-secljon measurement s,
and provids aelvabie extrapolations ta eneigies and
anples wherr megsur ements are not avai lable,

For the amportant case of =T scattering, flor in-
statee, cross=sect top measoremenls do not e dtend to
cuergtes dop enough to see the major effects of the
streng 1/ S-wave resonance, These  rifects are
cdlearty evident tn the low-enecgy  caloulations,
hiowever, an peaks an the a, aml b, expansion coel-
fiaents,  streng anterforence terms in Lhe cross
secbion, and  pronowced devaations fram Ruthead ford
seattering ot hackward anples,  The efferts of the
tescnance are also responsible tor Large difterences
Al low energies between calonlated integrals of oy .
and g recent evaluation of Perkins and Gl len. Ni

The one Thatory behavior of 00wt saall angles pre-
veuln detaning an antegrated cross sedtion (o o

wilthout antroducing o smal l=guple catott, It the
titaft s chonen xo that o Gt ) s positive def-
Illll". As regqunied byt une an o wome s lowing-down

interference region are neglected.  These difticul-
ties suggest that an improved method of dealing with
CPE c¢ross sections in slowing-down calculations s
required.  One possibility is to apply the continuous
slowing-down treatment to the sum of the Rutherford
and interference cross seclions, leaving the well-
behaved nuclear cross sectioa to he used in Monte-
Carlo transport. Another is to use the present
(0g .0 l) separation, but place the cutoff angle where
0 begins to deviate from 0,. This prescription does
not guarantee a pnsilive-(ﬁ.-finilv integrated cross
section for o, , however, and wonld require physical
interpretation in the Monte-Carlo transport of a
cross section that is sometimes negative with respect
to Rutherford scattering.

The presenl calculations provide the separation and
detai]l necessary o be uscful, regardless of the
mrthods finally chosen to apply charged-particle
elastic cross sections to the important probhlems of
fusion encrgy design.
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